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ON OPTIMUM TOPOLOGY DESIGN IN MECHANICS

Niels Olhoff

Institute of Mechanical Engineering
Aalborg University, DK-9220 Aalborg, Denmark

Hans Eschenauer

Research Center for Multidisciplinary Analyses and Applied Structural Optimization
University of Siegen, Germany

Abstract. Optimization of the basic topology or layout of a structure has decisive in-
fluence on the cost-efficiency of the structure, and this research area has been developing
very rapidly over the last decade. It is the objective of this paper to present a picture of
this development and the status of the field through a survey of problems of topology opti-
mization of linearly elastic 2D and 3D continuum structures
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1 Introduction

‘Topology optimization’ is often referred to as ‘layout optimization’ or ‘generalized shape
optimization’ in the literature (see the review by Rozvany, Bendsge & Kirch [1] and
Bendsge’s monograph [2]), and these labels will be used interchangeably in this survey
paper. The importance of this type of optimization lies in the fact that the choice of
the appropriate topology of a structure is generally the most decisive factor for the cost-
efficiency of the structure.

Moreover, conventional sizing and shape optimization methods (see, e.g., unified surveys
by Olhoff & Taylor [3], Olhoff [4] and Bendsge [5]) cannot change the structural topology
during the solution process, so a solution obtained by one of these methods will have
the same topology as that of the initial design. Topology or layout optimization methods
are therefore most valuable as preprocessing tools for sizing and shape optimization, see
Olhoff, Bendsge & Rasmussen [6] and Bremicker et al. [7].

Depending on the type of structure to be considered, two types of topology optimization
exist. For inherently discrete structures, the optimum topology or layout design problem
consists in determining the optimum number, positions, and mutual connectivity of the
structural members. This area of research has been active for almost a century, and has
been largely developed by Prager and Rozvany. For an up-to-date account of the area of
layout optimization of discrete structures, the reader is referred to, e.g., the comprehensive
review paper by Rozvany, Bendsge & Kirsch [1], the monograph by Bendsge [2], and recent
proceedings edited by Bendsge & Mota Soares [8], Pedersen [9], Olhoff & Rozvany [10],
Gutkowski & Mroz [11], and Bloebaum [12].

Like the recent surveys by Bendsge [13] and Hassani & Hinton [14], the present survey
paper is restricted to topology optimization of continuum structures. This research area
has been extremely active since the publication of the landmark papers by Bendsge &
Kikuchi [15] in 1988 and Bendsge[16] in 1989.

In topology optimization of continuum structures, the shape of external as well as internal
boundaries and the number of inner holes are optimized simultaneously with respect to a
predefined design objective. It is assumed that the loading is prescribed and that a given
amount of structural material is specified within a given 2D or 3D design domain with
given boundary conditions. Chapter 2 of this paper briefly outlines the basic concepts and
the mathematical-physical fundamentals of the problem; the conceptual process of topol-
ogy optimization and the basic mathematical formulation of the problem are presented,
and different frequently used material models are discussed.

As was originally pointed out by Lurie (see [17] for references), this type of optimization
problem is not well-posed if the design space is not closed in an appropriate sense, and
a regularization of the formulation of the problem is then needed , see Lurie, Cherkaev
& Fedorov [18], Cheng & Olhoff [19], [20], and Kohn & Strang [21], [22]. Mathematical
indications of the need for regularization are generation of anisotropy in the design and
the impossibility of satisfying second order necessary conditions for optimality in certain
subregions of the structural domain, see Olhoff, Lurie, Cherkaev & Fedorov [19] and Lurie,
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Cherkaev & Fedorov [18]. Numerically the need manifests itself by lack of convergence or
by dependence of the topology on the size of the applied finite element mesh, see Cheng
& Olhoff [20], [23], Olhoff, Lurie, Cherkaev & Fedorov [19], and Cheng [24] .

There are two paths out of this dilemma: one can either extend the design space such as
to include solutions with microstructure in the problem formulation, or one can restrict
the space of admissible solutions in the formulation, cf. Niordson[25], Bendspe[26], and
Olhoff & Taylor(3].

The former path encounters an approach termed relaxation in which materials with pe-
riodic, perforated microstructure of continuously varying volume density and orientation
are included as admissible designs (see {19], [23], [21], [22], [27] and [28]), and where their
effective mechanical properties are determined via some sort of homogenization technique,
e.g., a method of ”smear-out” (see, e.g., [19], [23] and [29]), homogenization (see, e.g., [15],
(16], [30]), or quasiconvexification ([31], [32], [33], [34]). For the different microstructure
models discussed in Chapter 2 of this paper, homogenization methods for establishing
their effective mechanical (stiffness) properties are presented in Chapter 3. Moreover,
advantages and disadvantages of results obtained via the relaxation approach are subse-
quently discussed and illustrated by examples of optimum topology design of 2D and 3D
structures in Chapter 3.

The latter path out of the abovementioned dilemma implies the introduction of an ap-
propriate restriction in the problem formulation that renders the problem well-posed, see
Haber, Bendsge & Jog [35], [36], [37], [38], Fernandes, Rodrigues & Guedes[39], Petersson
& Sigmund [40], Petersson [41]. The approaches of this kind admit application of simple
material models like the SIMP model presented in Section 2.3.4, and they generally pro-
vide a means to control the complexity of the topology design. Approaches of this type
are discussed in Chapter 4, and include the ‘Perimeter method’ (Haber, Bendsge & Jog
[35], [36], [37]) by which a bound constraint on the perimeter or surface area of the solid
domain (of 2D or 3D designs, respectively) restricts solutions to be entirely composed
of purely solid and void domains. The same can be achieved in a simpler way by use of
filtering techniques known from image processing (Sigmund [42, 43]), and this approach
is also discussed in Chapter 4.

The topology optimization methods cited above all use a fixed finite element mesh, and
as they are all based on application of microstructured material models (cf. Chapter
2), they may be referred to as ”micro-approaches”. These have been used in by far the
largest number of studies in the field, and are consequently devoted primary attention in
this paper. However, there exists a very different, so-called ” macro-approach” to topology
design which will be discussed in Chapter 5 in terms of the so-called ‘Bubble Method’ (Es-
chenauer et al. [44], [45], [46], [47] and Schumacher [48]). In this method, a conventional
shape design technique is augmented to one of simultaneous topology design by consid-
ering additional design variables that govern the number and positions of holes (called
bubbles), and where in each step of an iterative hierarchical procedure the introduction
and optimum positioning of a new hole is followed by a conventional fixed-topology shape
optimization of the structure.
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In Chapter 6, we present an overview of different kinds of problems, design objectives
and constraints that can be currently handled in the area of topological optimization of
structures. While the topology optimization problems dealt with in the initial papers by
Bendsge and Kikuchi [15] and Bendsge [16] concerned stiffness maximization for a single
load case, subsequent extensions include, e.g., handling of multiple load cases, Diaz &
Bendsge [49]; bi-material structures, Olhoff, Thomsen & Rasmussen [50]; plate and shell
bending problems, Suzuki & Kikuchi [51], Soto & Diaz [52], [53], and Diaz, Lipton &
Soto [54]; eigenfrequency optimization, Diaz & Kikuchi [49], Soto & Diaz [55], and Krog
& Olhoff [56]; buckling eigenvalue optimization problems, Folgado, Rodriques & Guedes
[57); and stress minimization problems Cheng et al. {58], [59], and Duysinx et al. [60}, (61].

Finally, in Chapter 6 we demonstrate by way of examples that in very recent years,
new avenues have been opened for the application of topology optimization in areas of
design of materials for prescribed mechanical properties (Sigmund [62] , [42]), and design
of compliant mechanisms (Sigmund [63]), including design of MicroElectroMechanical
Systems (MEMS), Sigmund [64], [65].

2 Basic Concepts and Mathematical-Physical Fundamentals

2.1 Conceptual Process of Topology Optimization

A conceptual presentation of a topology optimization process for a continuum structure
is illustrated in Figure 1, where an admissible design domain (the grey area), boundary
conditions and loading as shown in Figure 1a are assumed to be given. Let it be our design
objective to find the structural topology that minimizes the compliance (maximizes the
integral stiffness) subject to a prescribed amount of structural material. We assume that
in solid form the amount of material is less than the amount that would be needed to
cover the entire admissible domain for the structure, and hence for the initial design
shown in Figure la, we have chosen to distribute the material evenly in some porous,
microstructured form over the admissible design domain.

With exception of some adaptive techniques in topology optimization (Maute et al. [66],
[67], [68], [69]) it is customary that approaches to topology optimization use the same
finite element mesh to approximate the geometry and the mechanical response fields.
Typically, the mesh is a uniform, rectangular partition of space, and the design variables
are assumed to be constant within each finite element. Thus, a fixed finite element mesh
is embedded in the entire admissible design domain in Fig. 1.

For the mechanical response analysis we apply finite elements with constitutive proper-
ties that reflect relationships between stiffness components and material density based
on physical modelling of the porous microstructures whose orientation and density are
described by continuous variables over the admissible domain. Thus, the density of mate-
rial and the effective material properties related to the density is controlled via geometric
variables which govern the material with microstructure that is constructed in order to
relate correctly material density with effective material property.
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Figure 1: Conceptual representation of a possible optimization process from the initial
design to the optimum design

The overall purpose of the problem is to determine the optimum structural topology
within the admissible design domain that fulfills all the design specifications. To this end,
the density of material within each finite element is used as a design variable defined
between limits 1 (solid material, shown in black in Figure 1) and 0 (void or very weak
material indicated by white). The optimization consists in determining whether each point
(i.e., finite element) in the structure should contain material or not. In this process, the
design variables tend to attain one of their limiting values, thereby forming a design with
aggregations of points (finite elements) with solid material and void, respectively, see
Figure 1b. The result is a rough description of outer as well as inner boundaries of the
structure that represents the overall optimum topology of the structure.

Depending on the amount of material available, the generated topology will basically
define either the rough shape of a continuum structure, normally with macroscopic interior
holes (which usual shape optimization procedures cannot create), or the skeleton of a truss-
or beam- like structure with slender members. The important point to be made here is
that the optimum topology can be used as a basis (Figure 1c) for procedures of refined
shape optimization by means of boundary variations techniques (shape optimizations)
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when the topology represents a continuum structure, or as a basis for optimization of
member sizes and positions of joints by means of sizing optimization techniques when
the optimum topology represents a truss- or beam-like structure, see Olhoff, Bendsge &
Rasmussen [6] and Bremicker et. al. [7].

2.2 Basic Formulation of a Topology Optimization Problem

To discuss the basic mathematical formulation for topology optimization of a continuum
structure, we now consider the classical problem of topology design for maximum stiffness
of linearly elastic structures under a single loading condition. This problem is equivalent to
design for minimum compliance defined as the work done by the given loading against the
displacements at equilibrium, which, in turn, is equivalent to minimizing the total elastic
energy at the equilibrium state of the structure. This can be verified by considering the
work W done by the applied forces given by

W) = [ @@ Fv@av + [ @) Fs @as (1)
where z denotes a structural point, u(z) is the displacement field at equilibrium, and Fy
and Fg are the body forces and surface tractions, respectively, where V and S represent
the structural domain and surface. In order to use this relation the structure must be
in equilibrium which requires that the equilibrium problem is solved in advance by finite
element analysis. In order to express the problem in finite element terms the well known
equation for the total potential energy II is used as this is the basis for static analysis.
The total potential energy defined as the strain energy U minus the work W done by the
applied forces can be expressed as

n=Uv-w = /v (e(2))T E(z)e(z)dV — /V (u(z))T Fy(z) u(z)dvV -

/S (u(z))T Fs(z) u(z)ds (2)

where £(z) is the strain field and E(z) is the constitutive matrix of the material. By using
standard finite element procedures of discretizing the structure into N finite elements and
interpolating displacements from the nodal degrees of freedom, Eq. 2 can be transformed
into the well known finite element form

H:U—W:%DTKD—RTD (3)

where D, K and R are the global displacement vector, stiffness matrix, and load vector.
Equilibrium is obtained by using the principle of minimum total potential energy which
requires stationarity of IT with respect to the displacements,

ol

o5 = O (4)
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which yields the well known equilibrium equation
KD = R (5)

Substituting the developed finite element equations into Eq. 1 the problem of minimizing
the work done by the external forces at equilibrium can be expressed as

min W (D)
x €B (6)
subject to KD = R

where x denotes the design variables and B is given by

B = {X|/Qxdz = Vﬁxed} (M)

which expresses that the optimum design is to be determined for a prescribed volume of
material.

The given problem can be easily expressed in terms of the total elastic energy by applying
that at equilibrium W = 2U, which produces the following problem

min U(D)
X € B (8)
subject to KD = R

Here U can be given in a number of different ways, i.e.

N N
_ _1_ T _ 1 T _ 1/ T
U = ;D'KD = ; 5 /V eTE(z)edV, = ; 2/, oI C(z)o.dV, 9)

where E and C are finite element elasticity and compliance matrices, €, and o, element
strain and stress vectors, V, the volume, and N the total number of finite elements.

Considering the complementary energy expression at the right hand side of Eq. 9 the
compliance matrix, and thus the material distribution problem, is controlled by a design
variable that can be expressed by an indicator function defined as

1 if z € Q,
x(@) = {0 if o e Q\Q (10)

where x = 1 denotes solid elastic material and x = 0 denotes void, and where {2 denotes
the entire design domain and €, the domain occupied by material.

This implies that the topology optimization problem is formulated as a distributed, dis-
crete valued design problem, a so-called 0-1 problem. However, it is by now well-known
that this distributed problem suffers from lack of existence of solutions, i.e., it is ill-posed,
see e.g., Kohn & Strang [21] and Allaire & Kohn [70]. Numerically, the deficiency man-
ifests itself by lack of convergence or by dependence of the topology on the size of the
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applied finite element mesh, see Cheng & Olhoff [20], [23], Olhoff, Lurie, Cherkaev &
Fedorov [19] and Cheng [24].

In order to obtain a well-posed problem, a regularization of the problem formulation is
required. This can be done by introduction of microstructures with a continuous density
of the base material as a design variable, see Section 3, and/or by including appropriate
restrictions against formation of microstructure in the problem formulation as discussed
in Section 4. In the latter case even the 0—1 problem becomes well-posed, and has recently
been solved by Beckers [71], [72], and Beckers & Fleury [73] by usage of dual methods.

2.3 Material Models

In this section we present some material models that allow the density of material to
cover the complete range of values from 0 (void) over intermediate values (composite) to
1 (solid) and that provide regularization (well-posedness) of typical topology optimization
problems when introduced in the mathematical formulation.

We firstly consider three material models with periodic, perforated microstructure, namely
the ”hole-in-cell” microstructure (Sub-section 2.3.1) and layered microstructures (Sub-
section 2.3.2) for 2D topology optimization problems, see Figure 2, and then layered
microstructures for 3D problems (Sub-section 2.3.3). These microstructural models pro-
vide regularization of the topology optimization problem via relaxation (extension) of the
design space, and their periodicity implies that the effective mechanical properties of the
microstructures can be determined via homogenization, ”smear-out” or quasiconvexifica-
tion techniques as discussed in Section 3.

Perforated
microstruture

Microstructure

Layered
microstructure

Figure 2: Perfoiavou umuicrimcon i suyuivu s vsu uususus s ouswuon vf 2D topology
optimization problems.

Figure 3 illustrates the parameterization of the perforated ”hole-in-cell” and layered 2D
microstructures which were first applied in Bendsge & Kikuchi[15] and Bendsge[16], re-
spectively. The microstructures depicted in Figure 3 both implies orthotropic material
behaviour.
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Figure 3: Microstructures for 2D continuum topology optimization problems. (a) Perfo-
rated microstructure with rectangular holes in square unit cells. (b) Layered microstruc-
ture constructed from two different isotropic materials.

In Sub-section 2.3.4 we finally present the so-called SIMP model. This model also covers
the complete range of density values from 0 to 1, but does not provide regularization of
the classical formulation of topology optimization problems.

However, it has been proven mathematically by Ambrosio & Butazzo [38] and Petersson
[41] and will be discussed in Section 4 that the problem becomes well-posed if the SIMP
material model is used in a formulation that includes a restriction in the form of, e.g., an
upper constraint value on the perimeter of the topology design of a 2D structure, or on
the surface area of a 3D structure.

2.3.1 ‘Hole-in-Cell’ Microstructures

Bendsge & Kikuchi [15], Diaz & Bendsge[49] and several others have applied a numerically
evaluated anisotropic ‘hole-in-cell’ microstructure as shown in Figure 3(a) that consists of
a square cell of isotropic material with a rectangular hole. For the topology optimization,
the orientation 6(z) of the microscopic cells and their geometry defined by ui(z) and
po(z), see Figure 3(a), are applied as design variables. Thus, the model governs void and
solid for p; = pp = 0 and p; = pp = 1, respectively, and composite for intermediate
values of y; and py. The volume density p{z) of material 0 < p(z) <1 is given by

p(z) =1 — m(z)pz(z) (11)

The components of the effective stiffness matrix for the microstructure can be obtained
numerically for different sets of values of y; and g on the basis of homogenization, see
Section 3.1.

2.3.2 Layered 2D Microstructures

Referring to Figures 3(b) and 4 we now consider the construction of the class of so-called
ranked layered planar microstructures which has been used by a large number of authors
for solution of a variety of topology optimization problems for 2D continuum structures.
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Rank-1 Rank-2 Rank-3

Figure 4: Construction of first, second, and third-rank microstructures by successive layer-
ing along different directions. Black and white domains are occupied by isotropic materials
with the stiffness tensors E:ﬂm and E_g, ., respectively, while grey domains represent ar-
eas occupied by layered materials composed of the two base materials.

The microstructures are obtained by a repetitive process in each step of which a new
layering of given direction is added to the microstructure. The number of times this is
performed is per definition the rank of the microstructure. Hence, given two isotropic ma-
terials with elasticity tensors E},. > Egg,,, a first-rank microstructure is obtained by
stacking alternately thin layers of the stiffer material' with layers of the more compliant
material in the proportion given by ' and 1 — p®!, respectively, along a direction char-
acterized by a unit normal nf'. Similarly, a second-rank microstructure is obtained by
stacking alternately thin layers of the stiff isotropic material and the first-rank microstruc-
ture in the proportion p/? and 1 — uf? respectively, along a new direction characterized
by the unit normal n®*2. The process may, as indicated in Fig. 4, be continued to build
layered microstructures of any finite rank RI, and the effective stiffness tensor for the
resulting material is symbolically obtained by the sequence

ERMDy 1T (12)

afky

I;Ri — l?(/lRi,7lfi,l§+

afky afky?

It is a particular advantage of these layered planar microstructures that their effective
material stiffness properties, in the limit where the width of the layers tends to zero,
may be calculated analytically applying either a mathematically based homogenization
procedure as used by e.g. Bendsge[16], or a more physically based smear-out procedure
as used by e.g. Olhoff, Lurie, Cherkaev & Fedorov[19] and Thomsen[29].

The class of layered planar microstructures just described are of particular importance to
problems of topology optimization of plane, 2D continuum structures, because second-rank
planar microstructures with orthogonal layers are optimum for single load case stiffness
design problems, while third-rank planar microstructures with non-orthogonal layers are
optimum for multiple load case stiffness design problems, see Avellaneda[27]. With regard
to other topology optimization problems for 2D continuum structures parameterized by
means of layered planar microstructures, it is worth mentioning that no further gener-
ality is obtained by application of more than a third-rank planar microstructure with

1This material will be termed ”stiff” in the following but has finite stiffness



379
N. Olhoff, H. Eschenauer

non-orthogonal layers, as the whole range of effective stiffness properties for all finite
rank planar microstructures is obtainable by application of third-rank planar microstruc-
tures with non-orthogonal layers. This follows from work by Avellaneda & Milton[74] and
Lipton[28].

2.3.3 Layered 3D Microstructures

Layered microstructures have recently been used also for topology optimization of 3D
continuum structures (Cherkaev & Palais [32], Allaire et al. [30]), Dias & Lipton [75],
Jacobsen et al. [76], Olhoff et al. [77]), and multiple material problems Burns & Cherkaev
[78].

We now consider a 3D layered composite microstructure of rank-three as shown in Figure
5. The three sets of layers are assumed to be mutually orthogonal, and the composite is
made of two isotropic, linear elastic materials, and the volume fractions of these are given
as my and my (my =1—my).

- Scale 2

" Scale 3

Scale |

Figure 5: Model of a spatial rank three laminate where 3; denotes the sth length scale.

The length scales (Fig.5) describe the relative thickness of each layer which yields the
following relation between volume density p and length scales for a rank n material

pn=DBn+ (1= Bn)pa (13)

where, in the case of a rank three material,
M09 mi0g (1 4)

B =mioq , ﬁ2=1—_m , 3=1—m1(1—a3)

The introduced parameter oy, = 1, 2,3, is the spatial thickness of layer ¢ which means
that it can be considered as a volume density for the layer. By introducing this parameter
the basic idea is to equalize the stresses in the different directions by varying the spatial
thickness of each layer. The design variables for this 3D microstructure is the volume
density p, the parameters «;,7 = 1,2, 3, and angles governing the spatial orientation.
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2.3.4 SIMP model

For the SIMP (Solid Isotropic Material with Penalty) model, see e.g., Bendsge [3], Zhou &
Rozvany [79], Mlejnek & Schirrmacher [80], and Rozvany et al. [81], the elasticity tensor
E;ji for and the volume of a structure made of the material are given by

Bula) = p(eP By > 1; Volume = [ pla)da (15)

Q
where p(z),z € 2,0 < p(z) < 1, is a density function of the material and E};, the elas-
ticity tensor of a given solid isotropic reference material. The density function p(z) enters
the stiffness relation in a power p > 1 which has the effect of penalizing intermediate
densities 0 < p < 1, since at such densities the SIMP material has lower stiffness than

the reference material at the same cost. Figure 6 displays the relative stiffness ratio —-

vs. volume density p for different values of the penalization power p, and clearly illus-
trates that the use of the SIMP material model will force the topology design towards
limiting values p = 0 (void) and p = 1 (solid) and thereby prompt the creation of more
distinctive 0-1 designs. When applying the model, the value of the penalization power p
usually is gradually increased from 1 to 4 during the topology design process (the so-called
continuation technique, see Sigmund [81]).

EfEq

1.0

7

)

/. p=3
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2 v pu4 /
/ p=3
0.0 Home=T] |
0.0 02 04 0.6 0.8 0P

Figure 6: Relative stiffness vs. volume density for the SIMP material model for different
values of the penalization power p.

It is a drawback of the SIMP model that the topology designs obtained not only exhibit
dependence on the value of p, but also on the finite element mesh applied. However, as will
be discussed in Section 4, this drawback disappears, and topology optimization problems
based on usage of the SIMP model become well-posed if, e.g., a perimeter or surface area
constraint is included in the formulation of the problem.
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Even if such a constraint is not included in the formulation, the SIMP model can yield
very nice results, and the simplicity of the model greatly facilitates the implementation
of topology design in commercial finite element codes. In research, the method has been
very useful in investigations into extending the scope of topology optimization, where
this simple model allows for emphasizing other aspects of the problems. In recent years,
this approach has been employed by, a.o., Bendsge [2], Bendsge & Diaz [82], Duysinx &
Bendsge [60], Hinton et al. [83], Magister & Post [84], Maute & Ramm [67], [85], Maute
et al. [68], Petersson & Sigmund [40], Sigmund [63], Sigmund & Torquato [86], Sigmund
et al. [87] and Yang & Chen [88].

The SIMP model is very often called the ‘Artificial’ or the ‘Fictituous’ material model
or -interpolation scheme in the literature. Thus, up to now, it has not been apparent
whether the ‘SIMP material’ of intermediate density, 0 < p < 1, could be interpreted
physically. However, in very recent work, Bendsge & Sigmund [89] analyzed the SIMP and
similar material models and compared them to variational bounds on effective properties
of composite materials, such as the Hashin-Shtrikman bounds {90].

1.0

0.8

o
)

Young’s Medulus, E

0.2

Density, p

Figure 7: Microstructures of material and void which realize the material properties of
the SIMP model with p = 3 for a base material with Poisson’s ratio v = 1/3. As stiffer
material microstructures (that are closer to the Hashin-Shtrikman upper bound) can be
constructed from the given densities p, non-structural areas are found at the cell centers.
(By courtesy of Bendsge and Sigmund.)

The investigation by Bendsge & Sigmund [89] led to the remarkable result that under fairly
simple conditions on the penalization power p, any of the isotropic elasticity tensors of
the SIMP model (Eq. 15) can be physically realized as the elasticity tensor of a composite
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material made of void and an amount of the reference (base) material corresponding to the
relevant density, p. For example, for a Poisson’s ratio of the base material » = 1/3, both for
2D and 3D problems a penalization power p satisfying p > 3 ensures that the SIMP model
can be physically realized within the framework of microstructured composite materials
[89]. Fig. 7 shows some microstructured realizations in 2D for v = 1/3 and p = 3.

Thus, due to these very interesting recent results of Bendsge and Sigmund [89], when
assuming proper values of p, we may refer to the SIMP model as a microstructured
material model in the sequel.

3 Homogenization Techniques for the Relaxation Approach

The relaxation approach to achieve well-posedness of problems of topology optimization
is based on the ability to model porous materials with microstructure such as those
considered in Sub-sections 2.3.1 - 2.3.3. Each of these porous composite materials are
constructed from a particular unit cell which at a macroscopic level consists of material
and void, and the composite materials consist of infinitely many of such cells that are
now assumed to be infinitely small and to be repeated periodically through the composite
material. At this limit, we can also have continuously varying density of material through
the porous composite material as required for topology optimization.

The resulting material can be described by effective, macroscopic material properties
which depend on the geometry of the particular unit cell. These effective macroscopic
properties can be computed on the basis of a mathematically based method of homoge-
nization which will be briefly discussed in Section 3.1, but homogenization may be also
carried out via of ‘smear-out’ or quasi convexification techniques as will be illustrated in
Section 3.2 and 3.3, respectively.

3.1 Mathematically based Homogenization

This approach is based on analysis of the unit cell together with an asymptotic expansion
of the displacement field of the composite material, see Bensousson et.al. [91], Sanchez-
Palencia [92] and Bourgat [93].

Assuming that two coordinate systems, X and Y, are defined to describe the material on
the macroscopic and on the microscopic scale, respectively, it is assumed hat a periodic
microstructure exists in the vicinity of an arbitrary point  of a linearly elastic structure,
see Figure 3. The periodicity is represented by a parameter § which is very small, and the
elasticity tensor E¢,, is given in the form

ijk
Efjkl(m) = Eiju(z,z/d) (16)

where y — Eju(x,y) is Y-periodic with unit cell [0,1] x R of periodicity. Here, z is
the macroscopic variation of the material parameters, while /4 gives the microscopic,
periodic variations.



383
N. Olhoff, H. Eschenauer

When the composite structure is subjected to macroscopic loading, the displacement field
v%(z) can be written in the form of an asymptotic expansion with respect to the cell size
g,

v'(z) = vo(x) + dvi(z, /0) (17)

Here, the leading term wvo(z) is the macroscopic displacement field, which is an average
over the cell and hence independent of the microscopic variable y. It can be shown (see
[91],[92]) that the effective displacement field vo(x) will arise from the applied macroscopic
loading if the effective (homogenized) elasticity tensor E[j,(z) has the form

kl
P

Eijri(z,y) — Eijpe(c, y)w dy (18)
q

1
Ef (z) = —/
chl( ) IYl i

Here, X’;l is a microscopic displacement field which is given as the Y-periodic solution to
the cell equilibrium equations

X' Ov; Ov;
Ei- 5 e et dy = / El T, g d fi 1l v 19
/Y ipa(T, Y) By, oy, Y y it y)ayj y fora (19)

where v are Y-periodic virtual displacement fields.

The coefficients in the homogenized elasticity tensor Egk, can be determined by solving
three and six prestrain analysis problems for the unit cell Y in cases of 2D and 3D, re-
spectively. In most cases this has to be done numerically using finite element analysis,
see Bourgat [93] and Guedes & Kikuchi [94]. For the subsequent application in topol-
ogy optimization, it is then expedient to represent the dependence of the components
of the constitutive tensor on the microstructural parameters by means of approximation
formulas.

Referring to Chapter 2, the constitutive tensor for the "hole-in-cell* microstructure (Section
2.3.1) must be determined numerically [9], whereas the tensor can be established analyti-
cally for the layered 2D microstructure (Section 2.3.2) by the above approach. With a view
to include presentation of other homogenization techniques in this paper, a smear-out and
a quasiconvexification approach, respectively, will be presented subsequently by way of
the layered 2D microstructure and the layered 3D microstructure described in Chapter 2.

3.2 Layered 2D Microstructures — Homogenization via Smear-Out Technique

Referring to Subsection 2.3.2, we shall now demonstrate how the effective stiffness tensor
for layered 2D microstructures can be derived analytically by a simple averaging technique
based on the constitutive relationships between average stress and strain tensors and use
of appropriate continuity and discontinuity conditions for components of these tensors
at the interfaces between the two materials. Such so-called smear-out techniques have
previously been used by e.g. Olhoff, Lurie, Cherkaev & Fedorov [19] for the derivation
of effective bending stiffness tensors for microstructurally layered Kirchhoff plates, later
by Thomsen [29] for the derivation of effective material stiffness tensors for first-rank
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planar disk microstructures, and recently also by Soto & Diaz [95] and Soto [96] for the
derivation of effective bending and transverse shear stiffness tensors for microstructurally
layered Mindlin plates.

3.2.1 Microstructure of First Rank

Following the method used in [19] we start by considering a small rectangular plane

element € as depicted in Figure 8. The size of this element, which consists of a finite

tR!

- \/V
= ngl

X,

X,

Figure 8: Plane element with an underlying first-rank microstructure.

number of parallel, alternating layers of the stiff and the compliant isotropic materials,
respectively, is assumed to be small in comparison with the dimensions of the entire
plane structure, but to be large relative to its underlying first-rank microstructure. The
orientation of the element in the plane coordinate system z;z2, see Figure 8, is given
by the unit vectors n! and ¢#! which are perpendicular to and parallel with the layers,
respectively, i.e., nflnf! =1, tR14R = 1 and nf'tf" = 0. The stress-strain field within
the element is assumed to be homogeneous from a macroscopic point of view, while at
the microscroscale, i.e., at the level of subdomains 2t and Q~, the stress-strain field is
assumed to be piece-wise homogeneous. We shall denote the stiffness tensors for the stiff
and compliant layers located in subdomains Q% and Q~, by AZam and A_;,,, respectively.
Furthermore, assuming that plane stress conditions prevail, and taking the stiff and the
compliant isotropic materials used in the layers to have the Young’s moduli E* and E~
and a common Poisson’s ratio v, we have the following general relationships between the
non-zero components of the stiffness tensors for the two types of layering

AGHD) 2 AG) . 44/)

1111 2222 Angrz/z ) = Agm/l )= VA(() i

| (20)

1—wv
+/- +/- - +/- +/-
A = AR = A0 = AR = —— A0

where the stiffness constants Al and A for the stiff and the compliant layers, are given
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by
E+/-)

(+/-) _
Ag T 11—

(21)
We now determine the effective stiffness tensor A%, for our first-rank microstructure
shown in Figure 8, by firstly considering the constitutive relationship for the small rect-
angular domain {2,

A (l'UT (22)

By Cry

Here, the Greek indices refer to the axes of a global coordinate system z;z; embedded in
the plane domain, see Figure 8, and the tensors e5" and ogy are direct averages of strain
and stress tensors for the small plane element §2. Defining homogeneous strain tensors ezﬂ
and €, and stress tensors o, and o, within subdomains Q* and Q~, respectively, we

have the following constitutive relations for the subdomains Q% and Q-

+ oAt 4.
Uaﬂ =4 € ’ aﬂ - Aaﬂn'y Ky (23)
and the following expressions for the direct averages of the strain and stress tensors within

the domain €,
e = pflets + (1— pfer, 5 0% = plfloty + (1 — p™)o, (24)

The problem is now to establish an analytical expression for the effective stiffness tensor
Aaﬂm as a function of the density variable uf! and the layering orientation n®!, see Figure
8. Such an expression can be derived by usage of Eqs.(22)-(24) and two sets of interface
conditions that express the mechanics of the microstructure.

Firstly, from considerations of static equilibrium across the interfaces between adjacent
subdomains Q% and Q™ we can write the following set of continuity/discontinuity con-
ditions for the components of the stress tensors acting parallel and orthogonal to the
interface,

Rl RI_O .

(U:ﬂ - U;ﬂ)n g ) (‘7+ . U;ﬂ)tgltgl #0 ; (0;.*,9 - U;ﬁ)”fltgl =0 (25)

of

Similarly, by geometric compatibility considerations we may set up the following continu-
ity /discontinuity conditions for the components of the strain tensors acting parallel and
orthogonal to the interface:

(s —€ap)ra ' #0 5 (egp — gttt =0 (eds —eqpIng'tf' #0 (26
However, these interface conditions may be written in the more compact form

elp — €ag = BinEnft + Ba(tE nft + nFtf) (27)

where the scalars f; and (§; designate the jumps of those components of the strain tensor
that exhibit discontinuity across the interfaces between the QF and 2~ subdomains.
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Egs. (22)-(25) and Eq. (27) together with Eqs. (20)-(21) constitute the set of equations
needed for the derivation of the effective stiffness tensor. The remaining part of the deriva-
tion consists of simple but cumbersome algebraic manipulations of these equations (the
reader is referred to Krog [97] and Krog & Olhoff [98]) which yield the following analytical
expressions for the effective stiffness tensor for the first-rank 2D microstructure,

—
N -1 u
Aaﬁm Aaﬂn’y (1 - #Rl) ((Azﬂm - AaﬁN’Y) A+ Aaﬂm) (28)

with specific expressions for stiffness entries defined in Eq. (20). Here, the tensor Aaﬂm
contains information about layer orientation and is defined as

1
— pR1 R1_R1_RI Rl Rl R Rl | o R14R1 RI4RI
AR Mg Mg T Ty +2(1—1/)(t" ng gty +ngtg nty (29)

R1,,R1:R1,R1 R14R1:R1,, Rl
+ tRIpBRIp R o R RIp AL

It is worth mentioning that the isotropy of the stiffness tensor Azﬁm for the material in the
subdomains 2+ has been used in the derivation of Eq. (28), while no such restriction has
been imposed on the stiffness tensor A g, for the material in the subdomains 2. This
important feature makes these equations applicable for calculation of effective stiffness
properties of multi-rank microstructures.

3.2.2 Effective Stiffness in Matrix Form

A convenient matrix description of the effective stiffness properties can be obtained if we
introduce the following orthonormal basis of symmetric second order tensors

NP A 3 A R

In this basis, any symmetric second order tensor is represented as a vector, and any
symmetric fourth order tensor as a symmetric 3x3 matrix. Thus, the symmetric fourth
order stiffness tensor A,g., for the plane disk may be represented as a symmetric 3x3
matrix A with components A;; defined by

3(Ann + Apz) — Anze Az — Azen 5 (A1 — A)
A=[Ay]= [§3ﬁ§£7Aaﬂn7]= 2A1012 A1z + Azan

sym F(A111 + Agaz) + Auize
(31)
With this transformation at hand, we are able to transform the fourth order tensor equa-
tion for the effective stiffness tensor in the preceding Section into a a simple matrix equa-
tion. The "inverse transformation” for computation of the components of the original
stiffness tensor from the components of the matrix A can be seen in [97] and [98].



387
N. Olhoff, H. Eschenauer

Now, applying the transformation in Eq.(31) to the tensor equation for the effective
stiffness tensor, Aaﬂm in Eqs.(28), and by using the following relation

L (Aapry) ™ = (€460 Aapry) ™ (32)

which holds for fourth order tensors with all major and minor symmetries, we get the
following matrix equation:

-1
B = (48] = £, AT ) = AT - (- ) (A0 - A7 - am) e

Here At, A~ and A™ are (3x3) matrices obtained by using the transformations in Eq.
(31) to the fourth order tensors Aaﬂm, A gy and Aaﬂm Adopting the notation introduced
in Egs. (20), and using the isotropy of the tensors At, and A7 we get the following

expressions for the matrices AT and A~

afky afky?

A = [AF) = (g6l AL = AFD | 0 1-v 0 (34)

n"/ apry

R1 tRl

Finally, taking the normal and tangential vectors, n.' and t;', in the expression
for the temsor A%}  given in Eq. (29) as nJ' = {cos(ﬁm) sin(@f)}T and tH! =
{—sin(871), cos(GRl)}T we obtain the following expression for the matrix A%,

"3 —v— (L+v)cos(46™) (1 +v)sin(46") cos(2071) 7
2= ) 51— ) 2
= (656 AR, ] = 3 — v+ (1+v)cos(46f1) sin(2071)
4(1 —v) 2

1
sym N

' (35)
The matrix expressions in Egs.(33)-(35) constitute a simple set of matrix equations for
the components of the effective stiffness tensor for the first-rank 2D microstructures de-

scribedin Sub-section 2.3.2.

3.2.3 Multi-Rank Layered 2D Microstructures

Analytical expressions for the effective stiffness matrix for layered 2D microstructures
of any finite rank may, as indicated in Eq. (12), be established iteratively. Thus the
effective stiffness properties of a rank-(i+1) microstructure may be determined by using
the expressions for the effective stiffnesses of a first-rank microstructure given in Egs.
(33)-(35) with the effective stiffness for a rank-i microstructure as the stiffness of the
compliant material.
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Following derivations in Soto [96], see also Lipton [99], we obtain the following expression
for the effective stiffness matrix, see [54], [96], [97] and [56],

RrRr 1

-1
AR = A+ — (1 - p™) ((A+ —AnT oL Zp,-Am> (36)
0 =1

where the factors p; for the rank-I microstructure obey the relationship

I
Yp=1; p20, i=1,...,I (37)

i=1

and the layer orientation matrix A® is given by

[ 3~ v~ (1+v)cos(40®) (1 +v)sin(46™) cos(26%) 7
4(1-v) 4(1-v) 2
AR = 3 — v+ (1+v)cos(48%)  sin(207) (38)
4(1 - v) 2
1
i sym 5 |

where (compare with Eq. (35) and Fig. 4), 0 is the angle between the global z; axis and
the unit normal vector n/% to the layering made at the i'th step of the construction of the
rank-I microstructure.

Notice that Eq. (36) gives a mathematical expression for the effective stiffness matrix
for a rank-I layered 2D microstructure where the microstructure is described in terms of
(2I + 1) parameters, namely the total density pF! of stiff material in the microstructure,
the I new density variables p;, and the I layer orientations in the microstructure given
by the angles of rotation 8%, 4 =1,...,I through Eq. (38). The new density variables p;,
i=1,...,1, of which only I —1 are mutually independent in view of Eq. (37), are defined
by

(1 _ pR(i—l))uRi

Pi=————=F%r > 1=17)I (39)
pRl

3.2.4 Special Case: Second-Rank 2D Microstructure with Orthogonal Layers

Second-rank layered microstructures with orthogonal layers play an important role in
the design parameterization of topology optimization problems for planar disks, because
such microstructures are optimum for single load case stiffness design problems for planar
disks. In the sequel, we therefore write the analytical expressions for the components of the
effective membrane stiffness tensor for second-rank disk microstructure with orthogonal
layers. The tensor is expressed relative to a fixed material coordinate system z}z} with
axes parallel to the layering directions of the microstructure, see Fig. 9, and the results
will therefore only depend on the two density variables x®' and uf?. The dependence
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on the layer directions is described via a third design variable § which gives the overall
rotation of the orthotropic microstructure relative to a fixed global coordinate system
1,1y, see Fig. 9. The dependence of the effective stiffness tensor on this design variable
is simply accounted for via transformation formulas for rotation of anisotropic materials,
see e.g. [100].

Xy

Figure 9: Second-rank microstructure with orthogonal layers.

From Eqgs. (36), (37) and (39) we get the following expression for the effective membrane
stiffness matrix for a second-rank 2D microstructure with non-orthogonal layers,

-1
;J,RIARI + (1 - uRl)uRzA}H

ARZ — At — (1 — ,LLRI)(I _ uRZ) (A+ _ A_)—l _ A+
0

(40)

The stiffness matrices At and A~ which characterize the constituent layers of the mi-
crostructure are defined in Eq. (34), while the geometric matrices A®! and A®? which
depend on the normal vectors n®! and n?? are defined in Eq(38). Taking the latter to
be orthogonal and given by the angles 67! = 0° and %% = 90° with respect to the x|
axis we obtain the following expressions for the geometric matrices for a second-rank disk
microstructure with orthogonal layers,

1 1 1 1
- 0 e Z 0 —Z
2, 2 2 . 2

A =10 — 0| A =1 0 — 0 (41)
1 1 1 1
Z Z _Z 0 Z
7 03 2

With the definitions in Eq. (34) and Eq. (41) and the expression in Eq. (40), we can now
write an analytical expression for the effective stiffness matrix for the microstructure.



390
N. Olhoff, H. Eschenauer

By an inverse transformation we have then established the expressions given below for
the non-zero components of the effective membrane stiffness tensor for a second-rank 2D
microstructure with orthogonal layers, where the density variables uf! and x*? have been
written by the short-hand symbols p; and ps,

qRe AT+ AT (= g — B3+ 2 — B34 e AR AR (- p)
1111 Agzz + A3R2 ) 2222 Agz I Aé{z

ARZ VAP + VAR (uip — pdue) AR (1-v)A7 A7
1122 — Aé{z + Afz 1 1212 =— 2Af2

with
AR = AF(AD)? ; AR =(1-0%) (A7 - AP A}

AR = (A2 + Ad (Ag — AD) (i +pg — ) 5 AR = (1 -0 (A5 — AF)" (tapa — u2)

AR = AT + (Ag — AF) (11 + b2 — mapse)

(43)
Corresponding expressions for the effective bending and transverse shear stiffness tensors
for a second-rank Mindlin plate microstructure with orthogonal layers are given in [97]
and [56].
In topology optimization of disks we may now apply a design parameterization where
the material in each domain of the finite element discretized structure is modelled as
an orthotropic material with the appropriate stiffness properties of the second-rank mi-
crostructure written above. This yields a convenient finite parameter, continuous formu-
lation of the topology optimization problem. At this point we shall not discuss the type of
behavioural objective and constraint functions which may be considered using such a de-
sign parameterization, but only present the following general formulation of the topology
optimization problem:

Objective :  min or maz | f(i1e, th2e,be) ] » e=1,...,N,
Pies Hie, Be

Subject to: g;(phe, t2e,0e) <0, e=1,...,N.,— 7=1,...,p
(1110 H20s8) =0 e=T,,Noy G=1,g Y
0< <1, e=14, N,
0< <1, e=1,...,N,

Here f, g;, and h; are objective and constraint functions for the optimization, and N,
denotes the total number of finite elements of the discretized structure. It is important to
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realize that this problem is inherently a very large scale problem; the number of design
variables equals three times the number of finite elements of the discretized structure.
This naturally imposes some restrictions on the type of objective and constraint functions
that may be considered, and the problem generally requires usage of special optimization
procedures in order to deal with the many design variables in an efficient way.

3.2.5 The Moment Formulation

While the second-rank 2D microstructure with orthogonal layers considered in the pre-
ceding sub-section is optimum for single load case stiffness design problems for disks, a
third-rank microstructure with non-orthogonal layers is optimum for the corresponding
multiple load case design problem for disks. For other types of planar design problems,
where the optimum microstructure is unknown, one should use as general a microstructure
as possible, but also here a design parametrization based on a third-rank microstructure
with non-orthogonal layers seems reasonable; the full range of effective stiffness properties
for all finite-rank 2D microstructures are described by only five independent variables, and
the effective stiffness properties may be calculated analytically using the expressions in
Eqgs. 36, 37 and 38.

However, a design parameterization of stiffnesses directly in terms of layer directions is
often associated with problems of nonconvexity as there exist local optimum solutions
with respect to the layer directions, see e.g. Pedersen [101], [102], [103], and this implies
that usual solution methods based on sensitivity analysis and mathematical programming
normally fail.

To illustrate how these problems can be overcome, in the following we therefore consider
a special restatement of the expressions for the effective stiffness properties of planar mi-
crostructures in terms of so-called geometric moment variables. Moment formulations for
description of effective stiffness properties of composite laminates and layered microstruc-
tures were introduced by Tsai & Pagano [104] and Francfort & Murat [105] and later
applied by Miki [106] as an effective parameterization to render laminate optimization
problems in a convex formulation, and by Avellaneda & Milton [74] in the derivation
of bounds on the elastic stiffness tensors for layered planar microstructures of arbitrary
rank. There is an immediate connection between the use of moment variables in topology
design and in design of laminates, see, e.g., Fukunaga & Vanderplaats [107], Miki & Sug-
iama [108], Grenestedt & Gudmondson [109], Hammer et.al. [110],[111],[112], Foldager
[113], [114] and Foldager et al. [115], and references cited therein for optimum design of
laminates.

In relation to topology optimization problems, moment formulations have been used by
e.g. Lipton [28], Diaz et al. [54], Krog [97], Soto [96] and Krogh & Olhoff [56], [98] for
the description of effective stiffness properties of microstructurally layered Kirchhoff and
Mindlin plates, and by Lipton & Diaz [116] for description of effective stiffness proper-
ties of three dimensional microstructures. The moment formulation for layered planar
microstructures considered here follows the developments by Diaz et al. [54], Soto [96],
and Krogh & Olhoff [98], and it is attractive for the following reasons:
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e As shown in [54] and [96], the moment formulation yields a full description of the
effective stiffness properties for all finite-rank 2D microstructures using only five
design variables, see also [28].

e For a fixed strain field, the strain energy density has been found to be concave in
the set of variables used to describe the anisotropy of the microstructure, see [54]
and [28]. Thus, for stiffness design problems, the possibility of convergence to local
extrema is eliminated in the computation of optimum layer orientations.

e For other types of problems than stiffness design problems, application of periodic
functions of layering orientations generally is avoided in the expressions for the
effective stiffness properties, so difficulties with local extrema with respect to layer
orientations also can be expected to be eliminated for those problems.

To establish the moment formulation for a general rank-I layered planar microstructure
we now in the set of Egs. (36), (37) and (38) for the effective stiffness matrix perform
a variable substitution in which we condense all information on the layer densities and
orientations given by the design variables p; and 6%, 4 =1,..., I, into four new variables,
the moment variables m,, ..., m4, which we define as

1 I
m; = Zpicos(%m) , mg = Zpisin(%m)
=1 i=1
(45)

1 T
ms = Zpicos(49m) ) my = Zp,-sin(wm)
i=1 i=1

These moment variables together with the condition Y/_; p; = 1 in Eq. (37) and the
expressions in Eqs. (38) allow us to define the following matrix

F3—v—(14+v)ms (1 +v)my my ]
41— ) 41-v)
i
i 3—1/+(1+1/)m3 mo
M=) pAf = (] 46
;p 41— v) ) (46)
1
sym 5 1

which we may use to rewrite the expression for the effective stiffness matrix in Eq. (36)
in the following convenient form

RI

AR =AY~ (1- %) ((A+—A—)‘1 -5 ) (47)

Hence, by the variable substitution in Eq. (45) we have obtained a very simple expres-
sion which gives the full range of effective stiffness properties of all finite-rank planar
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microstructures using only five design variables, namely the density p®/ of layers of stiff
material in the microstructure and the four moment variables m; — my defined in Egs.
(45). Tt follows from Egs. (45) that the moment variables, in general, must satisfy the
simple side constraints

—1<m<1, i=1,...,4 (48)

The moment variables my, ..., m4 are obviously not mutually independent due to the
trigonometric relations between the functions that define the moments, and there there-
fore exist some additional conditions which restrict the combinations of the moment vari-
ables to some feasible domain. This set of additional constraints on the moment variables
was first established by Avellaneda & Milton [74] via the solution to the trigonometric
moment problem treated in Krein & Nudelman [117]. Hereby, the following two additional
constraint equations for the moment variables were derived:

gi(mi,my) =mi+mi<1

ga(my, ma, m3, mq) = 2m3 (1 — m3) + 2mi(1 + ma) + (m3 + m3) — dmymymy < 1
(49)
For topology and layout optimization problems for 2D continuum structures we may now
apply a design parametrization where the material in each subdomain of a finite element
discretized structure is modelled as an anisotropic material with stiffness properties given
by Eqgs. (45)-(47). The general topology or layout optimization problem may then be
stated as follows,

. . 1 _
Objective : min or mazx [ f(pR, mie, Moe, Mae, Mae) | e=1,...,N,
RI
Pe y Miey M2e, Mae, Mye

Subject to:  g;(pH,mie, Mae, Mae, Mye) <O, e=1,....N,, i=1,...,p
hi(pR mie, Moe, Mae, Mae) = 0, e=1,....N,, j=1,....q
gre(mie, mae) <1, e=1,...,N,

Goe (e, Mae, Mae, Mye) < 1, e=1,...,N,

0<p <1, e=1,...,N,

-1<me <1, i=1,...,4, e=1,...,N,
(50)

where f, g;, and h; are the objective and constraint functions for the optimization, gi.
and gy, are local element constraints which must be satisfied by the set of moment vari-
ables associated with each finite element, and N, denotes the total number of elements
in the finite element discretized structure. As compared with the optimization problem
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formulated in Eqgs. (44) in Sub-section 3.2.4, the optimization problem in Egs. (50) is
much larger both in terms of the number of design variables and constraint equations.
It should be noted that the solution to the optimization problem in Egs. (50) directly
yields the optimum material densities, and hence the global distribution of material over
the structure. The solution also contains the optimum values of the moment variables,
but these do not directly yield the optimum layer densities and orientations. A method
for determining the local microstructure that corresponds to a given combination of the
moment variables can be found in e.g. Lipton [28], Diaz et al. [54], and Soto [96].

3.3 Layered 3D Microstructures - Homogenization by Quasiconvexification

We now consider the layered 3D microstructure discussed in Section 2.3.3 and shown in
Figure 5, and follow the analysis in Gibiansky and Cherkaev [31] in establishing analyt-
ical expressions for the complementary energy density E and elastic properties of this
3D microstructure, that can be shown to be optimum in terms of stiffness subject to
any given three-dimensional state of stress. This is achieved by construction of an upper
and a lower bound E;, < E < E, for the complementary elastic energy density E of the
optimum microstructure. The upper bound E, will be established by minimization of the
complementary energy density of a bi-material matrix layered composite of any rank, and
the lower bound F; (which is valid for any bi-material microstructure) will be developed
by means of quasiconvexification. The optimum characteristics of the microstructure for
topology optimization for maximum stiffness (minimum compliance) are derived subse-
quently by utilizing the fact (Gibianski and Cherkaev [31]) that in the limit where the
compliance of one of the two materials tends to infinity in order to mimic void, the above
mentioned bounds coalesce with F so that E;, = F = E,, and from this follow the desired
analytical results. Now, the composite in Figure 6 is assumed to be made of two materials
with 6 x 6 dimensional compliance matrices denoted by C; and C, respectively. The
compliance matrices which are the inverted elasticity matrices are given by

3k+p 20—-3k 2u—3K

0 0
9K 1 18kp 18ku

20—3k 3k+pu 2p—3k 0 0
18kp Ik 18xkp

2;;8— 3K 2;;8;35 3/; +u 0 0 o
Kl KL

C(k, p) = 1 (51)
0 0 0 — 0 0
2
1
0 0 0 ﬁ 0
0 0 0 0 L
| 2p ]

where x and p are the bulk and shear moduli respectively, and where the indices of the two
materials have been omitted. The effective elastic properties of the resulting anisotropic
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material depend on the material properties of the two constituents given by C;, C,, the
normals n to the material interfaces, and the volume fractions m; and my (me =1 —m;)
of the two materials.

As a function of the parameter «; representing the spatial thickness of layer i in the mi-
crostructure, the expression for the optimum compliance tensor Cjy, for a matrix layered
composite of any rank n is given by

Cu=0C;+ Q_l (52)
where

me

1 _ m i
= — —-C)) 1+ — E :IN;
Q (C2 1)+ my 2= o (53)

Ni = N( ) Pz(Pz Clpt) lp;r

n

Zai=1 , ;>0

i=1
The projection matrix p; controls discontinuous stress components across the material
interphases, and n; is the normal to the ith layer. Inserting this result in the expression
for the complementary energy density, we get the following equation for a minimum value
of the upper bound energy density E, with respect to the variables o; and n;

E,=0TCi0 + minoTQ o
w = 0 LU10 B Q (54)

where o is a 6 x 1 of vector of stress components defined by o = (011 022 033 012 013 023)T.

Assuming that we are dealing with a rank three material that is oriented along the prin-
cipal stress directions, we can write

1 B, 0
Zal i 3/~cl+4u1[ 0 BQ] (55)

where the matrices B; and B, are given by

2(3k1 + ) (a2 + a3) (3k1 — 2p1) s (3k1 — 2u1) g
B, = (351 — 2u1) a3 2(3k1 + 1) (a1 + a3) (3k1 — 2u1)
(k1 — 2u1) s 3Ky — 211) 2(3rk) + p) (o + o)
(56)
(3k1 + 4j11)as 0 0
B, = 0 (31 + 4p1) g 0
0 0 (351 + 4#1)01

respectively.
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Referring to Gibiansky & Cherkaev [31] and the initial discussion in this Section, the
expression for maximum value of the lower bound E; on the complementary energy density
E of any microstructure made of two elastic materials with volume fractions m; and m,
(=1 —my) and compliance matrices C; and C,, is given by

E = max o7 f(C1, Cy, ®(a;)) 0 (57)

@;

with the compliance matrix §(Cy, Ca, ®(a;)) defined by

B=[[m(C-2)"+m(C-27")" +e] (58)
where
a? —ai ay —aq as 0 0 0
—ay g a% —az ag 0 0 0
2

_ —ai ag —as a3 as 0 0 0
& 0 0 0 a2+a2 0 0 (59)

0 0 0 0 a? + al 0

0 0 0 0 0 a? + a}

is the non-convex matrix function that makes E; quasiconvex. Here, a;, 7 = 1,2,3, are
scalar parameters, and the maximization in Eq. 57 is to be carried out with respect to
these. The parameters a;, a; and a3z must satisfy the constraints of positive definiteness
of the matrices C; — ®(ay,az,a3), 1 = 1,2, which ensure positive definiteness of the
compliance matrix 3, Eq. 58, and hence positive complementary energy for all o in Eq.
57.

In the case of topology optimization, where the compliant material is considered as void,
the expressions for the effective properties of the microstructure simplify considerably
so that the optimum properties can be expressed in explicit analytic form (Gibiansky
and Cherkaev [31]). Thus, letting C; — oo to mimic void, the term (C; — ®)~! of
B(Cy, Cz, ®(a;)) in Eq. (58) vanishes, and the following expression for E; is obtained

E, = max O'T|:It1+ﬁ:| Cl—ﬂi’]a (60)

m
a; my 1

= ol Cio + ™ max oT Go
my a;

where G = (C,; — ®). Assuming that n; are oriented along the principal directions of o,
it is only the upper 3 x 3 blocks of C; and G that have an influence upon the resulting
bound. The lower bound E; for the complementary energy density can then be formulated
as m X

E =6"C6+ —= max TGé (61)

my a;
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where 6 indicates principal stresses, and G, C; indicate the upper-left 3 x 3 blocks of
the 6 x 6 matrices G and C, respectively. If a; is chosen optimally we can write
E,:aT[él+’-”3G]& (62)
m
Assuming that o is oriented along the principal directions such that 0T = (0,0902000),
where 0;, i = 1,2, 3, denote the principal stresses, and by defining principal stress ratios
w and 7 as
01 J2
w=—,n=—  where o3 > |o2| andoz > |0y | (63)
g3 g3
the optimum values of the parameters a; can be derived in explicit analytical form by
assuming that the optimum solution lies on the edges or vertices of the design space. The
expressions for the optimum parameters a; change with changing stresses, and it turns
out that the entire stress domain is covered by nine different sets of expressions for the
optimum parameters a;. These expressions can be used to determine the optimum o;
associated with the upper bound (Gibiansky and Cherkaev [31]). Considering the upper

Figure 10: The domain  with individual sub-domains ;.

bound E, in Eq. 54 with Q given in Eq. 53, and letting C; — oo, the first term of Q
equals zero. Moreover, assuming that the rank three microstructure is oriented along the
principal stress directions, the second term in the expression for Q simplifies, and the
following expression for E, is obtained

FE, = 6T C,d+ nclylzn a7 Q_l a (64)
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Provided that o5, 1 = 1,2, 3, are chosen optimally we can write
Eu:&T[Cl+Q—l]a=&TCM& (65)

where €,y is the optimum effective compliance matrix. In Eqgs. 64, 65, the vector § and
the matrices Cl, Q and C), are all expressed in the basis n; oriented along the principal
directions of ¢. It is shown in Gibiansky and Cherkaev [31] that the two bounds E, and
E; coalesce for an optimum microstructure which implies that for any admissible a; the
following difference is equal to zero

E, (o) — E (0) = max min o7 (Q' () — G(a)) o =0 (66)

aj (673

which after some algebra can be reduced to

( Q)G — 1) & =0 (67)

where 1 is the unit matrix. In order to solve this problem, we first determine the eigenvalues
of the 3 x 3 matrix Q (o) G,. It can be shown that for all matrices Q (c;) G; the
corresponding eigenvalues are equal to (0,0,1) and the corresponding eigenvector yields
a set of equations which upon solution yields the optimum ¢; that satisfy Eq. 67.

The solution of this problem reveals that the relation between the principal stresses and
the optimum microstructure changes for different stresses and that the entire stress domain
is divided into nine sub-domains (Fig. 6) with different relations. The expressions for the
individual domains are listed in Eq. 68 where v denotes Poisson’s ratio.

1l —w+n 1+t w - _w+ 7 —1

= - 7 = = , fo € Q
831 1+w+77’a2 1+W+Tl’a3 1+w+y no 1
—w+n-(1-2v) o w-—mn— (1 - 2v)
o1 = — ,
Tl -2)w - T F2w)) PO - 200w+ - (1 20)
w+n+ (1 -2 |
= f Q
Q3 w+n—(1+2u)’lae 2
o = 1 —w-—-(1-2)9 O[_1+w—+-(1—21/)7]
Tl -2l vw - +2)n) Y 14w - 1+ 2y
w—-—(1-2vn -1 .
- , ifc € Q
BTN ) +tw -ty 75
(68)
o — n—1—-w( — 2 S 1 -w(@ - 2v) — 19
Tl -2 -0+ 2wt O-2)0 -0+ 20w + 7))
: -2
013=[+W(1 v) + ifo € Q4

1 -0+ 2w+ 7))
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al:wj—n’ agzw:)_n,ag——-o,ifaeﬂg,

oy = Fwin’ a2=win,a3=0,ifaeﬂﬁ
a1:—win,agzwu_)n,agzo,ifaeﬂh
alzl_lw,a2=0,a3=w(il,ifaeﬂg
a1=0,a2=1in,a3=—%,ifcreﬂg

Eqs. 68 constitute the analytically derived solution to the local microstructure optimiza-
tion problem. From Figure 10 it is clear that if the size of all principal stresses are in the
same range, the resulting microstructure is a rank three laminate, whereas the resulting
microstructure is a rank two laminate if one principal stress is considerably less than the
two others.

3.3.1 Parametric Study of the Microstructure

Parametric studies of the effective properties of microstructures can be used to reveal
valuable information about stability and response of the microstructures under certain
conditions. Extensive parametric studies have thus been performed by a number of re-
searchers for the ranked laminates, but these have almost exclusively been devoted to
planar rank 2 laminates, see e.g. Bendsge [2] and Sigmund [43]. The relation between the
effective properties of the layered 3D microstructure and some of the used parameters has
been studied by Cherkaev and Gibiansky [31], Cherkaev and Palais [32], Jacobsen et al.
[76], and Olhoff et al. [77].

In this context it is important to note ([76],[77]) that the 3D laminate generally does not
suffer from the problem of lack of shear stiffness which is the case for the 2D laminate,
see e.g. Bendspe [2]. Considering Egs. (3) and (55), it is clear that the microstructure
posesses a finite stiffness in all tensor directions if the microstructure is of third rank.

Due to the large number of parameters in the 3D case, it is useful to perform a numerical
analysis in order to obtain an overall picture of the material properties ([76],(77]). Hence,
with the results for the rigorous 3D microstructural model of the preceding section at
hand, we may compare the relative energy (stiffness) of this microstructure to that of the
non-penalized model used for isotropic materials (i.e., isotropic materials with p = 1 in
Eq. (15) and Figure 6). A plot of the relative energy E,o = E—Ii“ff; vs. the volume density
p of material is shown in Fig. 11.

The energy density of the anisotropic material is not uniquely defined because it varies
with varying stresses, but if we vary the stress field within the admissible limits for a fixed
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Figure 11: Relative energy E,¢ = E—E'f‘*: vs. the volume density p of material for the entire

range of principal stress ratios w and 7.

volume density p of material, we get the results shown in Figure 11. The upper limit of
the grey region corresponds to a rank 1 material while the lower limit corresponds to a
rank 3 material. An essential observation is that in all points except of p = 0 and p =1,
the energy density of the ranked optimum anisotropic material is always higher than (in
the special case of a uniaxial stress, equal to) that of the isotropic material model. This
indicates that the commonly used assumption of a linear material density to stiffness
relation overestimates the stiffness of a given structure if intermediate densities occur.
This is in perfect agreement with results obtained by Sigmund [43] for plane laminates.

3.4 Discussion and Examples

3.4.1 Mesh Independency of Solutions

We now illustrate numerically by way of an example that the layered 2D and 3D mi-
crostructures considered in Sections 3.2 and 3.3 provide full relaxation of problems of
maximum stiffness topology design for a single case of loading. As discussed in Section
2.2, topology and layout optimization often are not well-posed because the design space
is not closed in the appropriate sense. A remedy to ensure closure of the set of feasible
designs is then to relax, i.e. regularize, the mathematical formulation of the problem by
introducing composites with perforated, periodic microstructures as admissible materials
for the structural design [2], [17]-[24]. Numerical indications of the need for regularization
of a given problem are lack of convergence and dependence of the designs on the size of
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the applied finite element mesh. In particular, if the problem is not properly regularized it
is not possible to obtain a limiting, numerically stable design by consecutively decreasing
the mesh size, see Cheng and Olhoff [20, 23], Cheng [24] and Olhoff et al. [19].

® © @

Figure 12: Example of finite element mesh refinement {77]. (a) Admissible design domain,
loading and support conditions for example problem. (b, ¢, d) Topology results obtained
for different mesh sizes. It is seen that the topology is consistent.

To illustrate the mesh independency of topologies obtained by using the 3D microstruc-
tures of Section 3.3, we consider for convenience a planar design domain with loading and
support conditions as depicted in Figure 12a. The problem is modeled by usage of 8-node
3D isoparametric finite elements and solved using three different mesh sizes, whereby so-
lutions as shown in Figs. 12 b, ¢ and d are obtained, see [77]. The results clearly indicate
mesh independency of the topology and the existence of a well defined limiting design
for any further degree of mesh refinement. This witnesses that the applied microstruc-
tures have provided full relaxation of the problem. It is worth noting that the solutions
in Figure 12 consist of composite in large sub-domains, and that the designs in Figs.
12 ¢, d, strongly resemble that of a Michell truss [118]. This is not surprising since the
Michell truss is the optimum solution to the problem depicted in Figure 11a provided that
the amount of available material is much less than the amount prescribed in the current
example.



402
N. Olhoff, H. Eschenauer

3.4.2 2D Topology Examples

Consider now a simple maximum stiffness topology design problem for a 2D structure
(see [98]). The structure is to be confined within a rectangular design domain and to be
subjected to a concentrated load and be supported as shown in Figure 13. The volume
fraction of available material relative to the admissible design domain is taken to be 0.45.
The design domain is discretized into a 60 x 20 mesh of 8-node 2D isoparametric finite
elements, and we consider two cases where the material within each of the elements is
modeled by either a second-rank 2D microstructure with orthogonal layers as considered
in Section 3.2.4 or by a layered microstructure of arbitrary rank governed by the moment
formulation in Section 3.2.5.

P,
1 ,
60x20 mesh 400mm
v
~ 1200mm |

Figure 13: Design domain, load and support conditions for two 2D example problems,

The two optimization problems have been solved using the two iterative approaches out-
lined in Sections 3.2.4 and 3.2.5, respectively, and Figs. 14 a, b show the optimum topolo-
gies obtained. These two optimum solutions are found to have the same stiffness (total
elastic energy) and are also seen to be almost identical. This is to be expected as the
optimum microstructure for the solution of the problem considered here is a second-rank
microstructure (Section 3.2.4), and this microstructure is contained as a special case of the
layered microstructure of arbitrary rank covered by the moment formulation in Section
3.2.5.

3.4.3 3D Topology Examples

We now consider two full 3D topology optimization examples [77], where the solution is
based on usage of the optimum 3D material microstructure discussed in Section 3.3.

The first example is presented in Figure 15. Here, Figure 15 a shows a cubic design
domain which is subjected to four parallel concentrated loads P at the upper surface
and equipped with simple supports at the four corners of the lower surface. The volume
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(b)

Figure 14: Optimum solutions to example problems [98]. (a) Solution by usage of second-
rank 2D microstructure with orthogonal layers. The directions of the principal material
stiffnesses are also shown. (b) Solution based on layered microstructure of arbitrary rank
governed by the moment formulation.

fraction of available material relative to the design domain is chosen to be 0.08 in this
example.

Figure 15 b illustrates the optimum topology solution to the problem which is a quadropod
consisting of four legs of quite distinctly solid material, each transferring one of the applied
concentrated loads to the nearest simple support, and a substructure made of composite
material which interconnects the upper parts of the four legs.

Figure 16 a displays an example [77] of an oblong box-formed design domain for which
the available volume fraction of material is taken to be 0.30. The two ends of the domain
are clamped, and a concentrated bending moment M acts at the center. Figure 16 b shows
the topology solution obtained after usage of a commonly used method of penalization
[1, 16] of intermediate densities 0 < p < 1 of material that makes a 0-1 solution more
advantageous, but the solution is seen to consist still of a large part of composite material.
In Figure 16 c, elements with material densities below 0.5 have been removed from the
solution as a means to visualise the topology.
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@ ()

Figure 15: Example problem [77] with cubic design domain subjected to four point loads P.
Volume fraction of available material is 0.08. (a) Design domain with loading and support
conditions. (b) Quadropod solution to the problem with material densities less than 0.8
removed.

3.4.4 Discussion

As is clearly illustrated by the results in Figs. 12 and 16, it is a characteristic feature
that the structures of optimum topology obtained by the approach of relaxation gener-
ally consist of composite material in large sub-domains. There are two reasons for this.
Firstly, as discussed in Section 3.3.1, depending on the state of stress, composite materi-
als generally are much more efficient that isotropic, solid materials, and therefore largely
manifest themselves in optimum solutions. Secondly, it is characteristic that application
of the optimum 2D or 3D microstructures considered in Sections 3.2 and 3.3 as a basis
for topology optimization actually prompts a larger content of composite material in the
resulting solution, as compared with use of non-optimum microstructures.

Hence, optimum microstructures must always be chosen as a basis for topology optimiza-
tion when it is our desire to obtain or acquire knowledge of the global optimum solution
associated with the highest possible value of the performance index. The not surprisingly
large structural sub-domains of composite material that are a consequence of such a de-
sire, however, often make it difficult to visualize the overall structural topology of such a
solution and to devise simplified, sub-optimum (0-1) designs or designs that are attractive
from the point of view of manufacture.

In the subsequent Section 4, we shall consider how the introduction of appropriate re-
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[Figure 16: Oblong box-shaped design domain with clamped ends and a concentrated
Lending moment M acting in the center [77]. The material volume fraction is 0.30. (a)
Design domain with loading and support conditions. (b) Topology solution represented
with all material densities present. (c) Solution depicted with densities below 0.5 removed.

strictions in the formulation of topology optimization problems may lead to more distinct
(0-1) topology designs that are easier to manufacture, but also associated with a lower
value of the performance index.

4 The Perimeter Method and Other Approaches to Achieve
Well-Posed Problem Formulations

As discussed in the end of Section 2.2, the distributed, discrete valued black-white (0-1)
topology optimization problem stated by Eqgs. (6} [or (8)], (7) and (10) of determining the
stiffest. (minimnm compliance) structure under a single loading condition by distributing
a fixed volume Vygeq of homogeneous, isotropic, linearly elastic material within an ad-
missible design domain €2, is ill-posed. In this formulation §2, is the solid part of £ where
material is present, and the design variable x is a binary indicator function with x =1
denoting solid and y = 0 denoting void. Attempts to solve this problem do not converge
(o macroscopic patterns of solid and void. Instead, rapid spatial oscillations appear in the
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function  as the compliance is reduced. Although a limiting value of the compliance can
be determined, the solution tends toward a design with an infinite number of vanishingly
small holes, rather than a finite number of macroscopic holes.

One way of achieving a well-posed problem is to extend the design space (via relaxation)
to include materials with perforated microstructure of variable density covering the entire
spectrum from solid to void, and to derive their effective mechanical properties by homog-
enization as considered in Section 3. Numerical methods based on a complete relaxation
(i.e. incorporating optimum microstructures as considered in Sections 2.3.2, 2.3.3 and
Section 3) are convergent with respect to mesh refinement, but they yield solutions with
large sub-domains of perforated material which are undesirable from the point of view
of manufacturing, see Section 3.4 and, e.g., Jog et al. [119]. Numerical methods based
on partial relaxations (c.f. the ”Hole-in-Cell” microstructures [15] considered in Section
2.3.1) generate implicit penalties against intermediate densities. They behave similarly to
methods with explicit penalties.

This chapter will focus on another way to achieve a well-posed mathematical formulation
for topology optimization, namely to restrict the design space such as to remove the
possibility of rapid oscillations in the density of material in the structure. Approaches of
this kind have been studied in Haber et al. [35]-[37], Beckers [71, 72], Duysinx [120] and
Beckers and Fleury [73] where a constraint is imposed on the perimeter of the structure
(see the following Section 4.1), in Petersson and Sigmund [40] where a pointwise constraint
is imposed on the gradient of the density of material (see Section 4.2), and in Sigmund
[63, 43], Sigmund and Torquato [86], and Sigmund et al. [87], where an image processing
inspired filter is used to maintain a certain minimum length scale in the structure (Section
4.3).

4.1 Perimeter Method

Haber et al. introduced in [36] (see also [35, 37]) a new method that achieves a well-posed
continuum optimization problem by restricting the design space to exclude rapidly os-
cillating designs. These authors defined the perimeter of a design as the measure of the
boundary of the solid region: |92,|. Designs with fewer, larger holes have lower perimeter
measures than designs of equal volume with more numerous smaller holes [35, 36]. Chat-
tering designs are characterized by unbounded perimeter measures, so an upper-bound
constraint on the perimeter effectively excludes chattering solutions from the feasible de-
sign space. Furthermore, a perimeter bound controls the number and sizes of holes in a
macroscopic design without otherwise restricting the shape or layout of the holes. Thus,
Haber et al. [35]-[37] appended an upper bound constraint on the perimeter |0Q,| < P
(where P is a designer-specified value) to the abovementioned problem stated by Egs. (6)
[or (8)], (7) and (10). An existence proof for a topology design problem similar to this
perimeter constrained problem is presented by Ambrosio & Buttazzo [38].

Finite element discretizations of the discrete valued, perimeter constrained topology op-
timization problem generate integer programming problems that were until very recently
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considered too large for direct solution. However, Beckers [71] recently overcame this diffi-
culty for problems with absence of local constraints by developing a very efficient discrete
mathematical programming method working in the dual space, and she has subsequently
published several solutions to these large-scale, discrete valued problems (71, 72, 73] with
global design objectives and constraints.

Haber et al. [35]-[37] used a continuos approximation to the problem by replacing the
indicator function y, see Eq. 10, with a distributed interpolation parameter p , 0 < ppin <
p < 1, for the volume density of material, and introduced a penalty on intermediate values
of p to suppress transitional material in the final design. The small lower bound py,;, on
p ensures that the energy is positive definite, and the volume of structural material is
simply given by [, pdQ.

As a representation of the perimeter measure |0€2,| that is compatible with the continuous
interpolation model, Haber et al. [35]-[37] adopted the total variation TV (p) of p, as
this is a suitable measure which approaches the perimeter, in the limit, as the amount
of transitional material is forced to zero [121]. In anticipation of a piecewise-continuous
finite element model for p , Haber et al. partitioned the admissible design domain € into a
set of open, disjoint regions €2, so that Q = U,{2, , and accounted for the possibility that
p may be discontinuous across sets of measure zero (e.g. the finite element boundaries).
The total variation of the scalar function p can then be expressed [122] as

TV(p) = / Vol 4 + / < p>| dr (69)
Q\FJ ry

where I'y = Q\ U, Q4 is the jump set of p , and < p > is the jump in p across 'y .

The total variation in Eq. (69) is used to express the ‘perimeter’ P of the material volume
density function p via the formula

P = /n\r, gr(Vp, &) dQ + / j(<p>,8)dl (70)

ry

where the functions g, and j are defined by

g21'/? £ ) 1/2

gn(w,€) = [(1 twTw | -2, e = [+ + )~ e )
and are smooth approximations to |w| and |r| , respectively. In Eq. (71), 4 is a characteris-
tic mesh dimension (e.g., the size of a finite element). The smoothing, based on the parame-
ter £ in Eq. (71), circumvents numerical problems associated with the non-differentiability
of the magnitude and absolute value operators appearing in the expression for the total
variation in Eq. (69). Note that %irré an(Vp, &) = |Vp| and 2135 jl<p> 8 =|<p>|

—

Further, the approximations are exact in the limit of a discrete approximation to an in-
teger design, even for £ > 0 . That is, for all £ > 0, gn(Vp,&) = |Vp| as |[Vp| = Oor 1,
and j(< p>,6) > | <p>|as|<p>|— 0orl Haber et al. [35]-[37] use an optimally
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criterion method to solve the design problem. The constraint |8,| < P is treated with
an interior penalty method, and the prescribed volume constraint is enforced by means
of a Lagrangian multiplier. The modified problem considered has the form

sup inf T+ aS;+BS; — A[[;, pdQ — Vyiged) (72)
g u

in which II is the total potential energy, u the displacement field, @ and g are positive
scalars, S; is a functijon that penalizes intermediate values of p, S; is an interior penalty
function for the constraint |02, < P, and ) is the Lagrange multiplier associated with
the volume constraint.

Fig. 17 illustrates the use of the perimeter method to control the optimum topology and
to achieve mesh independent solutions [35]. The results are obtained for the MBB beam
example first considered in [6]: a simply supported beam with a midspan load on the
top surface. Solid material is prescribed around the periphery, and Vy;zeq = 0.60|2]. The
results in Figs. 17a and b are based on a perimeter bound P = 30L. While the coarse mesh
in Fig. 17a is not able to completely resolve the design, the optimum topology is essentially
the same as the one obtained with the refined mesh in Fig. 17b. The characteristic Michell
truss layout is evident. A simpler optimum topology is obtained by reducing the perimeter
bound to P = 24L. The same optimum topology is clearly evident in Figs. 17c and
17d, demonstrating the ability of the perimeter method to generate mesh independent
solutions. An even simpler design is obtained by further reducing the perimeter bound to
P = 22L in Figs. 17e and f. Fig. 17g shows a very simple topology obtained by setting

P =18L.

The compliance values obtained on different meshes cannot be directly compared, because
the discretization error associated with a coarser mesh artificially reduces the compliance.
However, the trade-off between stiffness (low compliance) and perimeter is clearly evident
when designs obtained on the same mesh are compared (Figs. 17a, ¢, e and g for the coarse
mesh and Figs. 17b, d and f for the refined mesh). Improved stiffness can be achieved at the
cost of design complexity; the compliance increases as the perimeter bound is decreased
to achieve a simpler design. On the other hand, the results show that designs with simple,
practical topologies can be achieved with a relatively small increase in compliance.

It may be concluded that the perimeter method yields high-quality numerical solutions
and has the following distinct advantages:

Firstly, solutions are convergent with respect to mesh refinement; finer meshes offer im-
proved resolution without altering the design. Next, the SIMP material model (see Section
2.3.4) or any other reasonable interpolation can be used to model material properties for
intermediate values of p. The complexities and limitations of the homogenization method
are circumvented; so the perimeter method is easy to implement and is extensible to gen-
eral constraint and objective functions. Finally, the perimeter method allows the designer
to control the number and scale of the holes, and the designer can vary P to explore
alternative designs.
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Figure 17: Solutions for the MBB beam problem [6] with perimeter control (from [35]):
(a) P = 30L, coarse mesh; (b) P = 30L, fine mesh; (c) P = 24L, coarse mesh; (d) P =
24L, fine mesh; () P = 22L, coarse mesh; (f) P = 22L, fine mesh; (g) P = 18L, coarse

mesh.

4.2 Local Constraint on Gradient of Material Density

Introduction of a local gradient constraint on thickness variation of plates was first done
by Niordson [123] in 1983. The following approach with a local constraint on the gradient
of the volume density p of material in a two-dimensional topology optimization problem,
see Petersson and Sigmund [40], presupposes that p is sufficiently smooth and defined
for intermediate values. This is the case when, e.g., the SIMP material model in Section
2.3.4 is applied to the ill-posed topology optimization problem stated by Eqs. (6) [or (8)],
(7) and (10), and for this type of problem proof of existence, mesh independency and
numerical implementation of a scheme introducing local gradient constraint on density
variation was given by Petersson and Sigmund [40)].

The constraint on the local density variation is written as the following pointwise con-
straint on the derivatives of the function p:

p

< ,=1,2
B, <c, 1 , (73)

The convergence proof implies that checkerboards (see Sub-section 6.1.3) and other numer-
ical anomalies will be eliminated, or at least, they can be made arbitrarily weak using this
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scheme. However, implementation of the scheme results in up to 2N additional constraints
in the topology optimization problem, and the method must therefore be considered to
be too slow for practical design problems [40].

4.3 Filtering Techniques

Based on filtering techniques from image processing, Sigmund [43] in 1994 suggested a
filter that prevented creation of checkerboards in numerical solutions to topology opti-
mization problems (see Sub-section 6.1.3) by modifying the design sensitivities used in
each iteration of the algorithm solving the discretized problem. This filter makes the de-
sign sensitivity of a given element depend on a weighted avarage over the element itself
and its eight neighbours.

As an extension of the checkerboard filter just mentioned, Sigmund [63, 43] developed a
method of mesh independent filtering which modifies the design sensitivity of any specific
element based on a weighted average of the element sensitivities in a fixed neighbourhood.
It should be mentioned that this filter is purely heuristic, but it produces results very sim-
ilar to local gradient constrained results [40] (see the preceding section), requires only very
little extra cpu-time, and is very simple to implement compared to the other approaches.
Similar ideas of weighted averages have been used to ensure mesh independency in bone
mechanics simulation see, e.g., Mullender et al. [124].

The mesh independence scheme works by modifying the element sensitivities as follows

af AN
O R (74)

9px Eﬁi =1
1=1

Here the convolution operator (weight factor) H; is written as

Hi = roun — dist(k,i) , {i€ N|dist(k,5) < rmm} » k=1,...,N  (75)

where the operator dist(k, %) is defined as the distance between the center of element k
and the center of element ¢. The convolution operator H; is zero outside the filter area.
The convolution operator for element i is seen to decay linearly with the distance from
element k.

0 o
This means that instead of applying the real sensitivities (i.e. Epi)’ the filtered sensitivi-
k

ties computed by Eq. (74) are used. It is worthwhile noting that the filtered sensitivity in
Eq. (74) converges to the original sensitivity when 7,,;, approaches zero, and that all sen-
sitivities will be equal (resulting in an even distribution of material) when 7,,;, approaches
infinity.

The existence issue for the mesh independence filter has yet to be proved, but applications
in several papers on material design and mechanism design (see e.g. Sigmund [62]-{65],
[86, 87]) show that the method in practice produces mesh independent designs.
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4.4 Discussion of Methods

As discussed in Sigmund and Petersson [125], the perimeter, local gradient and mesh
independence filter methods produce very similar designs. However, there are some notable
differences between the methods which will be briefly discussed below.

The perimeter method [35]-[37], [71]-[73] in Section 4.1 involve a global constraint and
will allow the formation of locally very thin structural members. The local gradient [40,
125) and filtering [62]-[65],[43, 86, 87] approaches (Section 4.2 and 4.4) involves local
constraints and will generally remove such thin structural members.

Predicting the value P of the perimeter constraint for a new design problem must be
determined by experiments, since there is no direct relation between local scale in the
structure and the perimeter bound. If the perimeter bound is too tight, there may be
no solution to the optimization problem. This problem is particularly difficult for three-
dimensional problems. In contrast, the gradient and filtering schemes define a local length
scale under which structural variation is filtered out. This local length scale corresponds
to a lower limit on widths of structural members and can be easily defined when, e.g.,
manufacturing is taken into consideration.

Another important difference is the implementation aspect. The perimeter method implies
that an additional constraint is included in the formulation of the optimization problem.
Although the addition of one extra constraint to the optimization problem should not be
a problem for advanced large-scale mathematical programming algorithms, practice has
shown that implementation of the constraint can give rise to some convergence problems
[120]. The local gradient constraint approach is considered impractical due to the addition
of 2N extra constraints to the optimization problem [125]. The great advantage of the
filtering technique is that it requires no extra constraints in the optimization problem.
Furthermore, it is very easy to implement, and experience shows that its implementation
even stabilizes convergence [62]-[65],(86, 87]. The only disadvantage of the filtering method
is that it is based on heuristics.

The perimeter and mesh independence filter methods have both been successfully applied
to 3D problems (see Beckers (71, 72] and Sigmund et al. [87], respectively), and the
comparisons above also hold true for 3D problems.

5 A Macro-Approach to Topology Optimization

The topology optimization techniques considered in the foregoing all use a fixed finite
element mesh, and as they are all parameterized based on the application of a microstruc-
tured material model®, see Section 2.3, they may be referred to as ‘micro-approaches’.
However, there exists a conceptually very different approach to topology design, a so-
called ‘macro-approach’ which will be discussed in this Chapter.

3Note that in the light of recent work by Bendsge & Sigmund [89], also the SIMP model can be
characterized as a microstructured composite (see Section 2.3.4).
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In contrast to the ‘micro-approaches’, the ‘macro-approach’ is based on using during the
entire design procedure the constitutive law for the solid material of the structure to be
obtained. Moreover, instead of applying microstructural parameterizations and a fixed
finite element mesh, the ‘macro-approach’ is based on variable meshing and parameteri-
zations governing the variation of the shapes of the exterior boundary and the boundaries
of interior holes, just as in a conventional shape optimization problem. In the so-called
‘Bubble Method’ (Eschenauer et al. [44], [45], [46), [47) and Schumacher [48]), this shape
design technique is augmented to one of simultaneous topology design by considering
additional design variables that govern the number and positions of holes (called bub-
bles), and where in each step of an iterative hierarchical procedure the introduction and
optimum positioning of a new hole is followed by a conventional fixed-topology shape
optimization of the structure.

5.1 ‘Bubble Method’

As already mentioned, the ‘Bubble Method’ (Eschenauer et al. [44],[45], [46],[47], Schu-
macher [48]) covers a hierarchical technique of simultaneous topology and shape design.
The basic idea behind the method is an iterative positioning of new holes (so-called
‘bubbles’) into the structure to be designed, and it is a principal task of the method to
determine a problem-dependent optimum position vector for an initially small hole of
given shape (e.g. circular, elliptical, triangular) to be inserted into the structure. The cri-
teria required for this purpose are derived from a general formulation of optimality. For a
structure governed by a mixed thermomechanical boundary value problem with prescribed
boundary stresses, displacements, temperatures or heat flux, the following optimization
problem is formulated:

Minimize the structural volume subject to prescribed integral behavioural con-
straints (e.g. compliance) and local constraints in the form of the equilibrium
conditions, the strain-displacement relationships, and the constitutive thermo-
mechanical conditions.

This problem can be described completely by means of a Lagrangian function. In order to
establish the first variation of the Lagrangian, the problem is divided into sub-problems
concerning the variation of the stress boundaries ¢ J,, the boundaries of displacement dJ,,
and the stress-free boundaries 6.Jy:

§J = 6Jy+08J,+6Jy=0 (76)

The hole can be positioned by means of the variation over the unloaded boundaries since
the boundary of the hole is assumed to be traction-free,
Ti(r,) = (¥nr, = 0 (77)

The stationarity of the Lagrange function, J in Eq. 76, now yields a set of necessary
conditions which leads to a so-called ”characteristic function” ¢, and the point in the
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structure where this function attains its minimum value, constitutes the optimum position
for the hole [44].

As examples, let us consider the expressions derived for the ” characteristic function” ¢ for
the cases of introducing (i) a circular hole in a 2D structure subjected to in-plane loading,
(i) a circular hole in a Kirchhoff plate with transverse loading, and (iii) a spherical hole
in a 3D structure subjected to general loading. In all the cases the design objective is
assumed to be minimization of the structural volume subject to given compliance.

(i) Introduction of small circular hole in a 2D structure subjected to in-plane mechanical
loading and thermal load.

The characteristic function ¢ derived for this problem reads as follows in terms of the
principal stresses o1, 02 and the temperature T:

[(0’1 + 0'2)2 + 2(01 - 0'2)2] -+ aT((Ul + Uz))(T - To)—

T (T\_T (78)
e g (7) -7 1)
Here, T, is the reference temperature, ar the thermal expansion coefficient, ¢ the specific
heat capacity, and p is the mass density of the structural material. The characteristic
function ¢ has to be evaluated for each point of the structure and as mentioned above,
the hole is positioned optimally at that point of the structure where the function attains

a minimum value.

(ii) Introduction of small circular hole in a Kirchhoff plate with transverse loading.

¢(lea27T) = ﬁ

The characteristic function for this problem has the form

2(1+v)
3+v

. 1 2
¢(01,top7 U2,top) = (Ul,top + U2,top)2 + (Ul,tap - 02,tap)2 3 (79)
6F

where 071 15p , 0210p denote principal stresses at the top surface of the plate.
(iii) Introduction of small spherical hole in a 3D structure subjected to general loading.
For this problem the characteristic function reads as

1

2E(14 — 100) [Cal0? + 0% + 03) + Co(0102 + 0103 + 0203)]  (80)

¢(01a g2, 03) =

with the coefficients C, and C} given by
C, = 19207(1 — v?) — 160mc(1l — v?) + 8wc?*(1 — v) (81)
Cy, = 14407(1 — 3v2) + 160mc(2v? + v — 1) + 87 (1 — 2v)

with ¢ = 3+ 15v, and o1, 03 and o3 denoting principal stresses.

Characteristic functions ¢ for other types of constraint functions (e.g., displacements at
certain points of the structure, and also local failure constraints) are available in Schu-

macher [48].
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The optimization process of the Bubble Method consists of the following steps (see Fig.
18) within a given iteration:

Step 1 For a fixed topology, a shape optimization is carried out for the given objective
and constraint functions. In [44], [45], [46], [47], [48], the shape optimization problem
is parameterized in terms of positions of control points of NURBS functions (Non-
Uniform Rational B-Splines) [126], and the geometry is processed by means of a self-
developed computer program which supports the pre-processor of the finite element
program. After the shape optimization, the structure cannot be improved further
within the fixed topology class considered.

Step 2 By inserting a hole (thereby changing the topology class) it is attempted to
achieve improved results. The coordinates of the optimum position for the new,
initially small hole are determined by minimizing the characteristic function ¢ as
described above.

Step 3 After the positioning, a fixed-topology shape optimization (as described in Step
1) is carried out in order to find the optimum (macroscopic) shape of the new bubble,
the bubbles introduced earlier, and of the outer boundary of the structure.

After these steps, the next iteration is commenced by introducing a further bubble, and
Steps 1-3 are repeated. A sequence of iterations is then carried out until the objective
function has attained a stationary level, or until further design refinement is not required.

initial varigbie boundary

initial variable boundary

Step 1 Step 2 Step 3

Figure 18: The three steps within an iteration of the Bubble Method (here the first
iteration)

The Bubble Method has been implemented numerically using the optimization proce-
dure SAPOP (Structural Analysis Program and Optimization Procedure) [127] which has
resulted in the development of a program system that can automaticly determine the
topology design but also allow for interactive communication during the optimization
process. Strategies for geometry processing have been introduced which allow for succes-
sive refinement on the basis of standardized approximation functions. The sensitivities
required for the shape optimization are derived by variational analysis [128].



415
N. Olhoff, H. Eschenauer

The Bubble Method may be characterized by the following features. Firstly, the method
yields pure black-white designs which is attractive from the point of view of manufacture.
Secondly, due to the successive introduction of new holes in the structure, the degree of
complexity of the topology is directly controlled, and less practice relevant designs can be
discarded. Next, since smooth boundaries are obtained by the method, no post-smoothing
is required. Finally, the smooth boundaries facilitate the inclusion of local behavioural
constraints (e.g. stress and failure constraints) in the design process.

& 1=

Topology class | Topology class 2

Topology class 3 Topology class 4

L

Topology class 5
Optimal version

Figure 19: Step-wise hole positioning and fixed-topology shape optimizations of the grip
of a handsaw. The grey scale indicates von Mises stress levels in the solid part of the grip.
{(From [45],[48].)

Figure 19 shows as an example an application of the Bubble Method to the design of the
grip of a handsaw. The grip is rigidly fixed to the motor unit (not shown) at its upper
left-hand (rear) end. This mimics the primary loading condition for the design of the grip,
which is a 2m drop test where the grip is turned 90° clockwise and hits the floor by its rear
end. In this example, the shape of the outer boundary is held fixed, but Fig. 19 clearly
illustrates the stepwise positioning and shape optimization of the holes in the process of
designing the grip of the handsaw. Further details concerning the example are found in
(45] and [48].
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6 Recent Developments and New Applications of Topology Op-
timization

While it has been the aim of the preceding chapters to give a picture of the current state
of knowledge in the field of topology optimization of continuum structures, we in Section
6.1 of this chapter give a brief survey of literature that reflects recent developments, and
in Section 6.2 some new avenues of application of topology optimization are presented.

6.1 Recent Developments

This section presents a brief survey of literature in sub-areas of topology optimization
with rapid recent development, and most of the literature has appeared since the compre-
hensive reviews in Rozvany et al. [1] and Bendsge [2] of literature published up to 1995.
The following literature survey is not claimed to be exhaustive, and for broad coverage
the reader is referred to the proceedings of the world congresses on structural and mul-
tidisciplinary optimization held in Goslar in 1995 [10], Zakopane in 1977 [11], Buffalo in
1999 [12], and literature cited therein.

Traditionally, most studies in topology optimization have been devoted to compliance
minimization of linearly elastic 2D structures subject to a single case of in-plane loading,
but much effort has been invested in extending the methodology. The reader is referred
to Diaz & Bendsge [49] and Bendsge [2] for the extension to multiple cases of loading.

6.1.1 New Types of Structures and Materials

Plate and Shell Structures

Topology and layout design problems have been extended to plate and shell bending
problems by Suzuki & Kikuchi [51], Soto & Diaz [52],[53},[55], Diaz et al. [54], Krog [97]
and Krog & Olhoff [56], [129],[98].

3D Structures
In very recent years, topology optimization problems for 3D continuum structures have

been solved by Cherkaev & Palais [32], Allaire et al. [30], Diaz & Lipton [75], Jacobsen et
al. [76], Olhoff et al. [77], Beckers [71],[72], and Beckers & Fleury [73].

Multiple Materials

Topology design of structures with multiple materials was first undertaken by Olhoff et
al. [50], and later by Krog [97], Krog & Olhoff [129],(98], and Burns & Cherkaev [78]. All
these studies were based on usage of microstructured material models. The problem has
also recently been treated by Sigmund and Torquato [86], who use an adaptation of the
SIMP model (see Section 2.3.4) to interpolate between multiple material properties, an
issue that has very recently been studied very thoroughly by Bendsge & Sigmund [89].

Nonlinearly Elastic Materials

Comparatively little work has been performed in the area of nonlinear elasticity, presum-
ably due to the difficulty to model the nonlinear behaviour of materials at intermediate
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density. For work in nonlinear elasticity with non-quadratic potentials, see Jog [130]; in
plasticity, see Yuge & Kikuchi [131], Maute et al. [68], and Swan & Arora [132]; and in
damage and impact, see Bendsge & Diaz [82] and Min et al. [133).

Remodeling Materials in Biomechanics

Biomechanics is a field of considerable current interest and research activity, cf. Pedersen
& Bendsge [134]. Topology design in this field has recently been addressed in Folgado &
Rodrigues [135]. The use of special material models for topology design combined with
bone remodelling schemes is, e.g., discussed in Tanaka et al. [136] and Bagge [137], see
also Bendsge [2].

6.1.2 Design Objectives and Constraints

Eigenvalues

Topology optimization with respect to eigenfrequencies of structural vibration has been
studied by Diaz & Kikuchi [138], and more recently by Soto & Diaz [52],[53], Diaz et
al. [54], Ma et al. [139],[140],[141], Krog {97], and Krog & Olhoff [56],(129],[98]. Buckling
eigenvalue topology optimization has recently been undertaken by Folgado et al. [57].

Stress Constraints

Topology optimization of continuum structures with consideration of stress constraints
requires that one can devise a yield criterion for material at intermediate density. It is
another complexity of the problem that a computational problem appears in the form
of the so-called singularity phenomenon of topology design which is well understood for
truss topology problems, see Cheng & Jiang [58], Cheng [142], Cheng & Guo [59], and
references cited therein. For continuum structures, stress constraints are treated in Yang
& Chen [88], Duysinx & Bendsge [60], and Duysinx & Sigmund [61].

Damage and Impact

Recent work on topology design with respect to damage and impact has been recently
reported in Bendsge & Diaz [82] and Min et al. [133].

Controlled Structures

Constraints related to the simultaneous optimum design of structure and controls for a
controlled structure has been recently studied by Ou & Kikuchi [143],[144].

Structures with Design Dependent Loading

Topology optimization with respect to objectives pertaining to, e.g., wind and snow load-
ing, hydrostatic pressure or fluid flow, i.e. loading that changes with the structural design,
has very recently been considered in Hammer & Olhoff [145].

Multiobjective Formulations

Topology optimization problems with multiple objectives have been considered in, a.o.,
Diaz & Bendsge [49], Diaz et al. [54] and Soto [96] for compliance problems and in Soto &
Diaz [52),[53], Diaz el.al. [54], Ma et al. [139],{140],[141] for vibration problems, by treating
the multiobjective criterion in the form of a weighted scalar function of the objectives. In
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Krog [97], and Krog & Olhoff [56],[129],[98] and Folgado et al. [57], the multiple objectives
of such problems are scalarized by using a weighted min-max formulation which is more
relevant and of direct practical significance as it is a worst-case type of design objective.

6.1.3 Computational Issues
Optimization Algorithms

Much work in topology design of continuum structures has relied on the applicability of
optimality criteria methods for the mostly global constraints which have been treated.
To gain further versatility of the topology design methods there is now a tendency to
move towards the use of more standardized mathematical programming methods. See, for
example, Duysinx [120] for use of CONLIN, and Sigmund & Torquato [86], Krog & Olhoff
[56],[129],[98] for use of SLP methods. See also Bendsge (2].

Checkerboard Control

In topology optimization of continuum structures one often sees that the numerical results
are polluted’ by so-called checkerboard patterns. This has been identified as a numerical
problem related to the choice of interpolation spaces and physically speaking certain in-
terpolation spaces make checkerboard patterns seem artificially stiff (see Diaz & Sigmund
[146], Jog & Haber [147], Petersson [148]). Various techniques have been proposed to cir-
cumvent this problem (see Bendsge [2] and the references just cited). These techniques
usually imply an increase in computer time, as the basic problem is that displacements
are required to be approximated by higher order elements. The perimeter constraint (see
Section 4.1 and Duysinx [120]) and filter techniques (see Section 4.3 and Sigmund and
Torquato [86]) are reported to be very efficient remedies for suppressing checkerboards.

Adaptive Methods

As mentioned earlier, topology design of continuum structures has traditionally been
implemented with reference to a fixed finite element mesh. However, the use of adaptive
finite element methods does allow for an increased resolution of the structure. The idea
is to start with a rough mesh and only refine where there is borders between material
and void to be identified. Such an approach is described in Maute & Ramm [66},[67] and
Maute et al. [68].

6.2 New Applications of Topology Optimization

This section presents some particularly interesting and rapidly developing new areas of
application of methods of optimum topology design, namely in Sub-section 6.2.1 the design
of microstructures of materials with prescribed macroscopic material properties, and in
Sub-section 6.2.2 the design of compliant mechanisms.

6.2.1 Design of Materials for Prescribed Macroscopic Properties

The problem of tailoring materials for specified elastic properties has attracted consider-
able interest over recent years (see, e.g., [2], [149], [150], [43], [62], [42], [151], [152]).
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Milton and Cherkaev [153] developed a mathematical method for the design of materials
which have an elasticity tensor matching an arbitrarily prescribed positive semi-definite
fourth order elasticity tensor compatible with thermodynamics. A material with Poisson’s
ratio close to 1 was constructed by Milton [154]. These developments were based on the
use of layered material microstructures constructed from a rigid and an infinitely weak
material. The materials obtained this way serve to substantiate that prescribed as well as
extreme elastic properties can be achieved, but they are merely mathematical tools than
practical composites due to their widely differing length scales, cf. Lakes [155].

Sigmund [43, 62, 42, 151], on the other hand, has treated the material design problem as
a topology optimization problem for a periodic microstructure represented by a base cell
that only involves a single length scale. The topology optimization problem is formulated
as minimization of the density of material in the base cell, subject to equality constraints
that express the specification of the elastic properties. Some of the results will be presented
in the sequel. In Sigmund [62],[42],[151], the microstructure is discretized by continuum-
type finite elements where the material densities in the individual elements are taken
as design variables. The effective elastic properties of the discretized microstructure are
found by homogenization which leads to the definition of the material design problem as
an inverse homogenization problem.
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Figure 20: Honeycomb microstructures with Poisson’s ratio equal to 0.75. Three different
base cells, with (a) 21 x 12 elements, (b) 63 x 36 elements, and (c) 15 x 15 elements,
are used. (From [151].)

The optimization problem can be stated as
Minimize  peen = / PP dw
Q

Subject to Egk[ - Efjkt =0
0 < Pmin £ P < Praz

(82)

where pgey is the density of material in the base cell, the local material densities p are the
design variables constrained by pmin and prpez, € denotes the design domain (base cell),
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and p is a penalization power used to ensure that each element in the discretized cell will
represent either solid or void. Egk, denotes the effective elasticity tensor determined by the
homogenization procedure as briefly described in Section 3.1, and £}y, is the prescribed
elasticity tensor.

The microstructures presented in the following two examples [151] are all obtained from
rectangular base cells discretized by four node bilinear finite elements, and the base mate-
rial for all examples has Young’s modulus 0.91 and Poisson’s ratio 0.3 such that a purely
solid base cell will have Ej;;; = 1.0 (assuming plane stress).

As a first example, the optimization algorithm was used to ‘reinvent’ the ‘perfect’ hon-
eycomb. Prescribing the elastic properties of a material with Fyy;; = 0.09 and Poisson’s
ratio 0.75 in a rectangular and quadratic domain for the base cell, the results in Figure
20 were obtained. The optimized microstructures in Figs. 20a,b are seen to display great
similarity with the ‘perfect’ honeycomb. If the rectangular base cell domain in Figs. 20a,b
is changed to a quadratic one discretized by 15 x 15 elements, the optimization yields the
‘octagonal honeycomb’ shown in Figure 20c. As the density of the material is very nearly
the same for the ‘perfect’ and the ‘octagonal’ honeycomb, preference may be made from
manufacturability considerations.

As a second example, we consider the design of materials with a negative Poisson’s ratio,
i.e., materials that expand transversely when subjected to elongation. It is well known
that Poisson’s ratios is confined to the interval from 0 to 1/2 for solid isotropic mate-
rials, but for porous (e.g., cellular) materials Poisson’s ratio may approach the value -1
without violation of positive semi-definiteness of the elasticity tensor. Negative Poisson’s
ratio materials have attracted considerable interest in recent years, and use of such mate-
rials may, for example, be advantageous for hydrophones and mechanical fasteners (e.g.,
‘Rawlplugs’). However, numerical experiments in [151] have shown that only low over-
all stiffness can be obtained if extreme elastic properties are prescribed. The reader is
referred to [43] for potential applications and for a survey of recent research. Figure 21
(left) displays topologies of base cells obtained by Sigmund [151] subject to specification
of elastic properties of materials with a negative Poisson’s ratio. The illustrations on the
right hand side of Figure 21 are obtained by repeating the base cell periodically, and offer
a clear picture of the aggregate microstructures; it is easily seen that horizontal elongation
of the microstructures will give rise to expansion in the vertical direction, and thereby a
negative value of the Poisson’s ratio. An experimental project devoted to the manufactur-
ing of the negative Poisson’s ratio materials in real micro-scale (size of base cell: 30 pm)
and subsequent testing of their elastic properties, has been successfully caried out at the
Microelectronics Center in Lyngby, Denmark, see [156].

It will be finally illustrated via an example from Sigmund and Torquato [86] that the
material topology optimization algorithm can be easily modified to be used for design
of materials with prescribed thermoelastic properties. The design of a material with a
prescribed thermal expansion tensor «f; cannot be performed alone by designing the
microstructure based on one material - it is necessary to consider a mixture of at least
two materials with different thermal expansion coefficients a}j and a?j.
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Figure 21: Negative Poisson’s ratio materials [(a): -0.8; (b): -0.6] obtained from base cells
with 40 x 40 elements and enforcement of vertical symmetry. (From [151].)

Figure 22: Design of a material with negative thermal expansion coeflicient. Left: base
cell (design domain) with topology optimized bi-material microstructure that contracts
when heated. The grey and the black material phases have a high and a low positive
thermal coefficient, respectively, and the white sub-domains are void. Middle: thermal
displacement of microstructure when heated. Right: Aggregate negative thermal expansion
material. (By courtesy of O. Sigmund.)
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Consider now as an example (Sigmund & Torquato [86], see also Sigmund [157]) the
problem of designing a material with a negative (isotropic) thermal expansion coefficient
o* < 0 by including two isotropic material phases 1 and 2 with different, but both positive
thermal expansion coefficients a! > o? > 0, in the base cell as shown in Figure 22.
The grey phase in Fig. 22 has the high thermal expansion coefficient ! and the black
phase has the low (but still positive) thermal expansion coefficient . By performing the
topology optimization on the base cell, one obtains the result shown in Fig. 22 (left). The
resulting microstructure has a negative thermal expansion coeflicient, cf. the deformation
indicated in Fig. 22 (middle) of the microstructure when heated. Fig. 22 (right) shows the
periodic material composed of repeated base cells. Studying the optimal microstructure,
one notices that it consists of several small bi-material beams that in an intricate way
make the periodic structure contract when heated, even though the materials it is built
from expand when heated.

6.2.2 Topology Optimization of Compliant Mechanisms

The design (synthesis) of compliant mechanisms is a very important and rapidly increasing
new field for the application of structural topology design methods. This chapter will
present a few illustrative examples from the field.

A compliant mechanism gains its mobility from the flexibility of some or all of its mem-
bers, as opposed to a conventional rigid-body mechanism. Advantages of compliant mech-
anisms are that they require fewer parts; are easy to fabricate; have less wear, friction,
and backlash; have no need for lubrication; and have built-in restoring force. The con-
cept of compliant or flexible mechanisms is not new (see, e.g., Burns & Crossley [158])
and is by no means restricted to small-scale mechanisms, but it has recently received
increased attention because of the introduction of materials with superior properties and
the rapidly expanding field of MicroElectroMechanical Systems (MEMS). The systems
are built in sub-millimeter scale, are integrated with electronic circuits, and are man-
ufactured using etching techniques from the semi-conductor industry. Such systems are
already widely used for integrated sensor applications, and have potential applications for
in-body surgery, health monitoring, micromanipulation, and nano-fabrication, see Kim et
al. [159]. Compliant mechanisms are well-suited for MEMS because of the problems with
friction and wear that prohibit use of conventional rigid-body mechanisms.

The optimum design of a compliant mechanism depends on, e.g., the manipulation $ask
it should perform, the material of which it is to be made, the available design space,
the locations of the input and output ports, and the available input force or actuator.
Possible manipulation tasks can be crunching or clamping of workpieces, path generation,
prescribed input/output force/deflection relationships, desired energy storage, and many
others, see Sigmund [63, 157).

For some of the types of mechanisms just mentioned, the major design goal is maximiza-
tion of the output force F,,; (the force on the workpiece) for a given input force F;,. The
ratio between the output and input forces M = F;/F;, is called the Mechanical Ad-
ventage. Three constraints are important in the synthesis of compliant mechanisms [63]:
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(i) a constraint on the maximum stress in the mechanism (to hinder fatigue or failure),
(ii) a constraint on deflection at the input port, and (iii) a constraint on volume to save
material and cost. Here, the stress levels (i) in compliant mechanisms can be contrelled
indirectly by constraining the displacement at the input port [63].

Using the the methodology of topology optimization (Sigmund [63, 157]) the above design
problem can be defined as the problem of finding the optimum mechanism topology within
a given design domain € that satisfies the above-mentioned goals and constraints, i.e.,

Maximize: Mechanical Advantage M
Subject to: Volume constraint Vvt (83)
Input displacement A < AY

Since a typical structure for micromanipulation purposes is a gripping device, let us con-
sider the design example from Sigmund [63] shown in Figure 23 (left). A horizontal input
force at the mid-left side of the design domain should be converted to a closing of the
jaws at the right-hand side of the design domain. The microgripper is constructed in Sil-
icon, with E = 180 GPa and yield strength oy = 7 GPa. For manufacturing reasons, the
thickness is only t = 7 um. To allow for underetching of the structure, it must be thin;
i.e. have no wide elements. This can be controlled by allowing a low volume fraction of 20
%. The input force is Fj, = 1000 uN, and the workpiece (which should be a blood cell)
has stiffness K, =1 N/mm.

300 m

300pm |

Figure 23: Design domains for a micro gripper (left) and a micro displacement inverter
and amplifier (right). From Sigmund [63].

For an input displacement of A, = 2 pm the optimum mechanism topology is shown in
Fig. 24 (top left). The resulting output displacement is A},, = 1.3 pm, and the mechanical
advantage is M = 1.3.

The output jaws of the gripping mechanism in Fig. 24 (top left) open and close in a

crocodile-way, as seen in Fig. 24 (bottom left), i.e., the jaws do not move in parallel. If
interest is in a gripping mechanism with parallel moving jaws, two output ports must
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be considered. This is done by defining load conditions at the second output port (at
the internal part of the jaws) and defining an extra mechanical advantage as the force
relation between the extra output port and the input force. The objective function for the
optimization problem in Eq. 83 then becomes

¢ = M+ M, —r(My— M)? (84)

where r is a penalty parameter. Formulating the objective function in this way, the two
mechanical advantages are constrained to be equal (by least square error), and they are
at the same time maximized. Furthermore, an extra displacement constraint Ain(g) < Aj,
is added to the optimization problem.

Repeating the optimization problem for two output ports and workpiece stiffness Kg =
0.5 N/pm, the mechanism topology in Fig. 24 (top right) is obtained. From the displaced
mechanism in Fig. 24 (bottom right), it can be see that the output jaws now move in
parallel. The two resulting mechanical advantages are M, = M, = 0.9 and A,,; = 1.8
pm.

This example shows that a mechanism with complex output behavior can be designed by
the topology optimization technique.

The following examples from Sigmund [63] demonstrate the design of a simple force in-
verter and a displacement amplifier and discuss the energy conversion for such mecha-
nisms.

The dimensions are the same as for the microgripper, and the design domain is sketched
in Fig. 22 (right). We first consider the design of a displacement (and force inverter). The
input force is F;, = 1000 uN, the workpiece stiffness is Kg = 0.2 N/mm, and the allowed
input displacement is A}, = 5.0 um. The resulting mechanism is shown in Fig. 24 (left).
The resulting output displacement is A,,; = 4.8 um, and the mechanical advantage is M
= 0.97. For this mechanism, the work done by the input force is calculated as W;, = 5
nJ, and the work done by the output force is calculated as W, = 4.7 nJ, which means
that 7 % of the input work was stored as elastic energy in the mechanism. Note that if
this had been a rigid-body mechanism, there would have been no ‘loss’ of work between
the input and the output ports.

Constraining the input displacement to be A% = 2.0 um, and letting the stiffness of the
workpiece be Kg = 0.03 N/mm, the resulting output displacement is A,y = 7.8 pm,
and the mechanical advantage is M = 0.23. The mechanism can be said to be a 1 : -3.9
displacement amplifier. The optimum topology for the mechanism is shown in Fig. 25
(right). For this mechanism, the input and output works can be found to be Wy, = 2.0
nJ and W,,; = 1.8 nJ, respectively, which means that 10 % of the work was stored as
elastic energy in the mechanism. If a high value of displacement amplification is needed,
one could mount several of the 1 : -3.9 displacement amplifiers in series. However, this will
result in poor work transmission, since 10 % of the input work is lost for each amplifier.

The assumption of linear displacements is close to being violated for the last two design
examples. If the displacement amplifier in Fig. 25 (right) is studied, it is clear that the
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Figure 24: wuuiu BLIPPLULE LLICULLGIUSIUDS. LUP 1616, UPULLIULL LUIVIVRLIPPSL WWPU0ZY for one
output port and its displacement pattern (bottom left). Top right: optimum microgripper
topology for two output ports and its displacement pattern (bottom left). From Sigmund

(63}

Figure 25: Micro displacement inverters. From Sigmund [63]

output displacement is limited by the point at which the two bars that lead to the output
port become vertical. A linear displacement finite element model would not predict this
locking. It is therefore clear that non-linear displacement theory must be considered, in
order to generalize the design method to the design of large displacement mechanisms,
and this has been very recently done by Pedersen et al. [160)].
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7 Conclusions

Basic concepts and knowledge concerning optimum topology design of continuum struc-
tures were discussed in this paper, and it has been attempted to give an overview of the
current status of the field.

Problem formulations based on solid, isotropic material models are generally not well-
posed since the design space is not closed in an appropriate sense, and a regularization of
the formulation is then required. The regularization can be achieved by either extending
(relaxing) the design space such as to include solutions with microstructure in the problem
formulation, or one can restrict the space of the admissible designs.

If it is desired to obtain or acquire knowledge of the global optimum solution associated
with the highest possible value of the performance index (for example in order to know
the upper-bound benchmark for other designs), it is necessary to extend the design space
by including optimum microstructures in the problem formulation, and to determine their
macroscopic material properties by a homogenization technique. The layered 2D and 3D
microstructures considered in this paper are optimum for integral stiffness (minimum
compliance) design under a single case of loading, but optimum microstructures are as of
yet unknown for most other design objectives.

Global optimum designs of the type just mentioned, generally consist of composite ma-
terial in large sub-domains. This simply reflects the fact that composite materials are in
general much more efficient than isotropic, solid materials. However, the large sub-domains
with composite often make it difficult to visualize the overall structural topology, and are
less attractive from the point of view of manufacture. In order to reduce the composite
regions, one may apply a non-optimum microstructure like the "hole-in-cell” microstruc-
ture considered in the paper, or introduce schemes for penalization of composite in the
formulation or solution procedure for the problem.

A direct way to obtain distinct black-white designs within the realm of a well-posed
problem, is to restrict the design space by including in the problem formulation an upper
bound constraint on the perimeter or surface area of the structure, or, what is simpler
and used more and more often, to apply an appropriate filtering technique, which will
also have the effect of restricting rapid variations in the structural design. Approaches of
this kind are advantageous because they admit application of simple, material models like
the SIMP model (which by itself penalizes intermediate material densities). This model is
very popular in commercial topology optimization codes, and by now also very often used
in research directed toward extending the scope of topology design, since the simplicity
of the model facilitates research into other aspects of the problems.

It is obvious that the creation of quite distinct black-white topologies by the approaches
just mentioned, greatly facilitates the manufacture of the designs obtained, but it should
be also borne in mind that there is a price to be paid for this, namely that the solu-
tion will be associated with a lower value of the performance index as compared to the
corresponding global optimum solution obtained by usage of an optimum microstructure.
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On the basis of the account of the present state of knowledge presented in the main part
of this paper, the last chapter gives a brief survey of literature that reflects recent devel-
opments in topology optimization of continuum structures. Furthermore, new avenues of
application of topology design are illustrated by way of very recent results in areas of tai-
loring materials for prescribed mechanical properties and design of compliant mechanisms
with focus on MicroElectroMechanical Systems (MEMS).
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of frictional contact problems are stated, in particular propositions concerning stability and
bifurcation. A simple example due to Klarbring [5] is used to demonstrate the phenomena
occurring in contact problems.

2. CONDITIONS OF CONTACT

A solid body is in contact with a rigid obstacle which occupies the region h(x)<0 (Figure
1). On the part S, of the boundary of the body the displacements and on the part S; the
tractions are prescribed. On the part S the contact of the body and the obstacle can occur.
The non-penetration condition implies that

h(x+u(x))20 VxeS, 1

The displacement u and the reaction force F on the boundary S, are decomposed into
normal and tangent components

u=u,n+u, @
F=Nn+T

n is the outward unit normal of the obstacle at contact point, N the normal reaction, T the
tangent reaction and uy and ur the normal and tangent displacements. The conditions of the
unilateral contact are

uy 20,N 20,Nu, =0 3

The first condition means that there is no penetration of the body into the obstacle, the
second implies that the normal reaction is always compressive, and the third is the
complementarity condition indicating that in active contact N>0 the normal displacement
has to be zero while in separation uy >0 the reaction must be zero. The classical contact
problem for elastic bodies without friction was first formulated by Signorini 1933 along
the lines presented above.

h<0

Figure 1. Contact of a deformable body with a rigid obstacle.
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3. COULOMB LAW OF DRY FRICTION

At the contact point of the body with the obstacle the relative velocity v=u
also be decomposed into normal and tangential components

V=v,n+V;

body __

can

4)

Coulomb’s law of dry friction can be formulated in several ways (see Nguyen [6]). The

traditional way is to write
®(T,N)=|T|- N <0 with v, =—vT and ®v=0
fis the friction coefficient. Another way is to introduce the dissipation potential
D(v;,N)= fN|v,|
The friction force is then

_ oD
v,

-T

where the derivative has to be understood as subgradient for the value vr =0.

v
v

vr vr

N

Figure 2. Coulomb friction: dissipation potential and its subdifferential.

4. FORMULATION OF EQUILIBRIUM AND RATE PROBLEMS
The total potential energy of the system considered is

E@A)=Uw+V@,A)

&)

(6)

M

®
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where U is the strain energy of the body and V the potential of external forces. A is the
control parameter of implied loads or displacements. Further, the Lagrangian L(u,N, A} is
defined

L(u,N,2) = E,A) - j Nu, dS )
sC

According to [4] the equilibrium state has to satisfy the following equation

L,(@u,N,A)-du+ [-T-5udS =0 VéueU, (10)
S(‘

where U, is the set of virtual displacements satisfying du=0 on S,. The normal and
tangential reactions on the contact boundary have to satisfy the conditions of Coulomb
friction. However, due to the incremental nature of Coulomb’s law this equation does not
define completely the solution as in the problem of contact without friction (Signorini’s
problem). The rate problem has to be considered. It is formulated as follows [4]:

The forward rate eV, ={v|v €'V, v, admissible slip }is a solution of the variational

inequality

(v—ua)«(L

Juu

Wi+ L, A)+ jf(N,u.ﬁ+N,1 A(vr|-Jopds 20 VveV, (1D
sl'

In the same paper conditions of non-bifurcation and of stability are formulated:

Non-bifurcation: The present equilibrium is not a critical state of angular bifurcation if the
following positivity condition is fulfilled

(V= V)L (V= ¥+ [ F(V= V)N (Vo |- pdS >0 WV, VeV, (12)
SL‘

Stability: The present equilibrium is stable if the following positivity condition is satisfied:

VoL V+ [ fooN, v, |dS >0 WveV, (13)
sl‘

5. STUDY OF A SIMPLE MODEL OF KLARBRING
Consider a simple mechanical model, which has been previously studied by Klarbring [5]

and Martins et al.[7]. The model represents a mass supported by springs in unilateral
frictional contact with a horizontal rigid base (Figure 3). Klarbring and Martins et al.
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investigated the existence and uniqueness of the rate problem. The purpose of this study is
to consider the rate problem from the point of view of stability and bifurcation.

5.1. Definition of the problem

The system has two degrees of freedom. The rigid obstacle is the half-plane x, <0. The
elastic properties of the system are given by the stiffness matrix

K = K]l Kl2
KZI K27.

Thus, the strain energy is

1 1
Uu)=—u Ku

2
where u is the displacement vector
u=(u u,)"
The total potential energy is
E@,A)=U(u)-A fju

where f is the reference load.

(14)

(15)

(16)

an

The unilateral contact is defined by conditions

u, 20,N 20,Nu, =0

(18)
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N is the reaction perpendicular from the obstacle. The Coulomb law of dry friction is
assumed

r|< v (19)
The dissipation potential is given by

D =-Ti, = fN i (20)
The subgradient of D is then

D, =-T with [T|< fN fori =0and T =-fNsgn() for i, #0 1)
Using the Lagrangian, which takes into account the unilateral contact,
L(u,A,N)=E(u,A)—Nu, (22)
the equations of the equilibrium can be obtained as follows

L,(u,A,N).6u+D Ou=0 (23)
or written explicitely

K +Ku,—Af,g—-T=0

(24)
Ky, + Kpu, —Afu—-N=0

In solution of these equations, the conditions of unilateral contact (18) and of Coulomb
friction (19) have to be taken into account.

5.2. Rate problem

The rate problem follows directly from eq.(22) by differentiation with respect to time

L., A, Nyu+ Ly, W,A, N)A+L,, W, A, N)N + Dy T=0 (25)

The rate equations corresponding to egs.(24) are

K, b, + Kt —Af, —~T=0

iR T e (26)
K21“1+K22u2“lf20—N=0

As to the unilateral contact and friction conditions, following situations have to be
distinguished (superscript e refers to equilibrium solution):
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(a) loose contact, no reaction, both slip and separation possible: u; = N°=T°=0. Then
i, 20, N 20, Ny =0, [T|< N for |is| =0, T =—Nsgn(i,) for Ji|#0

(b) active contact with possible slip: u; =0,N°* >0,|T°|= fN°. Then

i, = O;, =—vsgn(T*),v > 0,1 < fNsgn(T*) for &, =0,T = fNsgn(T*) for i, #0

T¢|< fN°. Then u, =4, =0.

(c) active contact with stick: u; =0,N° >0,

(d) no contact: u; >0, N°=T° =0.

5.3. Stability and bifurcation of solutions of the rate problem

Application of criteria of non-bifurcation eg.(12) and of stability eq. (13) for the buckling
of elastic structures in unilateral contact with friction under constant load to the present
case leads to the conditions

K, - f|K»| >0incase (a) N =0 and K, —sgn(T) fK;, > 0 in case (b) N >0 27
for both non-bifurcation and stability. The following analysis shows that if these criteria
are satisfied, the rate problem has a unique solution for all possible load directions. If they

are not satisfied, there can be stable bifurcated solutions for certain load directions in case
of zero reaction (case (a)) and unstable solutions in case of non-zero reaction (case (b)).

Case (a): If u, >0, we have N =T =0, and the solution represents the separation

1 . K, -K
l'.l] - l(Det(K))-l 22 21 f;O (28)
Uy K, Ky | fo
The condition -K,,f,,+ K, fo, >0 corresponding to &, >0 gives the load directions for
which the separation can occur.

If 4, =0, contact prevails and

N =Ky _’ifzo 20

. g 29
T =K, —Af
Assuming that slip occurs leads to equation
(K, + 5800 K Yy = A(fio +5g0(h) fF0) (30)

If the uniqueness criterion (27) is satisfied, eq.(30) gives well-defined solutions for
appropriate load directions, i.e.

i, >0 for f,o + ff, >0 and & <0 for f,, = ffx <O 31)
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For fi,+ ffx <0 and f,, — ff,, >0 stick takes place, i.e.#; =0. The rate of load A is, of

course, positive. These results can be conveniently presented for different load directions
as shown in Figure 4. It corresponds exactly the previous results [5] and [7].

Next, the case is considered in which the uniqueness criterion (27) is not satisfied. We
assume that K, >0 and fK,, 2K,,. (The case K,, <0,f|K2,|>Kll can be handled in

analogous way). For positive slip the solution is unique as can be seen from eqs.(30) and
(31). Uniqueness is lost for negative slip. Let us take first the case fK, >K,,. Eq.(30)

yields

iy = MK, - fKp)" (o - f) (32)
which leads to the rate of reaction

N =A(K, - fKn)" (Ky fio - Kiifoo) (33)

This solution is valid for fi, — ff5 >0, K, fio — K11 f20 <0, A>0. But the first inequality

indicates that the stick solution is possible, too, and the second means that the separation
can also occur. This result, illustrated by Figure 5, coincides with the previous findings [5]
and [7].

In the case fK,, = K,, eq.(30) indicates that the right hand side must be Afro= 1) =0
and that the slip is indetermined (but negative). Assumption of A=0 and & <0 leads to
negative rate of reaction, which is not possible.The possibility of &, =0 still exists. The
study of second order equations (which is not included here) leads to the result A=ii,=0.
Thus, without going to higher order equations it is concluded that for f, — ff,, <0 only the
separation solution is valid, while for f,— ff,, >0 the stick solution remains. In case
fio— 2 =0, second order rate equations lead to the conclusion is that &, =0, i.e. stick
occurs. The load rate remains indetermined. The result is shown in Figure 6.

£20 20

separay
separgfion pos.slip

_ £10 f10
B pos.slip

Figure 4. Regular solutions for N=0. Figure 5. Solutions for case fK21>K1; with N=0.
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separay [ N=0 J

f10
pos.slip

neg.slip

Figure 6. Solutions for case fK2=K11 with N=0. Figure 8. Regular solutions for N>0.

A f20
_slip
stick ~ -
separation
1431
Figure 7. Bifurcation solutions. Figure 9. Situation for N>0, T<fN.

The nonunique solutions for the case fK,, > K,, found above are all stable in the sense of
Hill, since positive work must be injected to the system in order to perturb it. As a matter

of fact, the stability is already indicated by the positivity of A, which means that a solution
exists. Indeed, computing the mechanical work required to perturb the system in the case

of three possible solutions, i.e. for load f(t)=Atf,, f,, =af,, <0, K|,/ K, <a< f and

displacement u(t) =7u, 7€ [0,t] yields:
W, ()=[£(2)d7 = EQ(0,A0)+] N0, de (34)
U] [¢]

The amounts of work are

for separation: W, , = (A#)*(Det(K))" (K ,a” —2K,a+Ky,) fr /2

for slip: W,y = (AN (K, - Ky, ) (a- fafy 12 (35)
for stick: W, =0
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It can be seen that W,  >W,  >W, , so that separation is the mode of bifurcation to be

expected to occur. The slopes of the load-displacement curves are schematically shown in
Figure 7.

Case (b): Eqgs. (29) and (30) are still valid, except that the rate of reaction can be also
negative. The solution is unique, if the uniqueness criterion (27) holds. To be specific,

assume that T° > 0. Hence, the possible slip is in negative direction. The solution is

i, =0 for fi,— ff >0, A>0
i, <0 for fi,— ff <0, A>0 (36)
The result can again be illustrated in the load space as shown in Figure 8.

Consider then the case in which the uniqueness criterion (27) does not hold, fK, > K|, .
As before, T¢ >0 and slip occurs in negative direction. For f, — ffy >0, A >0 the stick
solution #, =0 is in force. Negative slip occurs for fi, — ffy < 0, but the rate of load has

to be negative A <0. This indicates unstable behaviour. If the amount of mechanical work
is again computed for the load defined by f,, =af,, <0, a> f the expression (35)7 is
obtained, but now it is negative. Physically this result means that the strain energy capacity
of the system is inadequate to absorb the work done by external load when at the same
time the reaction and the frictional force decrease due to relieving influence of the system.
For constant load this would mean snap-through phenomenon, i.e. dynamic behaviour.

Still, the case fK,, =K,, is to be investigated. As in case (a), using the second order rate
equations one can conclude that for f, — ff, =0 stick occurs. For A equal to zero the

relationship between load and displacement increments is quadratic like in limit point
behaviour of stability problems. The study by use of second order equations reveals that

the slip is unstable for fi, — ff5 <0.

Case (c): The situation can be conveniently illustrated in load space, Figure 9. For
proportional (radial) loading paths emanating from origin, the stick state prevails as long as
the load point remains inside the cone. The slip can occur when the load point reaches the
boundary, in stable, unique manner if the uniqueness criterion (27) is satisfied and in
unstable manner if it is not satisfied.

5.4. Concluding remarks

The results obtained above considering the simple mechanical model suggest that in
unilateral contact problems distinction should be made between the stability of
equilibrium state and of equilibrium path (process). It has been shown that stable loading
paths exist although the criterion of stability of equilibrium (under constant load) proposed
in [4] is violated. Further, in solution of the rate problem, the dependence of the reaction
on the load has to be taken into account so that the Proposition 8 of Ref.[4] should read:
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The forward derivative W is a solution of the variational inequality:

ueV, = {vlv eV,v; e Nc(m)(-T)} and satisfies

(v—ua).(L,, 0+ L_M.i)+f (m,a+m , Atge(|vo| [, da =0 Vve Vi, (37)
SC

where the dependence m(u,A) is given by eq.(24) and S denotes the portion of § with
effective contact (h=0).

7. DYNAMIC CONTACT WITH MOVING OBSTACLE

Consider the same simple model as previously but now in contact with a moving obstacle.
Thus, the model consists of a mass m supported by springs in unilateral frictional contact
with a horizontal rigid half-plane x, <0 moving in the direction of negative x,-axis.

The system has two degrees of freedom. The mass is initially resting on the plane so that
the initial conditions are

u,(0) = u,(0) = 0,4, (0) = —v,,u, () =0 (38)
The equations of motion are

mii, =—K u, — K,,u, +T
mii, =—K,u — Kyu, —mg+ N

(39

In addition, the conditions of unilateral contact (18) and of Coulomb friction (19) have to
be taken into account, noting that in this case the direction of the friction force depends on

the relative velocity #, —(—=Vv,).

As long as the contact prevails, the solution is u, =—v,t,u, =0. Slip starts when

T =-K,u, =-fN =—f(K,u +mg) (40)

which yields

iy, et L @1)
(K + K3V

provided that K,, + fK,, >0. In next stage slip continues with initial conditions
u, (0) = v t,,u,(0) = 0,1, (0) = —v,,4,(0) =0 taking #’=t-t;. The solution is

u (1) =—2sinwr’ with w=\(K,, + fK,)/m (42)
w
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which is valid as long as the relative velocity 4, +v, =v,(1—cost’) remains positive. This
is true if the coefficient of friction is smaller than a critical value
2
mg'K,, _

K
f<f. =K—”( >—UL_1) for K,,>0 (43)
21 Vo By

or larger than a critical value

2
K, =t KI;) for K, <0 (44)

IKZII vy Ky

f>f=

Indeed, looking at the value of normal reaction

K . ’
N=K2,u,+mg=K'—'2g—-—Lv°sma)t 45)
(0] ()]

and its minimum value

N, =Kug_[Kalvo (46)
[/} w

which should be positive for active contact, the critical values of friction can be found.
If the friction coefficient is larger (case K,,>0) (or smaller, case K,,<0) than the critical
value, the normal reaction tends to zero which eventually means separation of the mass
from the obstacle, i.e. the mass will bounce at the instant #, =arcsin(gK,,/@v,K,,) . The

initial conditions are (taking t"=t—1, —1,)

1, (0) = —vt, —Z}—Osin o, = —%, 1,(0) = 0,1, (0) = —v, cos @], i, (0) = 0 @7
21

Equations of motion (39) with T and N equal to zero are now valid. After the jump the
mass will again become in contact with the obstacle and bounce a second time with

conditions depending on the properties of impact.

In case K, + fK,, <0 the mass will stick to the obstacle. Eqs.(39) yield
T=K,u =—K,vt, N=mg+K,u, =mg — K, v,t (48)

and —T<fN for all £>0. Large displacements should be considered to solve the problem.
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8. CONCLUSIONS

The problem of frictional contact of solids includes many interesting and complicated
features. Complications are partly due to the incremental nature of Coulomb’s friction law.
Some of the features could be demonstrated using a simple mechanical model.
Computational procedure for systems of multiple degree of freedom would involve rather
intriguous bookkeeping of nodes in contact and slipping or sticking. Also, the dynamic
phenomena, like bouncing and wave propagation, occurring at slip would represent topics
of further research.
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WOODEN DOME MADE OF LAMINATED BIRCH PLYWOOD
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ABSTRACT

In this paper the development of a wooden glued spherical dome is described. The dome itself is
constructed from 12 prefabricated elements or segments. In the final form the dome consist of a net
of longitudinal and circumferential arches made of birch plywood, so that the circumferential
arches are joined on top of the longitudinal ones. A plywood cover is nailed to the circumferential
arches, and the roof is finished with a mineral wool layer and coating. The functional goals of the
dome were a good architectural impression by using the supporting system as an integral part of
the restaurant interior and also good acoustic characteristics.

INTRODUCTION

The foundation of the Linnanmiki Amusement Park wanted to establish a fast food restau-
rant for children and adults alike, the form of which would reflect the shape of one the
most popular products on their menu. An architect company, Mauri Méki-Marttunen, came
up with an idea of a round two-storey wooden building with a diameter of about 17 m, and
which is reminiscent of - a hamburger. It was decided that the restaurant hall on the second
floor should be entirely an open space and that the form of the ceiling should be convex
outwards. In this context an idea emerged that the roof could be a dome with the load
bearing members being left exposed. The restaurant building was constructed during the
winter 1999 and it was opened for the public at the start of the season on the first of May.

THE STRUCTURE

The dome as a structural form is not a new invention, but from an architectural point of
view its strictly symmetric geometry is worth exploring.

The objectives of the development work in the project were to minimize the usage of mate-
rial and the structural dimensions by utilizing the excellent strength properties of birch and
that all load bearing members would be left exposed. In addition the structure wanted to be
constructed of ready-made elements.
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The roof of the building is a spherical wooden dome consisting of a net of longitudinal
(meridional ) arches and circumferential rings both made of laminated birch plywood. The
circumferential rings are joined by gluing on top of the meridional arches. A plywood
cover with a thickness 12 mm is nailed to the rings, and the roof is finished with a mineral
wool layer and coating (Fig. 1)

Fig. 1: Inner view of the dome.

The dome net is supported by a central ring with a diameter of 2 m made of laminated ply-
wood and by a boundary ring with a diameter of 17 m made of glued laminated wood ele-
ments. The outer ring is supported by 11 stocky round wooden pillars. This type of dome
roof can be constructed of prefabricated elements which are assembled on the site. In this
case the number of elements is 22.

The meridional arches and segments of the circumferential rings are manufactured by glu-
ing grain-direction oriented birch plywood sheets, with a thickness of 6.5 mm and cut to
board width strips, to form rails. In one plywood sheet the grains of four veneer layers were
axial oriented when the middle layer was transversely oriented. In this way manufactured
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the small shear modulus of plywood can be increased enough. The total height of the arch
and ring cross section is 80 mm and the width varies between 120 and 140 mm. The or-
thogonal radial rib net of arches and rings with the covering plywood sheets forms the in-
ner surface of the ceiling.

The assembled dome consists of 44 full length (running from the lower supporting ring to
the upper one) and of 44 three-quarter-length arches and of 14 rings. The diameter of the
dome is 17 m and it is three meters high. The radius of curvature of the dome is 13 m. The
total thickness of the load bearing structure is 160 mm.

The glued joint between the longitudinal arches and the circumferential rings was tested
under cyclically varying moisture conditions by applying a standard ASTM D 3434. The
glue type used in the construction was selected by comparing the behavior of four different
glues.

ACOUSTICS

An aim of the development work was to use the waffle like shell inner face as an acoustic
sutface. On the other hand, the net like structure enables an easy addition of sound absorb-
ing material.

The measured reverberation times are appropriate for the needs. With furniture the rever-
beration time is two seconds according to the measurements, and it is estimated to shorten
to about 1.2 seconds at actual use.

ASSEMBLY

Each segment of the dome consists of two full length boundary arches and of two shorter
intermediate arches. The parts of the circular rings belonging to one element are joined on
top of the arches. The average distance between the rings is 560 mm and the distance be-
tween the arches at the boundary supporting ring is 590 mm (Fig. 2).

Due to the doubly curved structure of the arch and ring network the geometry, especially
with respect to the rings, is demanding. Because of the relatively small size of the dome it
could be assembled of similar ready-made segments running from the lower boundary ring
to the upper one surrounding a light opening on top of the dome. The elements were joined
together so that the steel parts of the joints were hidden.
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Fig. 2: Prefabricated dome segment.
SPHERICAL DOME, AN EFFICIENT AND A SIMPLE STRUCTURAL FORM

Shells are slender and effective load bearing structures. Their aesthetic character is based
on the structural form. In the present case the load bearing structure is an integral part of
the restaurant interior. A dome roof as a doubly curved shell is a very efficient load bearing
structure which can be made thin.

The spherical shape has an advantage over other doubly curved shell forms that it is in the
bending state less sensitive to the spatial variation of snow and wind loads. Besides, the
spherical structural form is simple.

The most common shell roof structural type consists of arches and rings (radial rib dome),
although the greatest spherical shell roofs are geodetic domes consisting of equilateral tri-
angles of beams. If the diameter of the dome is small enough, then the arches can be made
continuous between the central and boundary supporting rings and the arches and rings can
be placed on their own levels (surfaces).
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The radial rib dome can be constructed by prefabricated elements. In the geodetic dome the
bars are on the same level with numerous joints and prefabricated segments cannot be used.

In both structural systems the cover of the roof distributes the load to the arches or beams
and it is not fully utilized as a load bearing part of the structure.

The efficiency of shells is based on the developing membrane state of stresses. However,
with respect to the loss of stability many shell forms are sensitive to structural imperfec-
tions and the post buckling load bearing capacity may be much less than the linear buckling
load estimate implies. Therefore, in order to assess reliably the behavior of shells a geomet-
rically nonlinear analysis method with the ability to solve nonlinear eigenvalue problems
and to follow the nonlinear load-deflection paths in the post critical state is required.

If the loading creates only small bending moments in the shell, then the imperfection in the
nonlinear analysis can be given as a linear combination of the lowest buckling modes. On
the other hand, if the loading gives rise only to a local bending moment field, then the form
of initial imperfection is not so important.

In Finland the own weight of the shell roof is small when compared with the snow load.
The membrane forces of a spherical dome due to a uniform snow load are related to the
load value and to the radius of curvature. Therefore a rule is obtained: If the dimensions of
the arches and rings forming the spherical dome and their spacing is increased by the
same scale factor as the diameter and height then an equivalent dome is obtained.

SNOW LOAD

Various design specifications give slightly variable assumptions for the drifting of snow.
The codes generally assume that snow is drifting on the leeward side of the prevalent wind
direction, but they differ with respect to the shape of the snow drift and with respect to the
snow load intensity.

Because for domes no rules for snow drifting distribution are given the designers custom-
arily assume that the snow load distribution is similar in shape to the one given for singly
curved or cylindrical roofs and the snow load distribution in the circumferential direction is
based merely on taste.

In Finland the snow load distribution and density on a spherical dome, built in a high snow
load area, was monitored during several years. The measured results were in agreement
with a meridional distribution given in a US-code from the year 1982. According to obser-
vations the snow load distribution on the central dome surface is quite uniform over one
third of the roof and descends to zero rather steeply at the boundary zone (spanning an an-
gle of 15 degrees in the meridional direction).

The snow load distribution of the present dome is based on these observations, and it is
given in Fig. 3.
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MATERIAL PROPERTIES AND LOAD BEARING CAPACITY

An example dome with a diameter of 28 m and with a curvature radius of 19.8 m was used
for studying the effects of material properties on the load bearing capacity. The shell roof
was analysed as geometrically nonlinear by the finite element code ABAQUS. The number
of meridional and circumferential arches were 128 and 29, respectively, and the arches
were located on the same level. Each side of the curved arch lattice was modelled by one
3D-beam element. The used beam elements of type B31 included the effects of transverse
shear deformation. Shell elements of type S4RS with negligible bending stiffness were
utilized in distributing the load to the beam elements.

The arches were rigidly joined to the supporting rings. The modulus of elasticity in the ax-
ial direction of the beam elements was 5985 MPa, and for the shear modulus the values 95,
190, 380 and 3800 MPa were adopted. The snow load distribution was assumed in accor-
dance with Fig. 3. It corresponds to the snow load in central Finland.

SN 7ar7
= L7774
N7
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¢

Fig. 3: Snow load distribution.

The results were rather surprising. The shear stiffness of the bar elements had a great influ-
ence on the limit load, i.e. the load value at which the load parameter starts to diminish on
the load deflection curve in a path following analysis. Also the buckling mode shape
changed with shear modulus.
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The load bearing capacity of the model with the smallest shear modulus was only about
one seventh of the corresponding value obtained by the largest shear modulus by which
value the shear deformation is negligible as in the Euler-Bernoulli theory.

In Fig. 4 the transverse displacement of node 521 is depicted as a function of load factor
from various analyses.

As a reference structure a geodetic dome built in Oulu was considered. The Oulu-dome has
a diameter of 115 m and a height of 21 m. The snow load was assumed in accordance with
the Linnanmiki-dome.

Material values of Eurocode for a geometrically nonlinear case were adopted. By using
shear deformable 3D-beam elements for modelling of the dome, in linear analysis the com-
pression strength of the beams was exceeded. In a geometrically nonlinear analysis the load
bearing capacity of the dome was 0.70 times the given load.

By using a high value for the shear modulus in the transverse direction, corresponding to
the Euler-Bernoulli model, in a linear analysis the compression strength of the beams was
still exceeded, and in a geometrically nonlinear analysis the ultimate load factor was 0.67.

. =—e—W521 G = 95 MPa

'| —=—W521 G = 190 MPa
| ——W521G=380MPa |
| —®—W521 G = 3800 Mpa

Load factor A

0.2 0.3 0.4 0.5
Monitored displacement [ m ]

Fig. 4. Influence of shear modulus G on the load bearing capacity of an example dome.
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EXPERIMENTAL LOADING OF THE CONSTRUCTED DOME

The stiffnesses of the constructed dome and of one of the prefabricated segments were
studied experimentally. The bending stiffness of the shell roof was tested by applying a
central point load on an element at the carpentry shop. The tested element was lying on
roller supports.

The segment was analysed also numerically by ABAQUS. The arches were modelled by
beam elements of type B31 and the covering plywood deck by shell elements of type S4R5.
The nail connections between the deck and the rings and the glued connections secured
with bolts were modelled by short beam elements.

The material properties are given in a coordinate system (X,y,z) where x is the beam axis
and z points to the direction of the shell normal. The following mean values based on
Eurocode, EC5, for the moduli of elasticity, shear moduli and Poisson's ratios were
adopted:

Ex=13280 MPa, Gy, =600 MPa, v,,=0.2,
E,= 1080 MPa, Gy,= 600 MPa, vy,=0.2,
E,= 3320 MPa, Gy, =600 MPa, vy, =0.2.

For the plywood deck E = 8300 MPa and v = 0.1. The stiffness properties of the connecting
elements were calculated also in accordance with EC5 design specification.

During the test the horizontal displacement of the narrow end of the segment and the de-
flections of the rings 4, 7, 9 and 11, counted beginning from the top of the segment, were
monitored. The point load was applied at ring 10.

Parametric studies by varying the degree of fixity at the segment boundaries were also
made. The overall correspondence between the measurements and the analytical results
was good.

The constructed dome was loaded incrementally by lifting concrete blocks on top of the
supporting upper ring surrounding the light opening. The total load summed up to 105.3
kN. This kind of symmetrical load is mainly carried by membrane forces and due to the
high membrane stiffness of the dome the maximum deflection will, in this case, be of the
order of one centimetre only.

The complete shell roof was analysed also by ABAQUS. In the finite element model the
arches and rings were located on their own levels or surfaces. Each side of the orthogonal
arch-ring net was modelled by one shear deformable 3D-beam element of type B31, (two
noded Timoshenko beam element). The plywood deck was discretized by shell elements of
type S4R5. At the joints between the arches and rings small elements modelling the glued
joints were placed.
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The same material properties as given above for the model of a segment were used for the
roof model, too. The lower supporting ring is made of glued laminated wood of grade
GL32 and its modulus of elasticity and shear modulus are E,=14500 MPa and G,,=840
MPa, respectively.

In modelling of the joints between the arches and the upper ring short beam elements of
type B33 were applied. Due to geometrical discrepancies some filling wooden blocks had
to be used and their effect was taken into account by reducing the axial stiffness of the
parts of the arches between the last ring and the supporting ring at the lower end of the
shell.

The displacement measurements were carried out by a theodolite. The accuracy of the
measurements, or maximum error is 0.1 mm. Nine measurement points equipped with a
prism were selected on two arches on the opposite sides of the dome. Three prisms were
attached to the upper supporting ring for deflection measurements.

Five different analyses for the shell roof were carried out. In the first three the boundary
conditions were varied at the lower and upper ends, For the fixed-fixed, fixed-pinned and
pinned-pinned boundary conditions the maximum displacements were -7.15 mm, -8.87 mm
and -8.94 mm, respectively.

Next, the analysis model was modified to correspond to the built dome. The joint at the
upper end was modelled by a bolted connection and the effect of the filling wooden blocks
at the lower end were taken into account by reducing the axial stiffness of the arch parts
near the lower support as described above.

For central loading the downward displacement of the upper ring was 11.38 mm. In the
analysis case 5 an eccentric loading with an eccentricity of 300 mm was applied. In this
case the maximum and minimum deflections were 6.76 mm and -36.72 mm, respectively.

In Fig. § the calculated displacements at measurement points are compared with the ex-
perimentally observed values. The correspondence is quite good, and it may be concluded
that the material stiffness values given in EC5 are appropriate for the design purposes of
this kind of structure.

CONCLUSION

A novel type of wooden dome which fulfils the structural, architectural and other goals and
needs set by the client has been developed and constructured. Similar structural systems,
especially the utilization of prefabricated elements, for larger spans will be studied.
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Fig. 5: Comparison on measured and calculated deflected shapes of the dome at Linnanmdki, F =
105 kN ( deflections are multiplied by 100 ).
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ABSTRACT

The paper deals with a new structural analysis model implemented to an integrated CAD system
for the design of wooden nail plate structures. A new analysis model follows strictly the new
Finnish design codes for these structures. The new analysis model includes very careful
consideration of the geometrical model of joints and their analysis models. In practice this means
that the analysis model will include much more finite elements than that used before. The analysis
model is linear with the respect of geometrical and material entities. The local joint flexibilities are
taken into account in the model. Some comparisons of the results given by the new structural
model and the old one, used over 15 years in the program, will be given in the paper. The old
model was quite simplified compared to the new model and it is believed that the new model will
give more economical designs than the old system.

1. INTRODUCTION

Over 50% of the sorted timber in Finland is used to fabricate nail plate trusses. Due to
developed design and fabrication methods nail plate structures include into the main
systems to build roofs to detached houses. Nail plate structures are used for roof structures
in blocks of flats, too. Other applications are scaffoldings of concrete cast for bridges etc. It
can be said, that the nail plate structure business is large in the field of timber engineering.

The CAD systems used for the design of nail plate structures are highly integrated
involving the integration of geometrical model and structural analysis model and strength
check of wooden parts and joints. The information of the designed nail plate structure is
transferred forward to fabrication systems, such as minimising the loss of timber, material
control databases, control of cutting machines and other applications in the production
environment such e.g. as a database application for reuse of designs. The last application is
very important when offering the structures. One factory can make many thousands new
structures in a year and then it is good to have some database to seek for old designs to
make a good offer. In KPM-Engineering Oy about 15000 new designs are made in every
year. Some designs are done for foreign fabricators and part of production is going abroad.
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When writing a program for the design of this kind of structures there are many principles,
which must be kept in mind. When considering the analysis of these structures then one
principle is very important:

e Program must start from geometrical modelling, after that follows the structural
analysis and strength checks and other tasks (production of fabrication data etc)

This principle is of the main importance when creating the real working software for the
design purposes. The data transfer between tasks (such as geometrical and structural
modelling) is rather easy to perform in the software under consideration, because all the
tasks are programmed to the same program. The starting point of the design process must
be the geometrical model in order to get a reasonable analysis model especially for the
joints. This can be seen in Fig. 1, which illustrates geometrical and structural models for
one nail plate joint.
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Fig. 1. Typical nail plate joint model

It is impossible to generate right analysis model for the joint of Fig. 1 without starting from
the geometrical model. The details of Fig. 1 will be described later.

The paper deals with a new structural analysis model implemented to KPM's CAD system
for the design of wooden nail plate structures (program called WoDe2000). A new analysis
model follows strictly the new Finnish design codes for these structures. The program has
been certified by SFS-Sertifiointi Oy.

The new analysis model includes very careful consideration of the geometrical model of
joints and their analysis models. In practice this means that the analysis model will include
much more finite elements than that used before. The analysis model is a plane frame
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model and linear with the respect of geometrical and material entities. The only non-
linearities arise when deriving the buckling lengths for composed wooden parts.

The product development of the new program has now been finished and the new program
has been used for the design of new products. Some comparisons of the results given by
the new structural model and the old one, used over 15 years in the program, will be given
in the paper. The old model was quite simplified compared to the new model and it is
believed that the new model will give more economical designs than the old system.

2. CODES AND THEORIES

The old version of the structural analysis of the program under consideration was based on
an old Finnish code of practice [1] and allowable stress design concept (or to the use of one
level safety factor). The ideas for the geometrical modelling have stayed about same about
20 years [2]. The new version is based on two Finnish codes of practice [3[, [4]. The first
one is based on the Eurocode system and the second one is based on Finnish local code
system. Both are based on so called limit state design or to the use of two level safety
factors. The analysis models given in both the codes are same.

The old analysis model for the joint was simple hinge usually without eccentricity. The
new model includes eccentricities and moreover the model includes the local translational
and rotational flexibilities of joints. The eccentricities and semi-rigidity of joints reflects to
the results of the structural analysis. The strength check for bars and joints after structural
analysis includes also new theories appearing in the new codes of practice.

Typical local analysis model for the nail plate joint can be seen in Fig. 1. The beam
elements are connected at the node J by spring elements, which include both translational
and rotational springs. The spring factors are given in the codes. Node J is locating in the
centre of effective area of the nail plate covered by separate wooden parts connected in the
joint. Node J is connected by orthogonal very stiff beam element (eccentricity element) to
the analysis model of a bar between joints. All the nodes J are connected together using
very stiff beam elements.

The concept of very stiff element was verified using different cross-sectional properties for
very stiff elements and proper wood sizes where found by these means. The minimum
lengths of very stiff elements were found also by the method of trial and error and some
minimum lengths were put to these elements if needed in order to get proper numerical
results.

The program generates similar analysis models for all the joints appearing in the nail plate
structure starting from the geometrical model. This means, that the geometrical entities
(sizes and locations of nail plates as an example) must be defined before generating the
analysis model. In practice this means some iteration when designing these structures.
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3. EXAMPLE

Consider a simple nail plate structure shown in Fig. 2. as an example for theories.

3 kN 3 kN 3 kN

2 s -

Fig. 2. Example structure

If the structure is analysed using the theory which has been valid about 200 years i.e. it is
supposed, that there are hinges at every nodes, then the maximum tensile force of the
bottom chord is 35.0 kN in this case. If the old allowable stress design method is used and
the bottom chord is made of wood 48*98 mm?, then the maximum stress is 7.44 MPa. The
allowed tensile stress for the Finnish T24 wood is in this case 6.30 MPa, so the used
capacity is 7.44/6.30 = 1.18.

If the same structure is analysed using the old version of the program under consideration,
then the maximum tensile force is 33.2 kN and the tensile stress is 7.05 MPa. In this
analysis it was supposed, that the chords (top and bottom) are continuous, which means,
that there are bending moments without distributed loads at the chords, too. The maximum
bending moment of the bottom chord is in this case 226 Nm, which causes bending stress
2.94 MPa and the allowed bending stress is for T24 wood quality 9.60 MPa. The used
capacity of bottom chord is in this case 7.05/6.30 + 2.94/9.60 = 1.12 + 0.30 = 1.42.

It can be seen, that the very old design was 18% on the unsafe side, but about 20 years
used method gave the result of 42% on the unsafe side.

When using the new version of the program for the same problem, then the following
results were got. The used capacity of the bottom chord due to the axial force and due to
the bending moment are as follows: 0.83 + 0.65 = 1.48.
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It can be seen from the results, that the axial force and moreover the stresses caused by the
axial forces are smaller when using the new version than those using the old version. On
the other hand, it can be seen that the bending stresses of the bottom chord are about twice
when using the old version compared to those of the old version. The joint eccentricities
are one source for larger bending stresses and the local joint flexibilities are another
source.

The similar trend can be seen when considering the displacements. The old version gave
the maximum displacement 34 mm and the new version gave the result 41 mm. The
increase of the displacement can be explained by the local joint flexibilities.

The most promising results when using the new version seem to be when considering the
axially loaded bars. For the structure shown in Fig. 2 the following used capacities are got
for the top chord:

e Two hundred years old theory: 1.17
e Twenty years old theory: 1.39 (=1.10 + 0.29)
e The most novel theory: 1.27 (0.76 + 0.51)

It can be seen, that the theories for buckling and moreover the equations appearing in the
codes seem to give more economical results than before. The differences in this example
are not large (about 10% in used capacities for top chord), but still the direction is proper
taking into account the efforts for development and research work and exactness of the
model.

The example was only one simple statically determinated structure. The largest
development caused by the use of the new version is that the nail plate joint can resist
bending moment. This makes it possible to use nail plate structures in applications, where
they could not be used before, as shown in Fig. 3.
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Fig. 3. Wooden frames made as nail plate structures

The new analysis model can be used for the design of many kinds of nail plate structures. It
is believed, that this gives more market shares to nail plate structures and at least the
position on the market (market leader for roof structures) can be kept as it is today. At least
it is believed, that the new analysis model simulates the state of stresses and strains very
accurately for the nail plate structures [5].

4. CONCLUSIONS

The new analysis model for nail plate structures can be used to model the structural
behaviour rather exactly. The new model takes into account the local flexibilities and
eccentricities in joints.

The local flexibilities of joints increase displacements of the structure very much. The
force distribution is about the same as before, but the bending stiffness of joints cause
bending moments especially to the diagonals and verticals of trusses. The eccentricities
enlarge bending stresses of chords but at the same time the axial stresses are smaller than
using the old theory. On the other hand, it is possible to design such structures, which were
not possible to design before, which is a large step.

The real possible benefits or obstacles of the new model can be seen after wider
experiences in practical projects. Now it can be said, that the design of axially loaded bars
leads to more economical result than using the old system. Perhaps, the main reasons are
the equations in the codes, not the structural model.
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The strength check of joints was not considered here. They have been analysed in Ref. [5].
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ANALYTICAL GENERALIZATION OF WILLIOT-MOHR
DISPLACEMENT PLANE FOR LARGE DISPLACEMENT
AND INTO THE SPACE.

PERTTI HOLOPAINEN
Laboratory of Applied Mechanics
Tampere University of Technology
P.O. Box 589, FIN-33101 Tampere, FINLAND

ABSTRACT

The basic Williot problem is presented in a plane when the extensions of bars are large.
The corresponding basic problem is presented in space also. An exact solving for the
vertex point of a bar triangle and a bar tetrahedron is presented and a selection
procedure of roots. The presented solving procedures are applied to ordinary trusses
when the Mohrs correction is made also.

Numerical iterative solving procedures are presented also using the Newton-Raphson
method.

INTRODUCTION

When the truss is statically determinate, it can be given to bars arbitrary
extensions for example, those corresponding to allowable stress. The cross
sectional areas of the bars can be determined by some loading so, that all the
bars get the allowable stresses. The signs of bar forces must be known. In many
cases, when the values of displacements are moderate, the signs of the bar forces
are the same as in the case of small displacements.

When it is necessary to determine the displacements of many nodes of trusses
using equations of work, the bar forces should be calculated many times. M.
Williot developed in 1877 a graphical method (Williots displacement plane),
which is advantageous in cases such as these. Williots method presupposed
however, that the node displacements of trusses are small and that trusses are
planar trusses. In the basic case of Williots method the two bar vectors, crossing
each other, must start from known points. So it is in the cantilever trusses. But
for example simply supported trusses do not have a bar triangle with two known
points. In these cases on the fixed support, for example, the direction of one bar
must be fixed. Hence the truss is considered to be cantilever. Determining the
displacements of nodes like this truss the other end of truss become above the
support point. The displacement figure must be corrected so that it corresponds
to real supporting. A similar correction was presented by Otto Mohr in 1887,[1]

[2}.
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The analytical generelization presented here is started using the same basic
problem as Williot. Here is presented the exact solution, when the extensions of
bars are large. The bar forces need not be calculated many times but the
extensions of the bars must be known. In space the corresponding basic
structure is a bar tetrahedron with all three base points fixed. The exact solving
of the displaced vertex point is obtainable and presented here in detail.

Starting from these basic cases and going on node by node the displacement
figure can be obtained. For example in the simple supported trusses the Mohrs
correction to the displacement figure is needed. As one solving equation is
polynomial of the second degree. The other solving equations, one in plane and
two in space are linear. The criterion to select the roots is, that the vertex point
of the bar triangle or of bar tetrahedron shall not move so, that the bars rotated
over each other.

BASIC PROBLEM IN PLANE

Consider the basic problem as shown in Fig. 1. The vertex C of the bar triangle

is moved because of the known bar extensions €4, eg into position C. It is

assumed that the positions of the base points A,B are known. The displaced
position (x,y) of C has been solved here both analytically and numerically.

t\ﬁwﬂ
&
'\9\ )
\&O° o [ f,-f2= Ax + By + C =0
R e (Eq. 4)

Figure. 1.
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