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Preface

These proceedings contain the papers presented at the Sixth Finnish Mechanics Days
held in Oulu, Finland, 5-6 September 1997. The First Finnish Mechanics Days were
held in Oulu in 1982, the Second in Tampere in 1985, the Third in Espoo in 1988,
the Fourth in Lappeenranta in 1991 and the Fifth in Jyvaskyla in 1994.

The purpose of the Finnish Mechanics Days is to bring together researchers, post-
graduate students, teachers and practising engineers, whose interest lies in the field of
mechanics and computational methods. Although the invited lectures of the Finnish
Mechanics Days have mainly been given by foreign researchers, the organizers decided
this time to invite four prominent finnish experts M. Mikkola, M. A. Ranta, J. Koski,
and R. Stenberg as invited speakers. In addition to these 29 contributed papers were
presented.

The Organizing Committee wishes to express its sincere gratitude to all the authors
for their hard and successfull work in preparing their contributions. The economical
support of Tauno Tdonning foundation for publishing this volume is also gratefully
acknowledged.

Jukka Aalto and Tapio Salmi
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THERMOMECHANICAL MODEL OF FREEZING SOIL

BY USE OF THE THEORY OF MIXTURES

J.Hartikainen & M.Mikkola
Laboratory of Structural Mechanics
Helsinki University of Technology
P.0.Box 2100, FIN-02015 HUT, FINLAND

ABSTRACT

A thermomechanical theory for arbitrary mixtures based on the theory of mixtures, the
principles of continuum mechanics and the macroscopic thermodynamics is introduced.
A thermomechanical model of the freezing of saturated soil is established by applying
the general theory. The saturated soil is considered as a mixture of skeleton, water
and ice. The proposed model is capable of describing the thermal, hydraulic and
mechanical features of the frost phenomenon. The complete system is reduced to a
computationally convenient set of equations and the finite element implementation is
done in one-dimensional case. Numerical simulation of a soil freezing test is carried

out and the results are presented.

1 INTRODUCTION

During the last few decades, comprehensive research has been in progress to improve
the understanding of physical nature of freezing soil. A well established feature is that
water in fine-grained soil freezes over a temperature range, see Fig. 1, [1], [17], [24],
[32]. This leads to the so-called frozen fringe, a “mushy” region, in which water coexists
in solid, liquid and gaseous phases. Under certain conditions the frost phenomenon

is initiated. It is a rather complicated combination of several interactive physical



processes: freezing of water in soil under temperature gradient creates a cryogenic
suction, a driving force, which induces migration of water from the unfrozen soil to the
frozen fringe; on one hand the ice formation expands pores of the soil causing the frost
heave, but on the other hand the negative pore-water pressure may induce consolidation
of the unfrozen soil; in transient freezing, the frozen fringe advances continuously. The
characteristics of the frost phenomenon depend mainly on soil type, applied loads and

freezing conditions.
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Figure 1: Typical unfrozen water content-temperature relationships in frozen soils [1].

As a result of the research several models, well summarized by [19] and by [25],
[26], have been developed to predict the outcome of a particular frost process produced
by certain conditions as an input. Kujala [25], [26] has classified them as empirical,
semi-empirical, hydrodynamic, rigid-ice and thermomechanical models. The empirical
models, e.g. [2], are based on purely empirical observations using field observations
and frost heave tests. In semi-empirical models the physical nature of frost heave is
also used as a basis, e.g. [5]. Hydrodynamical models, e.g. [16], [11], [14], [15], couple
heat and mass transfer in freezing soil based on an analogy between water transport in
unsaturated soils and water transport in partially frozen soil. The rigid-ice model, e.g.
[13], [27], [28], is based on the theory of secondary frost heave. The segregation potential
concept is defined as the ratio of the water migration rate to the overall gradient in
the frozen fringe, e.g. {21], [22]. The most advanced models are the thermomechanical
ones, e.g. [7], [9], which are based on the theory of mixtures, continuum mechanics
and macroscopic thermodynamics. They take into account thermal, hydraulic and

mechanical aspects being able to describe heat transfer, freezing, suction and migration



of water, and deformations of skeleton.

This work is a direct continuation to the work of Frémond and Mikkola [9]. The
thermomechanical theory is extended and verified to arbitrary mixtures. It is shown
that not only the conservation laws but also the constitutive relations can be established
in a general form without specifying the material beforehand. With the aim of the
application of the general theory to freezing of saturated soil, the physicochemical
structure of the soil is described and the nature of corresponding material parameters
is explained. The resulting model is capable of describing the relevant processes of
the frost phenomenon. The model is reduced to a computationally convenient set
of equations and the finite element implementation is done in one-dimensional case.

Numerial simulation of a soil freezing test is carried out and the results are presented.

2 THERMOMECHANICAL THEORY

The key idea in the application of continuum mechanics to heterogeneous media like a
mixture of several constituents is to extend the conventional definition of continuum.
The discrete structure of matter is disregarded and each constituent is assumed to be
spread over the spatial domain in a continuous manner. Hence, all the constituents
are able to coexist at any point of the region. As a consequence of the smoothing the
variables and functions are continuous and differentiable describing the state of the

medium in some average sense.

The volume fraction 8% of constituent k is defined as the relation of the apparent

density p* and a constant reference (bulk) density 7*:

p=5 M
In addition, the volume fractions satisfy the obvious conditions

Y p=1, 8 >0 (2)
k

2.1 Basic concepts of kinematics

The state of motion of a constituent k at an arbitrary instant of time ¢ is described by a
velocity field U* (Z,t). For a constituent 7 of solid type, it is more convenient to describe

the motion by its displacement field @ (&,t); the velocity U’(&,t) is obviously the



material time derivative %ﬁ" Because constituents have in general different velocities
at the same macroscopic point of the mixture, a reference velocity field U~ (Z,t) is
introduced in order to establish the fundamental principles for the mixture. In the
classical mixture theory [30], the barycentric velocity is used as a reference while in the
models based on Biot’s theory [3], the movement of the solid is taken as the reference
movement. The approach chosen in this paper, allows the reference movement to be

arbitrary and independent of the motion of the material.

The deformations are described either by the rate of deformation

3 [VO* + (VT*)7] (3)
or by the strain

g = Vi + (V)T (4)

The material time derivative of a quantity following the movement of constituent

k is determined by the operator

& =50k (5)

When the material time derivative with respect to the reference movement is intro-
duced, eq. (5) is replaced by

& — & 7y, 6)
where V** is the relative velocity of the constituent k& with respect to the reference
velocity: V¥ = U* — U'*.

The material time derivative of a quantity defined by a volume integral [ QFdV
is established next. Consider a control volume CV bounded by a control sﬁi(ft;ce CS,

which encloses the moving material region V*(t) at an arbitrary time ¢. Using the
Eulerian approach the definition of material time derivative of such a quantity can

then be expressed by
B / Q’“dV=/%D’°dV+/Q"U”°-ﬁdS. (7)
VE(t) cy
When the control volume is following the reference movement eq. (7) takes the form

Q%/s:z%v:% / Q"dV+/Q’°V"*-ﬁdS, (8)

V(t) cv(t) Cs(t)



which can be considered as an Arbitrary Lagrangian-Eulerian (ALE) description of the

material time derivative of a quantity defined as a volume integral.

2.2 Conservation laws and entropy inequality

The general conservation law for a constituent &
%—:/dev=—/3k-ﬁds+/£3’°dv+/e:kdv (9)
VE(t) Sk() VE(t) V(1)

states that the rate of change of a quantity QF within a material domain V* is the
sum of the external supply given by the flux J* through the material surface S* and of
the external supply 8% within the material domain V¥, and of the rate of production
¢* due to interaction of different constituents. Employing eq. (7) and applying the

Gauss’s theorem to the surface integrals, eq. (9) can be brought into the form

/ ¢ty = / [%D’“ + V- (QFTF) + V- k- %k] av. (10)
cy cy

Its local form is directly
¢t = 2ok + V. (Q0F) + V- 3F — B~ (11)

The corresponding conservation law for the mixture is obtained simply by adding the
contributions of different constituents and demanding that the sum of rate of produc-

tions @* vanishes:
> et =o. (12)
k

Introducing the density o* and applying eq. (11) the rate of production of mass of

constituent k£ is obtained
k_ 8 k kytk
0" = Zp* + V- (o*U*), (13)
while the conservation law of mass for the mixture is

> E=o0. (14)
k



It is convenient to introduce a specific quantity g% = ’3—:, and on account of (13) to
rewrite the local conservation law (11) into the form
k
¢ = pFdg + ¢hgk + V. JF — B, (15)
The rate of production of the linear momentum of constituent & is obtained by appli-
cation of (15)
k o - —k
= LR 4 g% — .ok —F (16)

=k
where oF is the stress tensor andf the body force. The balance of linear momentum

for the mixture is
D omk=0. (17)
k

Similary, introducing the specific internal energy e*, the heat flux ¢* and the exter-
nal heat supply r* and making use of (15) the rate of production of energy of constituent

k becomes
k — - — —
O = prdoeh 4 (e — LOMUY)6F — oF VO + A T* + Vg — ok, (18)
and the corresponding balance law of energy for the mixture reads

> =0 (19)

Analogous to the establishment of conservation laws, the second principle of ther-
modynamics is stated. Hence, the rate of production of entropy of constituent k is
~k k
k_ kd® k| kpk A
Vv =p s +5°0 +V.<T) T (20)
where s is the specific entropy and T the thermodynamic temperature. Taking into

account egs. (16) and (18) and introducing the specific free energy ¢*, defined by

Pk =eF — T (21)
the rate of production of entropy (20) can be brought into the form
p ¢ . = eme VT
To* = o*: VO — g (Logpk — £ LT — (yF — 1OF.T*)6% — .0 — 7 (22

The second principle for a set of constituents postulates that the total rate of entropy

production must be non-negative:
>0 (23)
k

If the process is reversible the equality in (23) holds, otherwise the process is irreversible
and the left hand side of (23) is strictly positive.



2.3 Constitutive relations

The fundamental laws established so far are valid for a mixture of any number of arbi-
trary constituents. In order to characterize the physical behaviour of the material and
to treat specific problems, so-called constitutive relations are needed. These equations
describing the response of the material are determined by the variables defining the
state and the dissipative properties of the material and by the expressions of specific
free energy and dissipation functions of the constituents. Here, the thermodynamic
temperature T and the strains ¢* and the volume fractions 5% of constituents are cho-
sen as the state variables. They are suitable for defining the state of a mixture of
liquids and solids whereas in mixtures of gases it is more convenient to replace the

strain by a density and the volume fraction by a mass fraction.

The specific free energy ¥* of a constituent & is a function of the state variables
W* = * (T, 7). (24)

containing all the information wanted of the nondissipative behaviour of the material.
Especially, the influence of different constituents on the behaviour of constituent & is

taken into account by the volume fractions.

The volume fractions, however, are not independent state variables but constrained
by the conditions (2). These constraints are taken into account by including the indi-

cator function Z(4%,..., ") into the free energy of the mixture
S ooyt =" pEE+ TI(BY, .., B, (25)
k k
Hence, the specific free energy * of constituent k is represented by

oF = 4F + (6., B7), (26)

where 9* is the specific free energy of constituent £ without the contribution due to the
constraint (2). The indicator function Z is multiplied byt the temperature in order to
have the specific internal energy e which does not contain Z. The indicator function
is a function R* to R = R U {+oo} [8], [10],

: 1 i)
I, p) = 0 if (6',...,8™) €C, @)

400 otherwise.



The set C C R” is a convex set defined by the internal constraints (2)

C={(B,...,0") eR}>, B =1, BF>0}. (28)

By means of the indicator function the free energy is forced to take only the values

which comply with the constraints.

The essential variables to describe the dissipative behaviour of the material are
the heat flow vectors ¢*, the rates of deformation DF, the rates of production of mass
0% and the relative velocities V** of constituents. The corresponding function is the

dissipation function per unite volume
@ = @ (¢, D8, 0, 7, T,e5, ), (29)

which can also depend on the state variables.

The second principle (23) does not directly give any constitutive laws but rather is
a condition to be satisfied in admissible evolutions of the process. There are two main
approaches to derive them: the one, introduced by Germain [12] and applied in the
previous work of Frémond and Mikkola [9], is based on the theory of pseudo-potentials;
the other ome, introduced by Ziegler [33] and applied in this work, makes use of the

principle of maximal rate of entropy production.

To begin with, the stress tensors are devided into deviatoric and spherical parts

oF =" p", pF= —tuwo®. (30)

On account of the conservation law of mass (13) and the definition (3), the material

time derivative of volume fraction is represented by

ke gk
L gk = %~ B*uDE, (31)

For the nonsmooth indicator function the concepts of subgradient and subdifferential

are employed (see [10])
(B',...,B") e dz(8,...,8"), (32)

i.e. the subgradient defined by the set (B, ..., B") is an element of the subdifferential
oZ.



Making use of (6), (31) and (32) the sum of the material time derivates %wk is

developed with respect to the state variables into the form
k d" » O d k 311; LN P 811)* k[ pk k
Zp Z{p -a?gt-Tﬂ; ok Dy S —B*( BF+ ijaﬁk trD

vk - -
(Bk“LZ”’aﬁ*) +Z[(ﬁkB’+" i >Vﬁ]“(ﬂJBk“”aﬁ*)Vﬁk]'Vk*}
(33)

It follows that the free energy 1* represents a potential: its partial derivatives with
respect to the state variables are forces and its material time derivative are the products
of those forces and the corresponding velocities. The dissipation function ® plays the

role of a potential as well. Introducing the definition
=N (34)
k

its development with respect to the essential dissipative variables according to Ziegler
[33], [34] states

L L P, SR
d = Vﬂq + v W :D 6ertrD +v 39'1‘9 +

o -

>0,  (35)

where

_o (9%, O ok, 0D L, 0D, 0D A
@(aq 't oD D o6t e 1% . (36)

Finally, on account of (22), (33), (34) and (35) eq. (23) obtains the form
S{(- o) ="
[p e aiﬁ:f») e "ﬂk(BkJ"Z’,’ig%i)]”Dk
(o)t (o) e
_ [mk + Xj:(ﬂké" + pkgi;) \vji - ;(511# + pjagk)v,ﬁk 6‘:1;*] N

. Bk p73‘l/;-"" =7 = od
k } : k 77k
_(d; +Tk-+ . __k___]:_%ll.u +v gk)ek} 0
J
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It is required that (37) is satisfied for any real evolution, i.e. for any independent
velocities g%, D', t'DF, 6% and V**. This yields the relationships

1k = ka_wk 0%

v (38)

p*=—p* 351?;5;) —v aiik + (39)
ph= (B4 O dy (40)
st = —%i—f (41)

- = ng% (42)

B . 61};;‘ . 0P

The last equation cannot be written conventionally since the velocities 6% are not
independent but related according to (14). This problem is clarified by an example.

Consider a case, in which e.g. a phase change occurs between the constituents pand g

so that 89 = —6P. The corresponding constitutive equation reads then
- p'?’, i pp L 6(I>
¢4 Zth _ 177e, [} P4 _1 p) _ Y

Considering the equations above some remarks are made:

e The third term on the right hand side in (39) indicates the reaction due to

differences between potentials of constituents.

e The equation (43) can be regarded as a generalization of various diffusion laws

as e.g. the Fick’s law of diffusion and the law of Darcy.

e The equation (44) can be considered as a generalization of the Clausius-Clapeyron
equation, respectively. What is interesting in this equation is that it contains
also the contribution of kinetic energies, which cannot be neglected in defining
the state, if constituents have significant velocities, e.g. high speed flows in

aerodynamics.
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aerobisessa prosessissa syntyy maitohappoa, jota vain aerobinen prosessi voi hajottaa.
Koska visymyksen tunne voimistuu veren maitohappopitoisuuden lisdéntyessd, asettaa
timi rajan anaerobisen energian kehittdmisprosessin kestolle. Ihminen ei my&skéin ky-
kene jatkuvasti ponnistelemaan maksimaalisella aerobisella teholla. Lihasrakenteesta ja
harjoituksesta riippuen suurin mahdollinen jatkuva teho eli metabolinen teho on 40-80%
maksimaalisesta aerobisesta tehosta.

Koska aerobinen teho tuotetaan hapen avulla, on se suorassa suhteessa kiytettyyn happeen.
Kiytetty happiméiri eli hapenottokyky on taas helppo médrittdd sisdédn- ja uloshengitys-
ilman happipitoisuuksien erosta. Jotta vield ruumiin koko otettaisiin huomioon ja saataisiin
vertailukelpoisia arvoja, ilmoitetaan hapenottokyky aikayksikossd kédytettynd happimééri-
ni ruumiin massayksikk6d kohden. Tavallisin yksikké on O, —mi/kg min Suurimmat ha-
penottokyvyn arvot ovat parhailla hiihtdjilld. Ne ovat suuruuusluokkaa 100 ml/kg min.
Tavallisilla ihmisill4 hapenottokyky on vain noin puolet edellisesti eli 40-50 g min.

Ottamalla huomioon eri ravintoaineiden kehittdimé energiamdira kaytettyd happimédria
kohti saadaan, jos hapenottokyky on 100 ml/kg min, seuraavat tehoarvot ko. urheilijalle

¢ hiilihydraateista 35,31 W/kg (teho/ruumiin massayksikkd)

® rasvoista 32,80 " "

* valkuaisaineista 31,05 " "

Koska arvojen erot ovat néinkin pienet, ei ole yllattidvéd, ettd maksimaalinen hapenottoky-
ky korreloi vahvasti kilpailumenestyksen kanssa kestivyyslajeissa. Joskus onkin ehdotettu,
ettd palkinnot jaettaisiin laboratoriokokeiden perusteella. Miten kévisi katsojien télloin?

Energiantuoton matemaattinen malli ([8], [9] ja [10])

Edelli olleen varsin suppean energiantuottoa koskevan esityksen perusteella voidaan asia

pelkistédd seuraavasti:

* Thmiselld on ennen urheilusuoritusta elimistdssidén latenttina tietty energiamiérd E,,
jota ei voida ylittad

* Urheilusuorituksen aikana hidn ponnistellessaan voimalla F<F_, kuluttaa
energiavarastoaan teholla F - v

* Urheilusuorituksen aikana aerobinen prosessi tdydentdd energiavarastoa korkeintaan
maksimaalisella vakioteholla X.

Energiatasapaino antaa tehoyhtélon

£ s Fv )
dt

Energian E(z) on toteutettava alkuehto
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E(0)=E, .

Integroimalia tehoyhtilo (2) voidaan energian rajoitusehto Kirjoittaa muotoon

t
Ey 2 E(f)=Ey+Xt- [F-vdt20 . 3)
0

NEUROMUSKULAARINEN TOIMINTA
Voima ([1] ja [14])

Lihassiie jannittyy supistuessaan ja synnyttdd voiman F, joka on jdnnityksen © ja lihas-
sdikeen poikkipinta-alan A tulo

F=cA .

Jos yksinkertaisuuden vuoksi piddmme lihassdiettd tai jopa koko lihasta prismana, jonka
pituus L, poikkipinta-ala A jatiheys p ovat vakioita, saamme lihaksen massaksi m

m=pLA

Eliminoidaan niistd A, jolloin voimalle F' seuraa kaava

F= @

©|a
3

Koska lihaksen pituus ei tdysikasvuisella endd muutu, voidaan voimaa lisidtd vain
* parantamalla harjoituksella lihaksen kvaliteettia 6/p
* lisiamallid lihasmassaa poikkipinta-alaa kasvattamalla.

Kaavassa (4) kéytetddn usein massan m tilalla lihaksen painoa G =mg, jolloin kaava
kuuluu

F=—"2 . &)

Useissa tapauksissa on helppo 16ytdd sopiva referenssipituus R, jonka avulla voidaan
midritelld pituusparametri p = L/R. Tétd kdyttden voidaan kaavan (5) perusteella mia-
ritelld dimensioton lihasvoiman kvaliteettifunktio k
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8]
k=——o |=—=]|. 6
G/p [ PgR) ©

Kaava (6) johdettiin yksittéiselle lihakselle tai oikeastaan lihassédikeelle. Sitd voidaan kui-
tenkin soveltaa useampien lihasten yhteisvaikutukseen eli urheilijaan kokonaisuutena.
Kvaliteetin k avulla voidaan keskenién vertailla eri kokoisten ja painoisten henkildiden
lihasvoimaa samassa urheilusuorituksessa.

Saman urheilulajin harrastajille pitee kokemuksen mukaan ([11] ja [14]) varsin tarkasti
yksinkertaistava otaksuma, ettd erikokoiset harrastajat ovat yhdenmuotoiset. Télldin
saadaan seuraavat verrannollisuudet

3

Gep eli  peGP

F < p? ei =~ FeG¥.

Voima ja nopeus ([1])
Jokapdiviisissd askareissa ihminen voi tietyissd rajoissa vapaasti valita kidyttdménsd voi-
man ja liikkeidensd nopeuden. Kun urheilusuorituksissa toimitaan suorituskyvyn &éari-
rajoilla, ei enédd voida vapaasti valita voimaa ja nopeutta vaan ne kytkeytyvét toisiinsa. -
Jotta liike olisi mahdollinen taytyy lihaksen voittaa ns. sisdinen kitkavoima a. Jos F on
kitkavoiman ylittivi osa lihasvoimaa ja lihaksen supistumisnopeus on v, kehittidd lihas
tehon

P=(F+a)v .

Jos F,,, on lihaksen isometrisesti (ilman liikettd) kehittdmd maksimivoima, on iso-
toonisissa (liike mukana) kokeissa todettu seuraavan tehoyhtéloén olevan voimassa

P=b(Fp - F) »
jossa b on kokeellinen vakio. Yhdistamalld nimé kaksi tehoyhtdl6d saadaan
(F+a)(v+b)=(Fpax +a)b =Py > (7

jonka mukaan lihaksen maksimaalinen (kokonais)teho on vakio F,,.
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} Ymax v

|_ ________ ¥ = -
('b7'a)

Kuva 1. Lihasvoiman ja liikkenopeuden vilinen skemaattinen yhteys

Yhtilo (7) esittdd hyperbelid, joka leikkaa F-akselin pisteessd Fy,, ja v-akselin pisteessd
Vmax = Fnax?/a ja jolla on asymptootit F=—a ja v=—b.

Ratkaistaan yhtil6 (7) vield voiman suhteen

F=ffjr—a;-a . (8)

Yht#ld (8) on johdettu yksittdiselle lihakselle, mutta sitd voitaneen soveltaa laajemminkin.
Todetaan vield, ettd yhdenmuotoisuusotaksuma johtaa verrannollisuuksiin

Py , aoc<I? ja beL .
PSYKOLOGISET TEKIJAT

Kilpaurheilun motivaatiota on pyritty kaikin tavoin parantamaan. Taloudellisten etujen li-
sddminen kuten hyvipalkkaiset toimet, erilaiset stipendit ja runsaat palkkiorahat sekid muut
etuudet vaikuttavat omalta osaltaan. T4rkein motivaatio ja uran alussa ainoa on kunnian-

voittajalle osoitettua huomiota. Myos suggestiota ja hypnoosia voidaan kdyttdd apuna.
URHEILUSUORITUSTEN TEKNIIKKA

Paitsi ettd valmennusmenetelmiit ovat kehittyneet, on my®ds itse urheilusuoritusten tekniik-
ka kehittynyt. T4std muutamia esimerkkejé:

* painonnostossa kyykkytyyli on paljolti sivuuttanut saksityylin

* korkeushypyssi ei endd harrasteta muuta kuin ns. Floppaus-tyylié (yli selké rimaan péin)
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* heittolajeissa (kuulantyonnossd) pyorahdystyyli on voittamassa alaa; keihddnheitossa se
kiellettiin.
¢ mikihypyssi ns. V-tyyli on syrjayttinyt tdysin kaikki muut hyppytyylit [20].

KILPAILUTAKTIIKKA JA SUORITUKSEN OPTIMOINTI

Kilpailussa noudatettavaa taktiikkaa on tutkittu niin psykologiselta kuin myds fyysiseltd
kannalta. Jos urheilusuoritukselle voidaan rakentaa toimiva matemaattinen malli, niin sen
optimoiminen antamalla tiettyjen parametrien eli ohjailusuureiden muuntua johtaa
luonnostaan parhaaseen suoritukseen niin taktiselta kuin fyysiseltdkin kannalta.

Tasta esimerkkejd ovat

¢ oikea voimien ja vauhdin jako hiihdossa, juoksussa [9] ja uinnissa [12]

° sopivat aloituspainot ja lisdykset painonnostossa [13]

URHEILUVALINEIDEN KEHITTAMINEN

On urheilusuorituksia, joissa vélineiden kehittiminen on ollut tuloksen parantumisen kan-
nalta ratkaisevaa. Tédstd muutamia esimerkkejé:

Keihdinheitossa ([11] ja [21]) on itse keihds tehty liitivimmaéksi lisddmé&lld sen paksuutta
ja muuttamalla sen painon jakaumaa. Koska télloin painopisteen ja aerodynaamisten voi-
vakavuus huonontunut. Ti4stéd taas on seurannut, ettd keihds putoaa entistd useammin lap-
peelleen.

Moukarinheitossa on kokeiltu terdspallon painopisteen siirtimistd geometrisestd keskiostd
kiinnityspisteen vastakkaiselle puolelle pain. Niin on saatu moukarin painopisteen pyorih-

Seivdshypysséd tulokset paranivat oleellisesti, kun seipdén materiaalia vaihdettiin:
bambu —teris — lasikuitu —hiilikuituvahviste. Samalla on lisdéintynyt seipédén kyky absor-
boida vauhdista saatavaa liike-energiaa ja muuttaa se hyppééjén potentiaalienergiaksi [3].
Hiihdossa ja mienlaskussa on suksien muoto kehittynyt ja materiaali muuttunut puusta eri-
laisiin kuituvahvisteisiin muoveihin. T#ll6in on lumen hankauskitka pienentynyt ja pitoa
ponnistuksessa on voiteilla parannettava ([3] ja [19]). Oman lisénsd tuloksiin antavat
kevyet pienen ilmanvastuksen omaavat siledkankaiset urheiluvaatteet sekd kengit ja
sauvat. Mikisuksien aecrodynaamiset ominaisuudet ovat myods muotoilulla parantuneet.
Laskijan ruumiin koolla on my&s vaikutusta tulokseen ([17] ja [18]).
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Kilpailu urhejluvilineiden kehittdmisessd on ollut kovaa ja alati lisddntyvdd. Monessa
lajissa on tdytynyt tarkistaa sdéntdja, jotta tilanne pysyisi hallinnassa.

ULKOISTEN OLOSUHTEIDEN VAIKUTUS URHEILUSUORITUKSIIN

On selvii, ettd ulkoiset olosuhteet vaikuttavat urheilutuloksiin. Yleens#d pitdd pyrkid
harjoittelemaan kilpailutilannetta vastaavissa olosuhteissa riittdvan kauan ennen kilpailuja
(ns. akklimatisoitumisefekti). Seuraavassa esitetdén erditd padpiirteitd ulkoisten olosuhtei-
den vaikutuksesta:

Painovoiman pienentyminen liséi heittojen pituutta sekd hyppyjen pituutta tai korkeutta.
Ilman tiheyden pienentyminen pienenti ilmanvastusta ja parantaa anaerobisten suoritus-
ten tulosta. Tami koskee erityisesti pikajuoksua ja pituushyppyé, miksei my6s kolmiloik-
kaa, kuulanty6nto4 ja moukarinheittoa. Kiekon- ja keihédénheitossa pienenee samassa suh-
teessa myos ilman nosto, joten vilineen liitokyky (nosto/vastus) sidilyy ennallaan. Aerobi-
sissa suorituksissa hapensaannin pienentyminen vaikuttaa voimakkaammin kuin vastuksen
pienentyminen. Kestdvyyslajeissa siis tulokset huonontuvat.

Koska ilmanpaineen alentuminen limpétilan siilyessd vakiona pienentdd ilman tiheyttd,
pitee edelld sanottu suoraan ilmanpaineen vaihteluihin esimerkiksi tapauksissa, jolloin
kilpailuja suoritetaan huomattavan korkealla merenpinnasta.

Ilmankosteus lienee urheilijoiden kannalta edullisin, kun suhteellinen kosteus on 50-60%.
Ilmankosteudella on merkitystd ennenkaikkea kestdvyyslajeissa, joissa jadhdytysjdrjestel-
mé ja hapenottokyky joutuvat kovalle rasitukselle. Suuret poikkeamat edullisimmasta kos-
teudesta huonontavat tuloksia kestidvyyslajeissa.

Ilman limpétilalla on myds urheilijoiden kannalta optimiarvonsa [22]. Anaerobisissa
suorituksissa suotuisin lampétila lienee

* suomalaisille urheilijoille 22-24 °C

* Eteld-Euroopan urheilijoille  25-27 °C

* tropiikin maiden urheilijoille 28-30 °C.

Aerobisissa suorituksissa optimilampétila lienee muutamia asteita alempi. Poikkeamat mo-
lempiin suuntiin huonontavat tulosta. Tuuli vaikuttaa padasiassa mekaanisesti. Vastatuuli

vaikuttaa siten kuin lampétilan lasku.
SOVELLUTUSESIMERKKEJA MATEMAATTISISTA MALLEISTA

Edelld olleita perusmalleja voidaan soveltaa hyvinkin erityyppisiin urheilusuorituksiin
[23]. Yksinkertainen malli riittdd usein kuvaamaan urheilusuoritusta ylldttdvén hyvin.
Seuraavassa muutamia esimerkkeja.
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KILPAJUOKSU ([8], [9] ja [23]...[27D)

Prof. Keller on julkaisuissaan ([8], [9] ja [10]) kisitellyt kilpajuoksua ja ratkaissut periaat-
teessa optimaalisen vauhdinjaon eripituisilla juoksumatkoilla. Hén on kéyttinyt liikeyhta-
16ss4 (1) lineaarista vastusmallia. Analyysissdin Keller totesi, ettd jos juostava matka on
ns. kriittistd matkaa pidempi, on optimaalinen juoksustrategia seuraava:

* Juostavan matkan pituudesta riippuen heti 1dhdén jidlkeen n. 1-2 s kiihdytysvaiheen
aikana vauhti kiihdytetidsn maksimivoimalla matkanopeuteen ,

* joka valitaan niin, ettd energiavarasto on vakionopeusvaiheen jélkeen tyhjd eli e=0
juostavan matkan pituudesta riippuen 1-5 s ennen maaliintuloa.

* Viimeiset metrit eli hidastusvaihe juostaan vakioteholla fv =0 siten, etti e=0.
Till6in vauhti hidastuu melkoisesti kohden metabolista nopeutta.

Tutkimuksissa [25] ja [26] on taas kdytetty neliollistd vastusmallia. Vastusmalli ei vaikuta
nopeimpaan loppuaikaan téhtddvain juoksustrategiaan eli vauhdinjaon optimointiin, aino-
astaan numeeriset yksityiskohdat hieman muuttuvat. Lihtoyhtéldiksi voidaan ottaa liike-

fO=Ft)/m< frx » €2et)=E(l)m20 , o=Z/m

ja oletetaan vastuksen olevan muotoa
D
—_— kRv2 + kD(V - V,)Z N
m

missid kp on jalkojen edestakaisesta liikuttamisesta (rotaatiosta) tuleva vastusosuus ja kp,
on ilmanvastuksen osuus. Myotdtuuli on positiivinen eli v, > 0. Lihteessé [26] esitetddn
kertoimille arviot kg =0.0464m™"! ja kp= 0.0033m™%, joten jalkojen rotaatiovastus on
tyynelld sd4lld ilmanvastukseen ndhden yli kymmenkertainen. Liikeyhtilo (1) kuuluu nyt

dv

—=f- kev? —kp(v=v,)> . w0)=0 )
ja energiayhtld (2)

de

gt-=o'—-fv , e(0)=¢y2e(t)20. (10)

Liikeyhtilon (9) integrointi (vertaa [27]) onnistuu analyyttisesti vain jos f on vakio, joten
on parasta turvautua numeeriseen integrointiin.
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Tyynelld sddlld on v, =0, jolloin liikeyhtdl yksinkertaistuu muotoon (k=kg+kp)
muotoon
(11)

dv 2
—+kvi=f .
dt f

Liikeyhtilo (11) voidaan integroida analyyttisesti, kun f = f,.,, on vakio, jolloin saadaan
(12)

orant(5 )
t=—artanh| — | ,
kV \%

2
x= —iln 1- (1)
2k Vv
missd V on médritelty yhtdlossd (15). Yhtdloistd (10) ja (11) seuraa eliminoimalla voima f

(massaa kohti) uusi tehoyhtilo

Incosh(kVt) = Vit - %an , (13)

N
k

L2 )mcmb? @

Suurin mahdollinen nopeus
15)

12
V= (f max/ k) /
suoralla radalla saavutetaan raja-arvona yhtilostd (11), kun f = f,,. . Suurin mahdollinen

jatkuva nopeus eli metabolinen nopeus
(16)

U =(o/k)"

saadaan raja-arvona yhtilostd (14). Edelld kuvattu juoksumalli siséltdé neljd parametria:

k yhdistetty vastus
V tai f,,,, ddrimmdiinen lyhytaikainen suorituskyky
e perusenergiavarasto.
Pisin pikajuoksumatka eli kriittinen matka
Tarkastellaan seuraavaa kysymysté: kuinka pitkén ajan T, eli miten pitkéin matkan D,

juoksija kykenee juoksemaan maksimaalisella voimalla ennenkuin energiavarasto on
tyhjd? Oletetaan yksinkertaisuuden vuoksi, ettd juoksu tapahtuu suoralla radalla.
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Integroidaan energiayhtils (10), jolloin kaavojen (13)-(16) avulla voidaan johtaa
likimadrdinen mutta hyvin tarkka energiayhtil probleeman ratkaisemiseksi:

e(T,) = eq +oT, —fmax%Incosh(kVTc) =eo +V2In2- KV’ -U*)T, =0 .

Téstd seuraa kriittinen aika

2
€0+V In2
_ 17
= 17)

ja vastaava kriittinen matka

_ 30V+U3In2

A —W (18)

Laskut osoittavat, etti 25 s < T, <30 s ja 250 m < D, <300 m.
Juoksu kaarteisella radalla

Vain sadan metrin juoksussa koko matka juostaan suoraan. Muita matkoja pituudeltaan D
juostaan niin, ettd maali on aina viimeisen 100 m suoran pddssd. Tdlldin matkan pituudesta
riippuen lihdetidn joko kaarteeseen tai suoralle. Koska radan pituus on 400 m ja kaarteita
on kaksi, on kaikilla 200 m:114 jaollisilla matkoilla 1iht$ kaarteeseen. Toisin sanoen, jos
D/100m on parillinen kokonaistuku, tapahtuu l:hto kaarteesta. Jos taas D/100m on pari-
ton kokonaisluku, tapahtuu 14hts suoralta. Tavallisimmista kilpailumatkoista vain 300 m ja
1500 m ldhtevit suoralle. Mailimatkoja ei téiss4 tarkastella.

Jos radat numeroidaan sisiradalta alkaen, on normaalikokoisen urheilukentiin radan n
kaarevuusside R(n) metreini

R=R(n)=100/m+1.22(n—1) .

Liahteen [24] mukaan kaarrejuoksussa tulee liikeyht&l6ssd (11) voima f korvata voimalla

fi=\1? = (*/R)",

joka ottaa huomioon kaarrejuoksussa syntyvén keskipakoisvoiman kompensoimisen
lihasvoimalla. Tarkastelu kannattaa aloittaa 400 m juoksulla, jossa matka voidaan jakaa
kuuteen eri vaiheeseen. Tilayhtilot ovat optimivauhdinjaon mukaan seuraavat:
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1.1 Kiihdytysvaihe ensimmadisessi kaarteessa (0 <7< 1)

2
d 2|2 (7 _
dt+kv =_| fmax [R] ; v(0)=0 (19a)
tai
2 2\2

%%+kv2= flﬁu—[%] : v(0)=0 (19b)
dx

Z—v , x(0)=0 20)
e(t) = e, + GOt — frax X(£) » e(0)=¢y . 21

Liikeyhtdlod (19a) ei voida analyyttisest integroida, vaan tdytyy tyytyd numeeriseen
ratkaisuun. Liikeyhtilon (19b) alkuehtoihin v(0) =0 ja x(0) = 0 sovitettu ratkaisu — matka
nopeuden funktiona — saadaan muotoon

2 2Y?
1 iarcsin(—-—(v{,;? }—ln 1-[—@} —(1]2 . (22)

T 2K 1+ (VkR)? | | KR kR v

Kiihdytysmatkan pituus x, saadaan matkanopeusehdosta (johdetaan mydhemmin)
v=u=Vis , (23)

miki antaa

xo(s) = m{é—e arcsin(é) - ln[ 1- (i)z - s:l} . 24

Tissd s on parametri, joka kuvaa voiman kéyttod suoralla. My6hemmin esiintyvéd r on
vastaava parametri kaarteessa.

1.2 Vakionopeusvaihe u = v(ty) ensimmiisessi kaarteessa (fp <7< H)

T4ll6in on voimassa dv/dt =0, u=v(ty), 7 = fraarre/ fmax = vakio, jolloin
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2 2

i e | fi{ )
x(8)=x(ty) +(t—to)u

e(t) = e(ty) + (t — t9)0 —[x(2) = x(t0) |7 frnax -

2. Vakionopeus u ensimmiiiselld suoralla (4, <1<1,)

Tlldin on voimassa dv/dt =0, s = f,,re/ fmax = vakio, jolloin
ku® =s Jmax
x()=x(t))+@—Hu
e(t) = e(t))+ (t — 1)) = [x() = x(1})]$ fnax -
3. Vakionopeus u toisessa kaarteessa (t, <7 <13)

Nyton dv/dt=0, r = fizare/ fmax = vakio, jolloin

2 2
2 2 02 u
ku® = _|r ==
Jrax [R}

x(1) = x(1) +(t —tp)u
e(t) = e(ty) + (t — 1)0 = [X(t) = x(82)] frmax -
4.1 Vakionopeus u toisella suoralla (#; <?<?,)
T4ll6in on taas dv/dt =0, § = fupra/ fmax = vakio, jolloin
k® = § frmax
x()=x(t3) +(t—13)u
e(t) = e(t3) + (t — 13)6 = [x(t) — x(83)]5 fnax -

Yhtiloistd (28) tai (34) saadaan yhtildn (15) avulla matkanopeus

(25)

(26)

27

(28)
(29)

(30)

(31

(32)

(33)

(34)
(35)

(36)
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u=VAs | (37)

Voima r f,,, kaarteessa verrattuna voimaan s f,;,, suoralla eli suhde r/s, jotta nopeus
pysyisi vakiona, saadaan yhtéloistd (25) tai (31) yht&lon (37) avulla. Sen suuruus vaihtelee

1.120 > /s =1+ (I/kR)> 21.076 (38)
n=1 n=8

Tatd (tai sen nelidjuurta) voidaan pitdd kaarteen haitta- tai rasituskertoimena suoraan
rataan verrattuna.

Aika ja matka ennen hidastusvaihetta

Juoksuradan D =400 m geometriasta voidaan p#telld matkat

X =x(4) =1D-R(n)r (39)
X —x =x(t))—x(t) =% D (40)
x3 —xy =x(t3)— x{(t,) = R(n)n 41
x5 =x(t3) =3D . (42)

Laskemalla yhteen energiayhtdlot (21), (27), (30), (33) ja (36) hidastumisvaiheen alussa,
kun t =14, saadaan energia

e(ty) =€, + Oty — froax[(1=P)xg + 5%y +(r—5)3D]=0 . (43)
Samalla tavalla laskemalla yhteen matkayht&lot (26), (29), (32) ja (35) saadaan matka

x4 =x(14) = x0+(t4 —10)Vs . (44)
Koska ehto hidastusvaibeen alkamiselle on e(t4) = 0, seuraa yhtiloistd (43) ja (44) aika

e, +kV2[Vs*' 2ty — (1= r + )%~ (r—5)1 D

k[(V«/E)B - 03] (45)

t4(s)=

Vaikka teoria on johdettu 400 m juoksulle, pitee yhtilo (45) sisédrataa pitkin kaikille pi-
demmille matkoille, jotka ovat 200 m:lla jaollisia. L#ht6 on kaarteeseen ja x saadaan
yhtélostd (24), mutta #, tdytyy ratkaista yhtilostd (19a) numeerisesti.
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Jos suure D/100 m on pariton kokonaisluku, tulee yhtilo (45) korvata yht#lslld

e+ kV2[Vs*' 1y — xq — (r— 5)3(D~ 100 m)]

ty(s)= (46)
] (v45)' -0
ja 1dhtd on suoralle, jolloin #, ja xy saadaan yhtél6istd (12) ja (13)
to(s)= %artanh\/; )
xo(s)=——In(1—s) . 8)
2k

Kaikissa tapauksissa yhtlo (44) antaa hidastusvaiheen alkuun juostun matkan x4(s).
4.2 Hidastusvaihe suoralla (14 <:<T)

Koska e(t) =0 hidastusvaiheessa, tehoyhtildstd (14) seuraa kaksi samanarvoista liike-
yhtdlod

1dv 3

—+kv’ =0 4
34 (492)
1dv2 3

—tkv =0 49b
2 dt (490)

Liikeyhtilostd (49a) voidaan alkuehtoon v(x,)=u=V+/s sovittaen integroida nopeus
matkan funktiona. Tulos on

3 1/3
v(x,8) = U{l + [(_g) 2 _ 1] e—3k[x—x4(:)]} ) (50)

Liikeyhtilon (49b) integraalifunktio, aika nopeuden funktiona, on

(1)

=L 1, V2 +w+U? 1 2v+U
kU6 (v-UP 3 U3 |-

Matkan x — x,(s) juoksemiseen kiytetty aika on nopeuksien avulla lausuttuna

t—1,(s) = [w(x.9)]— V5] . (52)



42

Voimaparametrin s méidrittiminen ja nopein loppuaika T
Kun juoksija ajan T kuluttua on maalissa ja juossut matkan D, tulee olla
D=x(T) ,
jolloin vastaava loppuaika voimaparametrin s funktiona seuraa kaavasta (52)
T(s)=t,(s) + (D,5)] - { V5] . (53)

Loppuaika tulee sitten minimoida suureen s suhteen. Hyvinid alkuarvauksena voima-
parametrille voidaan pitd4 (katso (44)) yhtdlon

x4(8) = x0(8) +[14(S) - 1,(S)]VS =D (54)

juurta S eli ettd energiavarasto olisi tyhjd juuri maaliviivalla. Optimaalisen juoksun loppu-
aika T seki vastaava arvo s optimaaliselle voimankaytolle s f,,, matkajuoksun suoralla
osalla saadaan ehdosta

T =minT(s) . (55)

5>8
Kaarteissa saman vauhdin ylldpitdmiseksi tarvitaan kaavan (38) mukaan hieman
suurempaa voimankiyttéd rf,. . Mitd suorempi rata on, sitd vihemmin lisivoimaa tar-

vitaan kaarteissa. Ulkorata olisi siis nopein, mutta sieltd ei ole helppoa seurata muiden
juoksijoiden matkantekoa.

Maailmanenniitystilastoon sovittaminen

Sovitettaessa mallia maailmanennitystilastoon oletetaan, etti kriittistd matkaa lyhyemmiit
matkat juostaan tiydelld voimalla ja sitd pidemmit optimivauhdin jaolla. Parametrit k ja V
médradvit ajan kriittistd matkaa lyhyemmilld matkoilla. Jos maailmanennitystilasto valilld
50yd (45.72 m) ja 220 yd (201.168 m) puhdistetaan tuulen ja kaarteen vaikutuksesta ja
k#ytetidéin pienimméin neliosumman menetelméid, saadaan parametreille arvot

k=0.0621609 m™!
V=11.1587 m/s
Fnax = 774002 N/kg .

Matkojen 400 - 10000 m maailmanennityksistd on samoin pienimmin nelidsumman
menetelméilld saatu
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e =1740.0 J/kg
U=6.33m/s
0 =15.7663 Wikg .

Kaavoista (17) ja (18) seuraa kriittiselle matkalle

T,=25.89s
D,=277.50m .

Kellerin laskema ([8]-[10]) kriittinen aika oli 27.36 s ja matka 291 m. Vaikka eroa on
jonkin verran, se ei hiiritse tilastoon sovittamista.

Taulukot 1 ja 2 on laskettu edelld esitetyn kvadraattiseen vastuslakiin perustuvan teorian
perusteella. 100 m juoksussa on otaksuttu 2 m/s my&tédtuulta, 200 m matkalla on kiytetty
3. rataa, jota yleisesti pidetdin mieluisimpana ja 400 m matkalla on kiytetty 1. rataa, joka
on hitain. Jos juostava matka on pidempi kuin 400 m, ajatellaan koko matka juostavan
sisérataa eli 1. rataa.

TAULUKKO 1. Maailmanennitysajat eri matkoilla verrattuna teorian mukaan laskettuihin
optimaalisiin aikoihin

Matka D T-ennitys T-teoria §-arvo g;-virhe
(m) (min:sek) (min:sek) (%) (%)
100 9.84 9.87 160.0 -0.334462
200 19.32 19.34 100.0 -0.113972
400 43.29 42.58 73.8653 +1.66373
800 1:41.73 1:41.31 50.7773 +0.416961
1000 2:12.18 2:12.07 46.5051 +0.0800151
1500 3:27.27 3:30.21 41.1318 -1.39687
2000 4:50.81 4:49.87 38.3833 +0.324153
3000 7:25.11 7:29.74 35.8217 -1.02858
5000 12:44.40 12:50.89 33.8287 -0.841429
10000 25:38.09 26:15.53 32.3720 +1.43192

Neliésummana on kiytetty virhealkioiden

( Tenndrys - T;ean‘a
8= | e

I;eon‘

J -100%
i
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1
summaa &2 = Vo1 £,-2
T ri=l
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Virhejakauman keskiarvo on —0.022823 ja hajonta 0.950326 sekd nelidllinen keskiarvo
0.789985 ja vastaava hajonta 0.833517.

TAULUKKO 2. Juoksun eri vaiheiden kesto, pituus ja nopeus

Matka | Kiihdytysvaihe Matkavaihe Hidastumisvaihe
D Iy Xg ty =1 X4—Xg U T-t4, D-x4 W)
(m) (s) (m) (s) (m) (m/s) (s) (m)  (m/s)
400 1.989 11.911 39.670 380.446 9.59 0922 7.643 7.40
800 1.306 5.833 98.734 785.078 7.95 1.268 9.089 6.69
1000 1.214 5.121 129.462 985.153 7.61 1.399 9.726 6.57

1500 1.096 4.262 207.468 1484.750 7.16 1.642 10993 6.45
2000 1.0s1 3.935 287.008 1984.170 6.91 1.811 11.899 6.40
3000 1.001 3.598 446.464 2981.760 6.68 2270 14.646 6.35
5000 | 0.963 3.346 767.442 4980.820 6.49 2481 15.834 6.34
10000 | 0.935 3.167 1569.480 9964470 6.35 5.110 32.365 6.33

Nopeimpaan aikaan tihtd4va juoksustrategia edellyttid suurimmalla osalla matkaa tasaista
vauhtia u, jonka yllidpitdmiseen vaadittava voima on suoralla s ja kaarteessa r =1.12 s
maksimaalisesta voimasta (Taulukko 1). Téma4 tiedetédn jo ennestddn kokemuksesta. Y1lit-
tdvdmpii sen sijaan voi olla, ettd lopussa ei otetakaan nopeaa kirid, kuten useimmiten nih-
ddfin , vaan tapahtuu maitohapoille meno eli kangistuminen tai jopa "sammuminen". Lop-
pukiri merkitsee, ettd matkalla ei ole haluttu tai tarvinnut kdyttd4 koko kapasiteettia. Taulu-
kosta 2 nihdéin, ettd hidastumisvaihe on lyhyt koko matkaan verrattuna. Jos se péfisee pie-
nenkin virhearvioinnin takia alkamaan liian aikaisin, voi koko juoksu menni piloille. Las-
kennallisesti voidaan tutkia, millaiseksi loppuaika muodostuu, jos energiavarasto tyhjenee
vasta maaliviivalla: 400 m:1l4 on aika 0.11 s huonopi, 5000 m:114 0.01s huonompi ja 10000
m:1l4 ei eroa endéd huomaa.

KILPAUINTI ([12])

Liike- ja energiayhtilst ovat samanlaiset kuin juoksussa, vastuskerroin on kuitenkin eri.
Juoksun kiihdytysvaiheen tilalle tulee uinnissa joko veden yldpuolella olevalta ldht&jalus-
talta alkava ilmalento ja siti seuraava linkuvaihe vedessi tai vedessi tapahtuvassa 1dhdodssd
vain ponnistusta seuraava liukuvaihe. Lisiksi voidaan ottaa huomioon kéd4nnokset altaan
péissid. Muuten voidaan laskea kuin juoksussa.

Seuraavat tulokset on syytd huomioida:

* miehilld energiavaraston alkuarvo e, on sama kuin juoksussa
® naisilla ey on 67% miesten arvosta
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* miehilli energiavaraston tdydennysnopeus ¢ on 83% juoksijoiden arvosta
* naisilla ¢ on 95% miesten arvosta

PAINONNOSTO ([10], [111, [13]-[16])

Koska painonnostossa on kyseessd lyhytaikainen maksimaalinen ponnistus, tuotetaan
energia tdysin anaerobisesti. Aerobinen prosessi hoitaa vain nostajan palautumisen uuteen
yritykseen. Jos arvostellaan vain nostotulosta eikd nostoa kokonaisuudessan dynaamisena
tapahtumana, voidaan eri nostajien saman nostomuodon (tempaus tai tyontd) tuloksia
vertaillessa kiyttad kaavassa (6) méadriteltya kvaliteettifunktiota k.

k=——o . (6)

Luonteva kaikille sama referenssipituus on tangon suurimman levyn side R = 22.5 cm,
joka ilmoittaa milla korkeudella nostotangon painopiste on alkujaan lavasta. Jos kaavaan
(6) sijoitetaan F = Mg eli tangon paino ja G = mg eli nostajan paino, saadaan kvaliteet-
tifunktio ilmaistua ns. Riegert'in lukuna eli Ri-lukuna

ri=pM (56)
m

Aikaisemmin mainittu yhdenmuotoisuusotaksuma pitee erityisen hyvin painonnostajiin.
Nostajan massan m ja pituuden L = pR vililla vallitsee tilastollisesti likimd4rdinen yhteys

m=02-p° [ke] (57)
Riegert'in luvun vaihteluvili on tempauksessa 14 < Ri <16 ja tydnndssd 17 < Ri <19.
Painonnoston dynaaminen malli ([15] ja [16])

Painonnoston dynaaminen malli voidaan helpoiten johtaa energiaperiaatteella. Tangon
nostamisessa tehty tyd muuttuu lopulta sen potentiaalienergiaksi.

Jos h on tarvittava korkeus lavan pinnasta, jotta L-pituinen nostaja paasisi tangon alle,
madritelladn nostotekniikkaa kuvaava parametri 0.4 <m=h/L<0.6. Jos nostaja tangon
alle syoksyessidn siirtdd painopistettiddn alaspdin matkan { keskimidrdiselld nopeudelia
V, voidaan vield miiritelld toinen tekniikkaparametri 0.3 <A =£/L<0.5 sekd nopeus-
parametri 1<u=V/[gR/2 <3. Vield mdiritellddn yhdistetty parametri g = (l/u]z.
Niiden lisiksi nostajan voimaa kuvaa suhteellinen voima f (z), joka suhteellisen
korkeuden 0.1<z=y/L<0.7 funktiona on 15< f(z)=F(y)p/mg <30. Tissi F(y) on
nostajan todellinen nostovoima, kun tanko on korkeudella y.
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Tiamin jilkeen voidaan méiritelld uusi dynaamisen noston hyvyysluku eli ns. perfor-
manssi-indeksi PI (= tehty tyd/nostajan massa). Sille voidaan johtaa nostotuloksesta M
lauseke

PI=(np- 1)% (58)

tai suhteellisesta voimasta f(z) integraalilauseke

n-qp
PI= [f(z)dz . (59)
i/p

Performanssi-indeksin vaihteluvdli on tempauksessa 5.8<PI<7.1 ja tydonndssid
59<PI<7.0. Sen avulla voidaan verrata tempaus- ja tyontotuloksia toisiinsa.
Performanssi-indeksi riippuu néet periaatteesa vain voimasta ja nostotekniikan hallinnasta.
Malli kuvaa todellisuutta yli 96.5% tarkkuudella. Mallin avulla voidaan spekuloida
kaavoista (57) ja (59) ihmisen koon rajat [16]

pienin koko: pituus 0.5 m ja massa 2 kg
suurin koko: pituus 6 m ja massa 4 tonnia.

Pienin koko muistuttaa himmistyttédvisti vastasyntyneen lapsen kokoa. Suurin koko taas
on ldhinné suurimpien nisdkkiiden suuruusluokkaa.

KUULANTYONTO ([1], [2], [23] ja [28])

Kuulantyénnostd on julkaistu paljon. Julkaisut pohjautuvat p##asiassa tunnettuihin
kaavoihin "heittoliike tyhjiossd". Niisséd optimoidaan kuulakaaren pituus ldhtokulman o
suhteen pitimalld kuulan irtoamispistettd kédestd tunnettuna.

Niitd ajatuksia mukaellen voidaan seki klassilliselle tyontotyylille ettd pyoriahdystyylille
esittdd samantapainen malli. Ajatellaan, ettd tyontdji vie kuulaa olkapiilldan korkeudella
h vaakasuoralla nopeudella n,. Vartaloaan ja jalkojaan oikaisemalla tyontdjd kohottaa
olkapddnsd korkeudelle H ja antaa samalla kuulalle pystysuoran nopeuskomponentin n,
sekil ojentaa [-pituisen kisivartensa suuntaan [ (vaakatasosta) voimalla F kiihdyttden
kuulan ldhténopeuteen N, lisinopeuden K(PB) avulla. Merkitiiin ng =n§ +n12,, jossa n,
on resultoiva suuntaan ¢ = Arctan(np /n‘,) osoittava kuulan kuljetusnopeusvektori n,
ennen kdden oikaisemista. Mallissa [28] on siis kaksi kulmaa, olkanivelen nousukulma ¢
ja kisivarren tyontdkulma B, joille kummallekin voidaan loytdd optimaalinen arvo
tyonnon pituuden maksimoimiseksi pitden olkanivelen sijaintia tunnettuna mutta kuulan
irtoamispiste sijaitsee ympyrén, jonka sidde on kisivarren pituinen, kehilld. Tilannetta
selventdvit kuvat 2 ja 3.
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Kuva 2. Tyontijin skemaattinen malli seké lahtSkulma oy, tyontokulma B ja vartalo-
kulma v.

Kuva 3. Kuljetusnopeuden ng ja lisinopeuden K(B) vektoraalinen yhteenlasku.
Kantaman optimointi tyént6kulman suhteen ([28])

Lzhdetiiin yleisestd kantaman lausekkeesta tyhjiossd ja kirjoitetaan se muotoon

il(f_) = -J-CEP(IE)- + 2S(ﬁ)[sin a,(B)+ J sin® o, (B) + is%/)ﬁ :|°05 0,(B) (60)

seki kirjoitetaan vield sen rinnalle tarvittavat lisdyhtélot:
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lahtopisteen koordinaatit

xo(B)=( _1) i

& 1 = cosy+Hcosﬁ (61)
z,B) _a. . . 1.

T —H(l s1ny)+s1ny+HsmB , (62)

korkeusparametri S ([3)

I ML
(ﬁ)—2 o E[——I‘—SI ﬁ] (63)

kuulan effektiivinen kiihdytysmatka A = L/!

+%(1—£)sm[3 Jg—f;?;W 2m£( —%sinﬁ)cos(ﬁ—(p) , (64

kyynirkulman & vaikutus
L d
Z=1-sin—|, 65
] sm(2) (65)

kisivarren oikaisusta kuulan saama lisénopeus K (|3)

K(B) =+[2gH(¢/1)(/H)(M/m~sinp) (66)
= \/(np sinfi+n, cos|3)2 + 2gH(;I)[—;L—% - s1nB} (np sinp+n, cosB) 67)

seki kuulan l#htékulma o,

- ny, + K(B)cosp
a,(B)=Arc cot[ n. + K(B)sin Bi‘ g (68)

Niistd ilmenee eri suureiden riippuvuus tyontokulmasta B. Tamin yhtdlosysteemin
optimointi on parasta suorittaa numeerisesti ottaen huomioon ty6ntéjén ruumiinrakenteesta
riippuvat parametrit eli ruumiin osien pituudet a, H ja I sekd kyyndrkulman 8. M on
tyontdjin tyontokdden punnerrusvoima.
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Tyontokulman suhteen optimoidun mallin soveltaminen ([28])

Tarkastellaan tyont#jad, jonka hartian korkeus on H = 1.75 m, kisivarren pituus ! = 0.75 m
(n=1I/H =0.43), jalan pituus ¢ = 1.05 m, alkukyynirkulma 6 = 40°, vartalokulma
y=80° ja yhdenkiden punnerrustulos M =433 kg. Vauhdinoton lopulla kuulan
kuljetusnopeus olkoon n, = 6.15 ms~! ja suunta saakoon arvot ¢ = 0.0°, 30°, Popr = 43.0°
ja 50°. Tulokset on esitetty Taulukossa 3.

Taulukosta nihdiin, ettd jos kuljetusnopeuden suuruus 7, on vakio, sen suunnalla on
erittdin suuri merkitys. Optimisuunta ¢, lienee helpompi toteuttaa klassillisella
tyontotyylilld kuin pydrahdystyylilld. Pyordhdystyylilld tydnnettdessd kuljetusnopeus-
vektori ny niyttdd olevan ldhempéna vaakatasoa, mutta itse nopeus on suurempi kuin
klassillisessa tyylissd.

TAULUKKO 3. Tyontokulman suhteen optimoitu tyonto eri kulman ¢ arvoilla tyhjidssa.

Kuljetusnopeuden suunta ¢

Suure Symboli 0.0° 30° Popr = 43.0° 50°
Optimityontskulma | Bop (©) 48.37 42.12 38.81 36.95
Liahtokulma a, © 26.05 36.52 40.74 42.95
Lambda A 1.36 1.68 1.70 1.68
Irtoamispisteen x, (m) 0.62 0.68 0.71 0.72
koordinaatit Z, (m) 2.30 224 221 2.19
Lihtonopeus N, (ms) 12.10 13.24 13.33 13.27
Nopeudenlisiys K (ms) 7.11 7.16 7.19 7.21
Kantama tyhjossa | X (m) 16.01 20.40 2091 20.75

Ilmanvastus ja tuuli

Optimisektori, johon tydntdsuunnan tulee langeta, on korkeudeltaan pari astetta eli
B,p: £ 1°. Iimanvastus véhentdd tuulettomassa sddssa noin 0.5% edelld laskettuja tyhjio-

tyontotuloksia, ja Bop, on noin asteen pienempi kuin tyhjiossd. Myotituuleen 10 m/s
tyonnettiessd kasvaa f3,, noin puoli astetta ja vastatuuleen 10m/s vihenee vastaavasti
saman verran. Sivutuuli 10 m/s ei vaikuta kulmaan §,,,, mutta lyhentdd edelleen tyénnon
pituutta hieman.



50

LOPPUSANAT

Biomekaniikka ja erityisesti urheilun biomekaniikka tarjoavat kiintoisan tutkimuskentéin
alasta kiinnostuneille mekaniikan harrastajille. Kaikki urheilusuoritukset ovat mekaniikan
lakien alaisia. Usein jo varsin yksinkertainenkin malli kuvaa suoritusta yll4ttédvén hyvin.
Mekaniikan ja matematiikan taitajien tulisi muodostaa tutkimusryhmii yhdessi urheilun ja
fysiologian asiantuntijoiden kanssa. Téten voitaisiin laatia kehittyneempiéd malleja, joista
varmasti saataisiin irti myos enemmin tietoa. Unohtaa ei sovi myoskéén, ettd urheilututki-
muksissa tarvitaan aina suoritusten analysoitia varten erilaisia mittauksia ja rekisterdintej.
Se edellyttdd myos tarvittavien laitteiden kehittdmistd ja rakentamista, ellei niitd ole val-
miina saatavilla.

Biomekaniikan alalla on vuodesta 1967 jirjestetty joka toinen vuosi kansainvélinen
kongressi. Vuosina 1975 ja 1995 tdmd kongressi oli Jyviskyldssd. Urheilun ja
biomekaniikan tutkimus onkin Suomessa keskittynyt juuri Jyvéskylddn. Sielld on
yliopistossa liikuntatieteellinen tiedekunta sekd sen ulkopuolella itsendinen Kilpaurheilun
Tutkimuskeskus (KIHU). Myds muiden yliopistojen lddketieteellisissé tiedekunnissa
harrastetaan urheilua tukevaa tutkimusta. Lisdksi maassamme on olemassa muitakin
tutkimuslaitoksia, joiden tutkimusohjelmassa urheilu on mukana tavalla tai toisella.

Suomen Olympiakomitealla on apunaan mm.
¢ teknis-luonnontieteellinen asiantuntijaryhmé
* urheilulddketieteellinen asiantuntijaryhmi

¢ urheilupsykologinen asiantuntijaryhma

¢ valmennuksen johtoryhma.

Niiden ryhmien tavoitteena on varmistaa Suomen kansainvélisen huippu-urheilun menes-
tys. Sen toteuttamiseksi ryhmit kisittelevit valmennuksen kehittdmismédrdraha-anomuk-
sia ja antavat lausuntoja erilaisista tutkimussuunnitelmista seki jéarjestivit tutkijaseminaa-
reja ja osallistuvat muiden jérjestdmiin urheilututkimukseen liittyviin tilaisuuksiin. Asian-
tuntijaryhmis voitaisiin kéyttd4 nidkyvimmin yleisen mielipiteen muokkaukseen, jotta ur-
heilun tutkimiselle painopistealoilla mydnnettdisiin enemmén varoja.

Biomekaniikan ja urheilun niinkuin minki tahansa alan tutkimuksessa poikkitieteellisyys
ja kansainvilisyys ovat tirkeitd ndkokohtia. Erds mahdollinen ulkomainen yhteistyskump-
pani t&lld alalla olisi Tallinnan teknillinen korkeakoulu, jossa on jo aloitettu biomekaniikan
opetus ([25]) insinéorikoulutuksen yhteydessd. Vastaavanlaista koulutusta kannattaisi
harkita my6s meilld Suomessa.
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ABSTRACT

Structural optimization problem with several conflicting and noncommensurable
criteria is considered. A motivation for the multicriteria approach is discussed
and the corresponding vector optimization problem is formulated. Pareto opti-
mal solutions in the design space and minimal solutions in the criteria space are
defined. The basic techniques to generate Pareto optima are briefly described. A
special attention is paid to the concept of conflict and its consequences in mul-
ticriteria optimization. Both local and global conflict in the case of two criteria
are introduced and illustrated.

1. INTRODUCTION

Usually a scalar objective function, which in most cases is the weight of the
structure, is optimized in the feasible set defined by the equality and inequality
constraints. In practical applications, however, the weight rarely represents the
only measure of the performance of a structure. In fact, several conflicting and
noncommensurable criteria usually exist in real-life design problems. This situa-
tion forces the designer to look for a good compromise design by performing
trade-off studies between the conflicting requirements. Consequently, he must
take a decision-maker’s role in an interactive design process where generally
several optimization problems must be solved. Multicriteria optimization offers
one flexible approach for the designer to treat this overall decision-making
problem in a systematic way.

Multicriteria (multicriterion, multiobjective, Pareto, vector) optimization has
recently achieved an established position also in structural design. One reason
for the introduction of this approach is its natural property of allowing partici-
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pation in the design process after the formulation of the optimization problem.
It is generally considered that multicriteria optimization in its present sense
originated towards the end of the last century when Pareto (1848 - 1923) pre-
sented a qualitative definition for the optimality concept in economic problems
with several competing criteria [1]. Some other even earlier contributors have
been discussed for example by Stadler [2]. A wider interest in this subject con-
cerning the fields of optimization theory, operations research and control theory
was aroused at the end of the 1960s and since then the research has been very
intensive also in engineering design [3, 4, 5]. Especially in structural optimiza-
tion, the first applications in the English-language literature appeared in the late
1970s [6 - 10] giving an impetus to emphasizing the decision-maker’s viewpoint
also in the design of load-supporting structures.

The purpose of this article is to introduce the basic concepts and methods used
in multicriteria structural optimization. Special attention has been paid to those
fundamental matters which are common to most of the published applications.
These general ideas have been illustrated by an example problem where the em-
phasis is rather on the multicriteria view than on the numerical solution tech-
niques. Specifically, the multicriteria problem formulation and the generation of
Pareto optima as well as the concept of conflict are considered. The decision-
making process for finding the best Pareto optimal design is also briefly dis-
cussed.

2. CRITERIA AND CONFLICT

In structural optimization one is faced by the question of which criteria are
suitable for measuring the economy and performance of a structure. Such a
quantity that has a tendency to improve or deteriorate is actually a criterion in
nature. On the other hand, those quantities which must only satisfy some im-
posed requirements are not criteria but they can be treated as constraints. Most
of the commonly used design quantities have a criterion nature rather than a
constraint nature because in the designer’s mind they usually have better or
worse values. As an example of a strict constraint the structural analysis equa-
tions or any physical laws governing the system can be mentioned. They repre-
sent equality constraints whereas different official regulations and norms gen-
erally impose inequality constraints. For example such matters as space limita-
tions, strength and manufacturing requirements are often treated as inequality
constraints. One difficulty appears in choosing the allowable constraint limits
which may be rather fuzzy in real-life problems. If these allowable values cannot
be determined it seems reasonable to treat the quantity in question as a crite-
rion.

An important basic property in the multicriteria problem statement is a conflict
between the criteria. Only those quantities which are competing should be
treated as criteria whereas the others can be combined as a single criterion or
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one of them may represent the whole group. In the literature the concept of the
conflict has deserved only a little attention while on the contrary the solution
procedures have been studied to a great extent. In the problem formulation,
however, it is useful to consider the conflict properties because it helps to cre-
ate a good optimization model. For example in [11] this topic is discussed in
general terms and in [12], where truss design is studied, the concepts of a local
and global conflict have been proposed. According to the latter presentation the
local conflict between two criteria can be defined as follows. Functions f; and

Jf; are called collinear with no conflict at point x if there exists ¢>0 such that
Vf(x)=cVf,(x). Otherwise, the functions are called locally conflicting at x.

Consequently, any two criteria are locally conflicting at a point in the design
space if their maximum improvements are achieved in different directions. The
angle between the gradients can be used as a natural measure of the local con-
flict. Even if two criteria are locally conflicting almost everywhere in the design
space they still can achieve their optimum value at the same point. Thus it
seems necessary to consider separately the concept of the global conflict where
also the feasible set is involved. Functions f; and f; are called globally con-

flicting in Q if the optimization problems migf,-(x) and mig J;(x) have different
Xe Xe

solutions.

These concepts have been illustrated in Figure 1 where the relevant situations in
the design space are shown. In structural optimization, usually the weight and
any chosen displacement are both locally and globally strongly conflicting
quantities. Displacements often achieve their minima at the same point but still
they may be locally conflicting in that part of £ where the best design locates.

3. MULTICRITERIA PROBLEM AND PARETO OPTIMALITY

The choice of the design variables, criteria and constraints certainly represents
the most important decisions in structural optimization because the designs
which will be available in the continuation are fixed at this very early stage. For
example in scalar optimization the minimization of a single criterion in the fea-
sible set usually results in one optimal solution only. Certainly numerical com-
putations are needed to get that optimum design but, as a matter of fact, all the
decisions have been made already in the problem formulation.

The multicriteria problem inherently offers a possibility to perform a systematic
sensitivity analysis for the chosen criteria. The difference between criteria and
constraints is that the designer wants to improve the value of a criterion
whereas this kind of desire is not associated with the constraints. As a natural
consequence of the separation of the criteria f;, I = 1,2,...,m, and the con-
straints the following multicriteria problem is obtained:
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FIGURE 1: Conflict of criteria: (a) no conflict; (b) local complete conflict; (c)
local conflict; (d) global conflict in the case of two design variables. Points
X, and X, represent the individual minima of the criteria f; and f; in Q,

i min

respectively.

r;éig[]ﬁ(x) L) S T (1)

Here x=[x1x2-~-x,,]T represents a design variable vector and Q is the feasible

set in design space R". 1t is defined by inequality and equality constraints in the
form

Q={xeR"g(x)< 0, h(x)=0}. 2)

By using the notation f(x) = [f1(x) So(x) .. f,(x) ]T for the vector objective
function, which contains the m conflicting and possibly noncommensurable cri-
teria as the components, the image of the feasible set in criteria space R™ is
expressed as

A={zeR"z = f(x), xeQ}. 3)

This is called the attainable set and apparently it is more interesting for the de-
cision-maker than the feasible set. Usually there exists no unique point which
would give an optimum for all m criteria simultaneously. Thus the common op-
timality concept used in scalar optimization must be replaced by a new one, es-
pecially adapted to the multicriteria problem.
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Only a partial order exists in criteria space R™ and thus the concept of Pareto
optimality offers the most natural solution in this context. A vector x*e Q is
Pareto optimal for problem (1) if and only if there exists no xe Q such that
fi(x) £ fi(x*) fori=1,2,...,m with f;(x) < f;(x*) for at least one .

This definition states that x* is Pareto optimal if there exists no feasible vector
x which would decrease some criterion without causing a simultaneous increase
in at least one other criterion. In the literature also some other terms have been
used instead of the Pareto optimality. For example words such as nondomi-
nated, noninferior, efficient, functional-efficient and EP-optimal solution have
the same meaning. Here only the mathematical programming problem has been
shown and applied but the corresponding control theory formulation can be
found for example in [4, 5].

Two different spaces R" and R™, called the design and the criteria space, appear
in a multicriteria problem. In order to avoid any confusion it is necessary to
distinguish the optimal solutions in these separate spaces. Consequently, the
vector z*= f(x*), which represents the image of the Pareto optimum x* in the
criteria space, is called the minimal solution. Optimality concepts in both
spaces have been illustrated in Figure 2 where the bicriteria case has been con-
sidered. So-called weak solutions, which are also shown in the figure, and their
existence in structural optimization have been discussed in [13]. In scalar opti-
mization, one optimal solution is usually characteristic of the problem, whereas
there generally exists a set of Pareto optima as a solution to the multicriteria
problem. Mathematically, problem (1) can be regarded as solved immediately

2 Pareto L Zymin :n?r? iknil‘\;l
optima solutions

fix

—_— minimal
curve

Z2min

X Z
(a) (b)
FIGURE 2: Pareto optimal and minimal solutions in bicriteria case with two

design variables: (a) feasible set and Pareto optimal curve; (b) attainable set and
minimal curve. Points x,,;, and x,_, in the design space correspond to points

Zimin a0d Z,, in the criteria space.
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after the Pareto optimal set has been determined. In practical applications, how-
ever, it is necessary to order this set further because only one final solution is
wanted by the designer. Thus he must take a decision-maker’s role and intro-
duce his own preferences to find the best compromise solution among Pareto
optima.

4. WHY MULTICRITERIA APPROACH?

The formulation of a vector optimization problem, where several competing
criteria are minimized simultaneously, may arouse confusion and criticism be-
cause a set of Pareto optima rather than one optimal design is obtained as a so-
lution to problem (1). Questions concerning the advantages of the multicriteria
approach compared with the traditional single criterion or scalar optimization
can spring up in different contexts. Next some major drawbacks of the scalar
approach are introduced by using a simple two-bar truss example.

The truss, loading and numerical design data are given in Figure 3a. Two com-
peting criteria, the material volume ¥ of the truss and the vertical nodal dis-
placement A of the loaded node, are chosen for minimization. They are most
evidently conflicting because a light structure is obtained by using small member
areas and a stiff structure by using large member areas. These cross-sectional or
member areas 41 and A, are the design variables, ie the components of the de-

sign variable vector x=[4,4,]". Stress constraints, where ¢" is the upper and

o’ the lower limit for stresses, are imposed. Upper limits 4" for the member
areas are given for convenience, just to make the feasible set compact. The
bicriteria problem is

min[V'(x) Ax)]" (4n
subject to
o'<o,(x) <o,

A<4', i=12. (4)2
The feasible set Q, which in this isostatic case is the rectangle ABCD shown in
Figure 3b, consists of those member area combinations which do not violate the
above constraints. Point A corresponds to the minimum material volume solu-
tion and point C to the minimum of displacement A in the feasible set. These
criteria are both locally and globally strongly conflicting achieving their minima
at the extreme vertices of the feasible set.

Pareto optima of problem (4) consist of the polygonal line AEC depicted in
Figure 3b and the corresponding minimal curve shown in Figure 3¢ lies on the
front boundary of the attainable set A. These solutions offer large flexibility for
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FIGURE 3: Bicriteria truss example: (a) Structure, loading, and displacement
criterion A; (b) feasible set Q in design space and Pareto optimal polygonal line
AEC; (c) attainable set A in criteria space and minimal curve AEC. The broken
line inside A corresponds to part ADE on the boundary of Q. Design data for
the problem, given in kN and centimeters: F = 10 kN, ¢* = 10 kN/cm? 4* =2
cm? L =200 cm, ¢’ = -10 kN/cm?, E = 2-10* kN/cm”.

a designer who is looking for the best compromise solution among Pareto op-
tima. It should be noticed that every attainable solution inside A or on the
boundary ABC is dominated by (ie. is worse than) some of the minimal solu-
tions. At this stage of the design process it is also possible to consider other
aspects, say aesthetics or manufacturing cost for example, which were not in-
cluded in the optimization problem.

If the truss design problem at hand were treated by scalar optimization, proba-
bly one of the two commonest approaches discussed in the sequel would be
applied. The first approach is to combine both the criteria linearly into one ob-
jective function and solve the scalar problem

min AV(x)+ (1-M)A(), 0<A<1, (5)

where a fixed weighting factor is used. It is obvious that the optimal solution of
problem (5) strongly depends on the value of parameter A, varying from the
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minimum material volume solution (point A in Figure 3, obtained by A = 1) to
the minimum displacement solution (point C in Figure 3, obtained by A = 0).
The first thing that goes wrong is the evaluation of correct weights. The nu-
merical values of the material volume and the nodal displacement have different
magnitudes and for example a choice A = 0.5 gives almost the minimum mate-
rial volume solution if cm units are used. Different normalizations like

fix)="t—=, i=12,..m, (6)

can be used to alleviate this difficulty. Here f,;, represents the minimum value
of criterion f,(x) in Q. Even if some normalization is applied, this approach
may give poor results because weights A, actually are parameters, which also
have better or worse values, in the overall decision-making process. Multicrite-
ria optimization treats them as parameters which the designer should choose in
an optimal way. In addition, it is extremely difficult to recognize a possible
duality gap in some nonconvex problems by just applying formula (5). Only the
multicriteria approach reveals the conditions under which Pareto optima may be
lost by solving scalar problem (5), no matter what weights are used.

Another frequently used scalar approach in the case of several criteria is to
choose one criterion into the objective function and to remove the others into
constraints. Usually a criterion which is considered as the most important, is
chosen as a scalar objective function. In the truss example the material volume
of the structure could be a single criterion to be minimized and the nodal dis-
placement A is restricted by some chosen upper limit €. Then the scalar optimi-
zation problem

mig V(x) ("
subject to
A(x)<e, (7)2

where Q2 represents the original feasible set defined by stress and member area
constraints (4,), is formulated. Again the optimal solution totally depends on
the chosen allowable value €. Often in practical design the value of € is rather
fuzzy and difficult to fix in advance. More freedom is obtained if it is used as a
parameter, which also has some optimal value, in the design process like the
multicriteria approach does.

As this bicriteria truss example shows, the traditional single criterion approach
may give poor results in the case where two or more conflicting criteria exist.
No matter what scalar optimization formulation is used, there always appear
parameters which should be fixed before optimization. If they are used as pa-
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rameters and varied heuristically during optimization, the scalar method do not
offer any systematic procedure to find good values for these parameters. The
Pareto optimality concept offers a collection of optimal designs which should be
pursued by any chosen method. The multicriteria decision-making based on the
vector optimization problem evidently gives a systematic approach to rationally
search for good designs. Moreover, it should be stressed here that if the number
of the criteria increases (m > 2) then the choice of a correctly working scalar
problem for optimization becomes more difficult than in this bicriteria truss
problem. The graphical reasoning cannot be applied to verify if the used scalar
approach produces Pareto optima or somethig else.

5. GENERATION OF PARETO OPTIMAL SOLUTIONS
5.1 Linear weighting method

Several methods for generating Pareto optima to a multicriteria optimization
problem have been developed. Usually their application leads to the solution of
several scalar problems which include certain parameters. Typically, each pa-
rameter combination corresponds to one Pareto optimum and by varying their
values it is possible to generate the Pareto optimal set or its part. In the sequel
those fundamental methods, which have been applied repeatedly in the struc-
tural optimization literature, are briefly described. They are also illustrated
graphically in the criteria space in order to show the reasons for their different
potential to cover the Pareto optimal set.

The linear weighting method combines all the criteria into one scalar objective
function by using the weighted sum of the criteria. If the weighting coefficients
are denoted by w,, i = 1,2,...,m, this scalar optimization problem takes the form

m
min » w, f,(x 8
921  £i(%) (8)
where the normalization

w,=1 %9

can be used without losing generality. By varying these weights it is now pos-
sible to generate Pareto optima for problem (1). The main disadvantage of this
method is the fact that only in convex problems it can be guaranteed to generate
the whole Pareto optimal set. According to the author’s experience, such non-
convex cases where the weighting method fails to generate all Pareto optima are
not typical of structural optimization. Some simple truss examples, which dem-
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onstrate that this phenomenon really exists in applications, have been reported
in the literature [14]. The geometrical interpretation of the weighting method in
a bicriteria problem is shown in Figure 4a where it corresponds to the case p =
1. It is interesting to notice that problem (8) expressed in the criteria space has
the form

m

inSw z 10
ggg;w, Z, (10)

where z, = f,(x) for i=1,2,...,m. Thus a linear objective function is minimized
in the attainable set.

5.2 Constraint method
One natural technique is to replace the original multicriteria problem by a scalar
problem where one criterion f, is chosen as the objective function and all the

other criteria are removed into the comstraints. By introducing parameters g,
into these new constraints an additional feasible set

Q) = {xeR"fi(¥)<e, i=12,..,m, ik} (11)

2 minimal
curve

minimal
curve

zid |:;=lc::I \p=1

z, z,

(@ (b)

FIGURE 4: Geometrical interpretation of norm and constraint methods in
bicriteria case: (a) linear weighting method (p = 1), weighted quadratic (p = 2)
and minimax (p = oo ) methods illustrated in the criteria space; (b) constraint
method where f,(x) is chosen as the scalar objective function and f,(x) is re-
moved into the constraints.
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is obtained. If the resulting feasible set is denoted by §k=Qka, the
parametrized scalar problem can be expressed as

min £, (x). (12)

Here each parameter combination yields a separate problem usually correspond-
ing to one Pareto optimum. This technique, called the constraint method, can
generate the whole Pareto optimal set also in nonconvex cases and it has been
applied to some extent in structural optimization. If so-called weak solutions
[13] shown in Figure 2 exist, the constraint method can be modified to cover
that case as well but then equality constraints appear and several new scalar
problems must be solved for just one Pareto optimum. The geometric interpre-
tation of the method is given in Figure 4b where z; is minimized in the set A,

which is the image of the set Q,.

5.3 Norm methods
Norm methods are based on the minimization of the distance between the at-
tainable set and some chosen reference point in the criteria space. In the litera-
ture they have also been called metric, distance, and global criterion methods.
The scalar problem is

min d,(x) (13)

where the distance function
" Ve
d,(x) = {Zw,»[ff(x)—ff]"} (14)
i=1

has been widely used in structural optimization. The reference point < R™ may
be chosen by the designer and often the so-called ideal or utopia point

= [f1mm 2 nin "'fmmin]T (15)

can be found in the applications. This ideal vector contains all the individual
minima of the criteria in Q as components. Thus it is necessary to solve m sca-
lar optimization problems

min fi(x), i=12,.m (16)
xeQ
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if % is used as a reference point . The normalization given in equation (9) is
also applicable for the weights w; here. Usually Z and p are fixed and w, are the
only parameters but also other possibilities exist [13]. If the origin is used as a
reference point, i.e. £=0, then the extreme case p=-c in equation (14) corre-
sponds to the weighted minimax problem

rnlg max[w,.f,.(x)], i=12,..m an
XxXe I

which is capable of generating all Pareto optima also in nonconvex problems.
The other extreme case p = 1 can be interpreted as the linear weighting method.
Correspondingly, the case p = 2 might be called as a weighted quadratic
method. All these three cases have been illustrated together in Figure 4a. In
practical applications, where the numerical values of the noncommensurable
criteria may have huge variations with respect to each other, it is useful to nor-
malize all the criteria before computations. One possibility is to use the formula

= e @

where all the nondimensional criteria are limited to an equal range, i.e.
fi(x)e[0,1], i=1,2,...,m. The quadratic case p = 2 seems to be the most popu-
lar choice in the literature but also both of the extreme cases have been used
frequently in structural design applications.

6. CONCLUSION

The vector optimization problem and the Pareto optimality concept offer a clear
and sound basis for any further development in the multicriteria optimum design
theory. The proper control of the decision-making process becomes possible in
this way because then the choice can be restricted to designs which are optimal
in an undisputed mathematical sense. Also, the comparison of different methods
is facilitated by these concepts. For example the question of which technique
should be applied in a certain problem to generate good designs, may be often
answered by comparing how many Pareto optima different methods can achieve.
Whatever method the designer may choose, he should check whether it com-
putes Pareto optima or something else. In the latter case the method is useless,
and in the former case it should be able to generate as many Pareto optima as
possible. If the designer wants to generate good points by just varying the con-
straint limits in a scalar problem, he has several possibilities. Both equality and
inequality constraints can be applied in many different ways. The choice among
these alternative methods can be made reliably only by checking which tech-
nique gives Pareto optima. The choice of the method by intuition may lead to
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undesired designs. Sometimes it has been suspected that the solution of a mul-
ticriteria problem depends on the chosen decision-making procedure. This is
true in the sense that usually experience is being acquired by the decision-maker
during the design process. If the decision-maker’s preferences remain un-
changed during the process and the Pareto optimality concept is used, then any
available procedure should give the same result provided that the designer
makes consistent decisions. The natural requirement is that the chosen method
must be able to generate also the best compromise solution. Thus in the case of
unchanged preferences the result can be regarded as a function of the person
making decisions rather than a function of the design procedure.

The future of the multicriteria approach looks promising also in structural op-
timization where it has recently reached industrial applications. A multicriteria
module, which generates Pareto optimal solutions, can be expected to be an es-
sential part in any new optimization-oriented finite element package. The com-
putation of a covering collection of Pareto optima may be expensive for large
scale problems because several structural and sensitivity analyses must be per-
formed for each solution. This matter together with the graphic or numerical
representation of the results, which should be modified into a form that is suit-
able for the decision making, will be one challenge in the field.
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Abstract

Three new families of finite element methods for the Reissner-Mindlin plate
bending model are described. The methods are based on a combination of the
stabilized formulation presented in [29] and the MITC reduction technique [7).
The families use identical basis functions for the deflection and the rotation.
Optimal order of convergence, independent of the plate thickness, is proved.

1 Introduction

The purpose of this paper is to present an error analysis of our stabilized MITC plate
bending elements. In earlier communications (22, 21] we have presented results of
numerical calculations with these elements.

In the methods we combine the shear projection technique of the original MITC
elements [7, 5] with recent stabilized formulations [17, 29]. The advantage of this,
compared to both the MITC elements and the previous stabilized formulations, is
that identical shape functions can be used for all unknows. Compared to more tradi-
tional methods, a stabilized formulation gives a more well conditioned stiffness matrix.
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Another big advantage of these new families of methods is that they include convergent
triangular linear and quadrilateral bilinear elements. These lowest order elements were
introduced in [10] in connection with a general analysis of the MITC elements. In that
context, the modification is in the spirit of the ”trick” introduced by Fried and Yang
already in 1973 [14], and more recently analyzed by Pitkaranta [27]. This is, however,
not more the case when the methods are viewed as a stabilized formulations. Then,
they arise from a very systematic approach, cf. [17, ?, 22] and the presentation below.
Recentely we have used the same approach for designing methods for the Naghdi shell
modell in a bending dominated state [12].

We have also been given the opportunity to implement our methods in the
SHIPFEM code of the Ship Laboratory, Technical Research Center of Finland (cf.
(23, 25]), which is greatfully acknowledged.

Recently, Lyly has observed [20] that our linear triangular element is equivalent
to an ealier formulation (which from the outset looks different) given by Tessler and
Hughes [31]. Later the formulation of Hughes and Taylor has been rediscovered by Xu,
Aurichhio and Taylor [33, 30, 4] (in a form that is quite easily seen to be equivalent to
that of Tessler and Hughes). The equivalent of the linear stabilized method and that
of Xu et al. has independently been proved by Lovadina [19]. Due to this equivalence
the analysis of [10, 20, 19] justifies these other metods.

In this paper we will first recall our methods and then derive the basic error es-
timates, which show that the methods converge optimally and independently of the
relative thickness of the plate. In an engineering vocabulary we show that the elements
are completely free from locking.

2 Notation and preliminaries

We consider the Reissner-Mindlin plate bending model and assume that the plate
is clamped along its boundary. Denoting the midsurface of the plate by @ C RR2,
the variational problem is: find the deflection w € H(Q) and the rotation vector
B € [HE(Q)]? such that

Gt’a(B,n) + Gri(Vw — B, Vv —m) = (f,v)  V(v,n) € [H(Q)F. (2.1)

Here G is the shear modulus and « denotes the shear correction factor. f is the
transverse load and ¢ is the thickness of the plate. The bilinear form a is defined as

a(B,m) = §{(=(8), () + (—)(div B, div )}, (22)

where () is the small strain tensor and v is the Poisson ratio. As usual, the L,-inner
products are denoted by (-,-)p and the corresponding norms by || - ||o.p, with the
subscript D dropped when D = §).

The shear force @ and bending moment M are obtained from

Q = Grt(Vw — B8) (2.3)
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and o
=B + (1=

M= )div 8 I}, (2.4)

1—-v
respectively.

For the theoretical analysis one assumes that the load is proportional to the third
power of the plate thickness, i.e. f = Gt°¢ with g fixed independent of ¢. With this
assumption the problem (2.1) has a finite and non-trivial solution in limit when ¢ — 0

(cf. [9]). Hence, the problem becomes: find (w, 8) € [H3(Q)]® such that
a(B,m) + k2 (Vw — B, Vv —q) = (g,v)  V(v,m) € [H(Q)P"- (2.5)
Introducing the scaled shear force
g = st (Vw - B) (2.6)

as an independent unknown, the mixed form of (2.5) is: find (w, 8,q) € [H3(Q))® x
[L2()]? such that

a(B,m) + (¢, Vo —n)=(g,v)  Y(v,m) € [H;(Q (2.7)
£ 1%(q,s) — (Vw—B3,5) =0 Vs € [Lo(Q)].

The strong form corresponding to this system is obtained by integrating by parts:

LB+q = 0 4, (2.8)
—divg = ¢ inQ, (2.9)
-k 2q+Vw—-B8 = 0 inQ, (2.10)
w = 0 ondf, (2.11)
B 0 on 0N (2.12)
Above the differential operator L is defined through
1
Ln = 2 div{e(m) + (3 - —)diva I}, (2.13)

where div stands for the divergence of second order tensors and I is the unit tensor.

3 The finite element methods

We let Cj, be the finite element partitioning of { into triangles or convex quadrilaterals
and define the finite element subspaces for the deflection and rotation vector with the
index kK > 1 as

Wi = {ve HXQ) | vk € Re(K), VK €Ch}, (3.1)
Vi = {ne[Hy QP | nk € [Re(K)P, VK € Ch}, (32)
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where R;(K) is a space of polynomials of degree < k defined on K. We point out that
this means that equal basis functions are used for the deflection and both components
of the rotation.

The shear energy will be modified by interpolating with the MITC technique.
For an element K € Cj an auxiliary space Ix(K) and an MITC reduction operator
Ry, : [HY(K)]* — I'y(K) are introduced.

The finite element methods for the problem (2.1) are then defined as follows: find
(wr, Br) € Wy, x V', such that

Bh(wh»ﬂh;van) = (fav) V(‘U, Tl) € Wi x V. (33)
The bilinear form By, is defined as
Bh(w,ﬁ;v,ﬂ) = Gt3a(ﬁ»7l) -« Z h?{(LﬂaL'ﬂ)K (34)
KeCy,
+3 (Lﬁ) (Vw — RyB — ahk LB, Vv — Ryn — ahk L)k
g t2 + mah%- h K ’ K 5

Here hg denotes the diameter of the element K € Cj, and « is a positive constant for
which an upper bound will be defined below.

The different methods will then be defined by specifying the spaces Rj(K) and
I';(K) together with the reduction operator Ry,.

From the solution (ws,B) to (3.3), the approximations for the shear force and
bending moment are obtained from

Grt?
Quk = (Euz—ah}{)(vw" — RyB, — ak%LBy)x VK €C, (3.5)
and o
M = =—{e(Br) + (5 f —)div B 1}, (3.6)

respectively. An alternative way to determine the approximate shear force is to calcu-
late it through the equilibrium equation

Qux = =G’ LBuyk, YK €Ch. (3.7)

This is, of course, reasonable only when &k > 2.
Next, let us define the different methods.

Method I
We let K be a triangle, Ry(K) = P(K) with k£ > 1 and denote by

Iy(K) = [Pies(K)] © (y, —2) Pe-a(K), (3.8)

the rotated Raviart-Thomas space [28]. Here Py_;(K) is the space of homogeneous
polynomials of degree k¥ — 1. The reduction operator is defined through the conditions

/;[(Rhn —1n) Tlvds =0, Vv € P,_y(E), for every edge F of K, (3.9)
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and for k > 2
/K(Rhﬂ —m)-rdzdy=0, Vre [Pi_s(K)]2. (3.10)

Above 7 is the tangent to the edge E.

Remark 3.1 For linear elements with £ = 1 it holds
Lyg =0, VK €C,, VeV, (3.11)

and so the bilinear form B}, reduces to

Gxt®

m) (Vw - Rhﬂ, Vv — Rh'f])K. (3.12)

Bi(w,B;v,m) = Gta(B,n) + Y (

KeCy

This gives our linear element (introduced in [10]), which is equivalent to the elements
of Tessler-Hughes [31] and Xu et al. [33, 30, 4]. Taking o = 0 we get an unstable
element introduced by Hughes and Taylor [18]. In the above mentioned papers we
have not found any remark showing the near relationship between this element and
the elements later considered by the same authors. =

Remark 3.2 The MITC7 element [6] is obtained from Method I by choosing a = 0,
k = 2, and taking R,(K) = P,(K) @ span{A;A2)s} in the rotation space V.. Here
X, 7 =1,2,3, denote the barycentric coordinates of K. m

Remark 3.3 With a = 0 and ¥ = 2 one obtains an element proposed in [26]. The
element is unfortunately not optimally convergent. m

Method II

Now K is a quadrilateral and Re(K) = Qu(K) with k > 1. We let Jx be the Jacobian

matrix of the mapping Fx : K — K (K is the unit square with coordinates ¢ and 1)

and define .
I(K)={n|n=Jg"noFg', 7 € I\(K)}, (3.13)

where Jx7T is the transpose of Ji', and
Tu(R) = Pic1i(K) x Pega(K). (3.14)

This is the rectangular rotated Raviart-Thomas space with

Prun(K) = {v | v=>Y3 a;&'n for some a;; € R}. (3.15)

=0 j=0
The reduction operator Ry, : [HY(K)]* — I't(K) is now defined through

Run = JgT Ry Ik, (3.16)
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where Ry : [H'(K)]> — I(K) is an operator satisfying the conditions
/E[(Rk'f; —#)-Tlvds =0, Vv € P_y(E), for every edge Eof K, (38.17)

and in the case if k£ > 2

A ~

/R (Rpiy — @) -7 dedn =0, ¥r € Pyoypa(K) x Pugp1(K). (3.18)

Remark 3.4 If k£ = 1 it is possible use the reduced bilinear form (3.12). By doing
this we get the stabilized MITC4 element [24], and if we further choose a = 0 we
obtain the original MITC4 element of Bathe and Dvorkin [8]. =

Method IIT
Again, K is a quadrilateral but now we choose Ry(K) = Q%(K) = Qx(K) N Pry1(K)
(isoparametric) with k& > 1. For this method we define

Li(K) = [P(K)* \ span{(€*,0), (0,7%)}, (3.19)

which is the rotated rectangular Brezzi-Douglas-Fortin-Marini (BDFM) space [11].
The operator Ry, is defined as in (3.16) with Ry satisfying

./E[(Rkﬁ ~f)-Tlvds =0, Yo € P_y(E) for every edge E of K, (3.20)
and for k > 2
/K (Rgiy — ) - v dédy = 0, Vr € [Pu_y( K. (3.21)
Remark 3.5 The MITC9 element [6] is obtained from Method III by taking & = 0,
k =2 and R,(K) = Q(K) in the rotation space V;. =
Remark 3.6 For all three methods it holds
Rth = V’U, Yv € Wh.

This property is used in analysis below. =
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4 Error analysis

As mentioned the error analysis should be done for the scaled problem (2.5). Without
any loss of generality we can also choose « = 1. Therefore we consider the scaled finite
element formulation: find (wp, Br) € Wi x V', such that

Si(wh, Br;v,m) = (9,v), Y(v,m) € Wi X Vi, 4.1)
with
Sn(w,B;v,m) = a(B,n)— aKZGE hi(LB, Ln)k (4.2)
+ 3 (@ +ah) " (Vw - Rh,Bh— ah% LB, Vv — Rynp — abkLn)k.

KeCy

The approximation to the scaled shear force (2.6) is then defined by
Gk = (£ + akf) " (Vwn — RuBh — ahi LBh) k- (4.3)

The aim is now to derive error estimates which are independent of the plate thick-
ness. To this end C we will denote various positive constants which do not depend on
the thickness ¢ or the global mesh parameter

We will use standard finite element notation with |- |,,p and || - ||m,p denoting the
seminorms and norms in H™(D) and [H™(D)J*. Again, the subscript D is dropped
when D = Q.

Under some (minor) restrictive assumptions on the mesh (see [32]) we have the
following result which states that the operator R), has optimal interpolation properties.

Lemma 4.1 [28, 9] There exist a positive constant C such that for 1 < m < k and
n € [H™(K)]? it holds

lin — Runllox < ChE|nlmx, YK €Ch. m

We will also make use of the following inverse estimate which is valid since the
space V), consists of piecewise polynomials (cf. e.g. [15]).

Lemma 4.2 There exists a constant C; > 0 such that

Cr Y. hxllLnlik <a(n,m), VREV: m
KeCy

Remark 4.1 The constant Cf of Lemma 4.2 plays an important role, not only in the
analysis of the methods, but also in numerical calculations. Hence, we refer to [16]
where numerical techniques for estimating constants like C; have been considered. m
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The stability will be formulated using the following mesh dependent seminorm and
norm:

_ 1/2
(o, m)lh = (30 (22 + ahd)HIRU(VY — ) 3k) (4.5)
Kecy,
Ml = [0l + 1l + (v, m)]5- (4.6)
We also define
lgll-1a = (X RXllalid )2, (4.7)
Kec,

and note that the following equivalence holds.

Lemma 4.3 There exists a positive constant C such that

Cllite,mlle < llmllx + 1(o, s < (v, Mlla,  Y(vs1) € Wh X Vi

Proof: The Poincaré inequality, Remark 3.6, Lemma 4.1 (with m = 1), and the
inequality (t* + ah%) < C give

loll} < ClIVvllg = CllR:Vvl[g
C(IIRx(Vv = m)ll + | Ranll5)
C(IRA(Vv —m)l5 + lImll3)

C( Y (#+ ahi) [ Ba(Ve = g « + [IIl5),
KeCy

IA N IA A

which proves the claim. m

With the aid of the previous auxiliary results we are now ready to prove that the
methods are stable with respect to the norm |{] - |||5.

Lemma 4.4 There exists a constant C > 0 such that for 0 < a < Ct it holds
Su(v,mv,m) 2 Clli(v, M, V(o) € Wh X Vi

Proof: Using the inverse estimate of Lemma 4.2 and the Korn inequality we get

Si(v,mv,m) =a(n,n) —a >, bk|L|;x (4.8)
KecCy,
+ 3 @+ abk) M| Ru(Vo — 1) — eb Ly}«
Kecy,
> (1—aCrha(mmn)+ Y (* + abk) HIRa(Vo — ) — ahi L5
Kec,
> Cml} + 3 (£ + akk) HIRu(Vv — 1) — ahik L} k).

KeCp
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The same inverse estimate and the boundedness of the bilinear form a also give

(Ml = Y ( + ahk) I BA(Vv — )llo x (4.9)
KeCy,

< O(Y ( +ahl) | Ru(Vo — m) — abkLallox + o Y hklILnliix)
Kecy, KeCy

< C(Y (8 + ahk) IRV — ) — ahi Lals x + a(n,m))
KeCp

< C(Y (2 + ahi) | Ra(Vo — 1) — b Lall} x + [InllD)-
KeCy,

Combining (4.8), (4.9), and using Lemma 4.3 gives the desired result. =

Next, we note that in the bilinear form Sj, is not consistent with the exact energy.
In order to characterize the consistency error we define

En(s;v,m) = (s, (Rn — I)(Vo —m)) (4.10)
+£2 3 (£ + ahk) " (Ris — s, Ry (Vo — 1) — ahiLn)k.
KecCy,
We then have

Lemma 4.5 The solution (w, 3) to (2.5) satisfies
Si(w, B;v,m) = (9,0) + Exl(gsv,m),  Y(v,m) € Hy(Q) x [Ho (W]

Proof: Using the constitutive relation (2.10) and the equilibrium equation (2.8), we
get

‘sh(w7ﬂ;v’n) = a(ﬁﬂl) -« E h.%((L:BaLn)K

KeCy
+ 3 (8 + ahk) " (B(Vw - B) — ahk LB, Ry(Vv —n) — ahk L)k
Kech,
= a(B,m)+a ) hi(q,Ln)k
KecCy,
+ Y (2 + abk) (" Rag + ahiq, Ri(Vv — n) — ahi Ln)k
KeCp
= a8 +ea Y (g, Imx+ Y (g, Ru(Vv—n)— ahkLn)k
KeCy, KeCy,
+82 3 (¢ + abk) ' (Rig — ¢, Ru(Vo — ) — bk L)k
KeCy
= aB,m)+ Y (¢, R(Vv—1n))k
KeCy
+2 37 (82 + ob)) ' (Ruq — ¢, Ri(Vv — ) — ahi L)k
KeCy

= a(B8,n)+(q,Vo—n)+ (¢, (Ry — I)(Vv—n))
+2 Y (2 + ahk) T (Rug — ¢, Ru(Vo — n) — ahk L)k

Kec),
= (g,v) +&(g;v,m). m
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Remark 4.2 Note that if we choose R, = I, we get a pure consistent formulation:
Su(w, B;v,m) = (9,v), V(v,m) € Hy(Q) x [Hs ()", (4.11)

A family of methods of this kind has been introduced and analyzed in [29]. The
only drawback of these consistent methods is that higher degree (i.e. k 4 1) shape
functions must be used for the deflection in order to obtain the right balance between
the approximation properties of W, and V.. =

The following auxiliary result is needed in estimating the consistency error.
Lemma 4.6 For s € [H*"1(0)}? it holds
|(s,m — Ram)] < Ch*[[slli-allnll, ¥n € [HH(Q)

Proof: If k = 1 the result follow directly from the Schwartz inequality and Lemma
4.1.
For k > 2, we let Px : [L2(K)]? - [L*(K)]? be the Piola transformation defined
through [9, page 97] i
Pis = IJKl-IJK§, s¢ [L2(K)]2, (4.12)
and define the space S(K) by

S(K) = [Py—a(K)]* for Methods I and IIL,
N Pk_ll;;_g(K) X Pk-g.j,;..](f{) for Method II,

Using the definition of the operator Ry and the properties (3.10), (3.18) and (3.21)
we then get

(4.13)

(Px3,m— Run)k
= [ (Pxd)(,9)- (n(z,y) - Run(z,v))dzdy

J Kl Tics(6,m) - (86, ) — TE Ry JRa(€ m) | Tilddn (414)
= [ 36 (Ta(E ) — ReJRa(E,n)dedn
=0, VieS(K).

Next, we let ITy : [L2(IA{)]2 — S(K) be the L,-projection and define the mapping ITk
through

Iy = PxIT; PR (4.15)
By using standard techniques [13, 9] for deriving interpolation estimate we get
s — Mxsllox < Chcllslli-r v (4.16)

Using (4.14) we then have

(s,m— Run)k = (s — IIxs,n — Run)k (4.17)
< |ls — Hxsllox|n — Ranllox < CRi||s|lk-1,xlInll1x-

The desired result follows from (4.17) by summing over the elements K € C;. =
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For the consistency error we now have the following result.

Lemma 4.7 Suppose that the exact shear force satisfies q € [H*-1(Q)]? and tq €
[HE(Q)]2. Then it holds

1Ex(g; vsm)| < Ch*(llglle-1 + tlglle) N1(o, M, (v, 1) € Wi X V.

Proof: We first note that the boundedness of the bilinear form a together with Lemmas
4.2 and 4.1 imply

(3 (8 + abk) M| Ra(Vv — n) — ek Ln5 )" (4.18)
KeCy
< C(Y (8 + ahk) [Ra(Vo - )ik + o > Bxl Ll )"
KeCp Kecy

< C((v, )} + oCa(m,m)* < C(I(v, )3 + D).

Hence, we get (using Lemmas 4.6 and 4.1)

En(g;v,m) = (¢, (Ry — I)(Vv —n)) (4.19)
+t2 3 (8 + akk) " (Rrg — ¢, Ri(Vv—1) — ahiLn)k
KeCy
=(g,n— Rwm) + 2 3 (82 + abk) ' (Ruq — ¢, Ri(Vv — n) — ahik L)k
KeCy,
< (g,m— Rpn) + C2( Y (£ + ahk) 7 lg — Rug|2 ) (1(v, )3 + B
Kecy,

< (g, — Run) + Ct|lq — Ragllo(|(v, m)[Z + ||ml$)*/?
< Ch¥(|lq]lk-1 + tllall)l (o, 2[5 =

For the rest of the error analysis we will next define a special interpolation operator
I, : H3(Q)) — W, through the following three conditions:

((v — Iyv) o Fx)(p) = 0, V vertices p of K, (4.20)

/1:; (v = Iw) 0 F)# dé = 0, Vi € Pe_o(E), V edges E of K, (4.21)
and

. V3 € Pi_g(K), for the Methods I and III
— F dédn = 2 ) .
/x((” Iw)o Fi)$ dédn =0, {vs € Qr_ao(K), for the Method II, (422)

for every element K € C,.
The operator I, has optimal interpolation properties:

Lemma 4.8 There ezists a positive constant C such that for v € H™(Q) and 1 <
m<k+1 it holds
|lv — Iyolls < CR™*||v)jm, s =0,1.

Proof: Clearly I, is a polynomial preserving operator in the sense that Irv = v, Vv €
W,. Hence, we can deduce the asserted estimate from [13, Sections 15 and 16]. =



78

The reason for introducing the operator I, is the following technical result.
Lemma 4.9 For v € Hy(Q) it holds
R,V(v— Iv)=0.
Proof: On each element K € C;, we have (using (4.20) and (4.21))

. f A g 9 Ry
/;V((v—Ihv)oFK)-frds=[E£(v—Ihv)oFK)rds
or

= /a (v = Lww) o Fi)f /E (v = Inw) 0 i)z d8 =0, (4.23)
for every edge EofKifre Pk—l(E) and (using (4.21) and (4.22))

/}j((v _Lw)oFy)- 5 dédy = /ak((v — Liw)o Fy)é - 1 ds
- /K (v — Iw) o Fy) divs dedy =0, (4.24)
if k> 2 and 3 € S(K). (See Lemma 4.6 for the definition of the space S(K)). Here
V and div stand for the gradient and divergence operators with respect to the { and

n variables of K and  is the unit outward normal to dK.
Hence, using (4.23), (4.24), and recalling the definition of the operator Ry, we get

R;V((v — Iyv) 0 Fx) = 0, VK € Cy, (4.25)
and since it holds Jg!(Vv o Fx) = V(v 0 Fx), YK € Cy, we conclude that

R V(v - Iw)x = JERzIZV((v—Iw)o Fx)
JFRyV((v—Iw)o Fx) =0, YK € Ch. m  (4.26)

We will next state our main result.

Theorem 4.1 Suppose that the solution to the problem (2.5) satisfies w € H*1(Q),
tB € [H*2(Q)]? and B € [H1(D)]2. For 0 < o < Cy it then holds

lfw—walls +118~Bills + lg — gall-14 +tllg — gullo < CR*(lwllerr + 2l Bllksz+ 1Bl ksa)-

Proof: Let 8 € V, be the usual Lagrange interpolant to 8 and @ = Iyw € W, the
interpolant to w. From Lemmas 4.4 and 4.5, there exists a pair (v,n) € W), X V} such
that

(o, mllls < C, (4.27)

and

Ill(wh_ﬁ)aﬂh_ﬁ)”lh S Sh(wh_ﬁ),ﬂht:é;van)
= Sp(w—0,8 - Bv,n) —En(g;v,m).  (4.28)
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For the consistency error term in (4.28) we directly obtain (using (4.27), (2.8) and
Lemma 4.7)

|En(g;v,m)| < CR¥(liglle— + tllalle) < CRE(IBllk+r + tl|Bllk+2)- (4.29)

Next, let us write out the bilinear form S, on the the right hand side of (4.28). Due
to the definition of @ we have (using Lemma 4.9)

Si(w—1,8-Fo,m)=aB-Bm)—a Y K(LB-B),Lnx  (430)

KeCy,
£ Y (2 + ) (Ra(B - B) — e L(B — B), Ra(Vo — n) — ah% L)
Kec),
From (4.27) and Lemma 4.2 it follows that
(X hxlLalge)” < C, (4.31)
KecC),
and
(3 (# + ahd) | Ra(Vo — 1) - bk Lnll3)" < C. (4.32)

Kecy

Hence, for the first and second terms in (4.30) we get (using (4.31), Lemma 4.2 and
continuity of the bilinear form a)

o(B - B,n) < C|18 — Bl < CH*|Bllk+1, (4.33)
and
> RA(L(B - B), Lmx < C( Y hKILB - B)ls k)" < CR¥|IBllerr.  (4.34)
KeCp KeCy,

Using the same estimates and (4.32) we obtain for the third term

> (8 + ahl) T (Ra(B ~ B) — ahi L(B — B), Ru(Vv — 1) — ehi Ln)x
KeCy

< C(Y (#* + ah}) M| Ra(B — B) + ok L(B - B)ll3 x)*

Kecy

<C( Y (+abk) R(B - Bligx + o 1 BklL(B - B)II5 )"

KecCy KecC,

< (Y (22 +ehd) (I - Ra)(B - Bl x + 18 — Blisx) + 118 - BIDY*

KeCyp

< O( Y (@ + abk) (kB — Bl x + 18 = Blis <) + 18 = BID)

KeCy,
< CR*||Ble+1- (4.35)

The estimate

ll(w — i, B = Bullln < CHF(lwllksr + tlBllesz + 1B11k+2) (4.36)
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follows now by combining (4.29), (4.33)-(4.35), using the triangle inequality and the
interpolation estimate (here we need Lemma 4.9)

l(w = @,8 = B)lIln < CR (wllker + 18llks+1)- (4.37)
After this, the H'-estimates for the errors w — wy and 8 — B, follow directly from
(4.36) and from the definition of the norm ||| - |||

Next, let us derive the asserted estimates for the shear. Recalling the definitions
(2.6) and (4.3) of the quantities g and g, we get

(¢ — qn)ix = (2 + ahi) ™ (Ra(V(w — wi) = (8 = Ba))
—ahiL(B — B;) + t*(q — Rinq)) x> VK € Ch. (4.38)

From this it follows that

(Y (#+ahk)llg - ‘1h|[(2>,1()1/2
Kecn

< O(|(w = wh, 8 = Br)ln + | L(B — Br)ll-1n + tllg — Ragllo).  (4.39)

Now, since an inverse estimate, an interpolation estimate and the estimate for |||(w —
wh, B — B1)|||» imply that

IZ(B = Bu)ll-1n < CH*(l[wllisr + tlIBlks2 + 1Bllk+1), (4.40)

both estimates for the shear follow from (4.39) and Lemma 4.1. m

For a quasiuniform mesh we get the following estimates for the shear approxima-
tions.

Corollary 4.1 Suppose that the mesh is quasiuniform, i.e. such that kg > Ch, VK €
Ch. Then it follows from Theorem 4.1 that

llg — gullo + llg = gillo < CR 7 (llwlliss + tlIBllksz + 1Bllksr)- m (4.41)

Let us close the paper with a final comment. The regularity assumptions stated
in our theorems are almost never satisfied in practice as it is well known that the
Reissner-Mindlin model give rise to strong boundary layers in the solution, cf. [1, 2,
3]. Our estimates show, however, that the methods converge optimally in the sense
that the error in the finite element solution is of the same order of magnitude as the
interpolation error.
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ABSTRACT

This paper addresses problems of ice load determination in conditions where an ice floe
acts on an offshore structure. The ice sheet is assumed to fail by crushing and flaking.
Results of several test series are first used to get a new insight to the flaking failure of an
ice sheet. Horizontal cracks emanating form the ice edge appear to be a central
phenomenon to be considered. Tests have also revealed that a large amount of energy
dissipates at the ice edge during a short period within the loading process. This
phenomenon explains the rapid decay of the transient vibration, which has been seen both
in laboratory and in full scale. To consider this phenomenon, a new layered flaking model
is derived.

1. INTRODUCTION AND OBJECTIVES

The dynamic forces due to level ice action pose two kind of problems for the design of
offshore structures. First, a steady state vibration of the structure may arise. In this case the
effects of the exiting force are magnified within the structure. Second, experimental data
shows that the exiting global ice force increases with the structural compliance. This
phenomenon is associated with changes in the ice failure mode and can be seen as an
increase in the correlation between the local forces.

Simple design rules do not provide reliable predictions of the ice effects in dynamic
interaction conditions. Therefore, Miittinen [22] made theoretical and experimental
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studies and presented a numerical interaction model for narrow structures. Based on further
measurements of steady state vibrations, Karnd & Turunen developed another model for
narrow structures [12]. They proved [13] that if a steady state vibration arises, the velocity
amplitude of the structure at the waterline is approximately the same as the ice velocity.
Eranti [2] and Kémi et al. [15, 18] developed a nonlinear numerical interaction model
“PSSII” for compliant wide structures. Kajaste-Rudnitski [8] used a linear stochastic
approach to study how the global load is influenced by the correlation of the local forces.

New series of laboratory and field tests have been conducted during the last ten years. The
new experimental information is used in this report to derive an updated formulation for
the PSSII program. The paper considers wide and compliant structures with a vertical wall
against the ice edge. Ice failure mode at any cross section of the ice edge is assumed to be
flaking with ice crushing. This failure mode yields the largest global ice loads. Experiments
have shown that ice failure occurs sometimes nonsimultaneously and sometimes
simultaneously at different points of the ice edge. The change in the failure mode seems to
depend on the velocity of the ice floe and on the compliance of the structure. Our objective
is to show that an appropriate simulation of the ice failure process yields an interaction
model, which predicts the observed change from nonsimultaneous to simultaneous ice
failure.

2. EXPERIMENTAL BACKGROUND

2.1 Ice failure

Miittinen [22, 23] measured ice-induced vibrations of narrow structures both in the field
and in laboratory. Further field data on this phenomenon was collected by Nordlund et al.
[24]. Jeffereys & Wright [5] reported on severe dynamic interactions between a wide
offshore structure and drifting ice floes. In this case a typical interaction cycle contained a
quasi-static loading phase that was followed by transient vibration of the structure. This is
the most common dynamic interaction phenomenon and it has been tested extensively in
laboratory [9, 14, 21, 26].

Dynamic ice-structure interaction phenomena occur in conditions where the rate of
interaction is sufficiently high to cause a brittle ice failure by crushing and flaking. In this
failure mode the ice edge has a stepwise wedge shape. Horizontal splits emanating from the
ice edge have an essential effect on the ice failure process (Fig. 1). Taylor [27] conducted
indentation tests on lake ice with a thickness of 0.5 m. The rate of indentation varied from
1 mm/s to 7 mmy/s. This is the transitional region for ductile and brittle ice fracture. Under
these conditions, series of horizontal splits developed in the ice sheet. As a result of the ice
failure, the ice edge had a stepwise wedge shape. Field tests reported by Fransson [4] and
Kawamura et al. [11] yielded similar failure modes at higher rates of indentation.
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Indentation test made in laboratory [3, 6, 10, 14, 17, 21] have shown that the horizontal
splits tend to grow parallel to the ice surface. An analysis by Tuhkuri [28] suggests that this
is an essential feature of the crack growth in the condition considered here. The tests have
shown also that most of the force between the structure and the wedge shaped ice edge is
transmitted in the central layer of the ice sheet. Furthermore, the ice edge has a tendency to
maintain the wedge shape during the continuous flaking process.
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FIGURE 1: Near field zone with a wedge-shaped edge and horizontal splits.

2.2 Response of the structure

When a drifting ice flow acts on a structure, a continuous ice failure process may produce
different kind of dynamic response modes within the structure. The main categories of
structural response are: a quasi static response followed by transient vibration, steady state
vibration and the random response to wide-band stochastic excitation.

Quasi-static response with transient vibration

Fig. 2 shows a typical result of an indentation test where a compliant and narrow structure
was pushed into an ice sheet [18, 21]. A detail of the same test record is shown in Fig. 3.
This test result shows that the acceleration and the associated mass forces are very small
when the global ice force approaches its peak value during a major loading phase. A nearly
static equilibrium exists between the internal and external forces acting on the structures at
the events of maximum ice force. Therefore, we characterize the response as quasi-static.
When the ice fails, the structure moves forward against the ice edge. This occurs as a
transient vibration termed also as “spring-back”. The first part of this period with a
monotonously decreasing ice force is termed the unloading phase. If the structure is stiff
the spring-back phase is often practically the same as the unloading phase. However, a
compliant structure may continue its transient motion after a minimum load has been
reached. In this case the global ice force remains at a lowe level.
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An important feature of the transient is that it seems to stop abruptly after one or two
cycles. This basic feature can be seen also in other reported measurements on compliant
structures [5, 26]. Numerical simulations with a linear and proportional damping can not
predict this feature [2, 12, 15, 18]. Therefore, we can anticipate that the ice edge provides
an additional damping effect during the transient vibration. Indeed, Fig. 3 shows that a
hysteretic loop appears in the force vs. displacement function. A detailed study shows that
this hysteresis appears at the initial stage of a loading phase when the structure moves a
little away from the ice edge. Therefore, we conclude that the additional damping effect is
not related to the ice extrusion process, which takes place mainly during unloading.
Another explanation will be proposed subsequently.
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FIGURE 2: Quasi-static response with transient vibration [18,21].

Structural mass M =15000 kg Ice thickness h =100 mm
Spring stiffness Ks = 2.4 kN/mm Rate of indentation v =30 mm/s
Natural frequency f=2.0Hz Indentor width D =100 mm
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FIGURE 3: Details of the force and velocity signals for the test records shown in Fig. 2.

Other modes of response

The drifting ice field may occasionally induce steady state vibration in the structure. This
kind of response was measured frequently on two channel markers in the Baltic Sea [12,
24]. The measured acceleration data shows that the time signal is smooth and almost
sinusoidal. The effects of the ice force are magnified by the dynamics of the structure..

Kimi et al. [17] analysed a test condition where a very stiff concrete cylinder was pushed
against sea ice at high velocity. The measured time signal of the global force had a random
character. The amplitudes of the force fluctuation were small compared to the mean level
of the force. Similar results obtained by Sodhi [26] and Kamesaki et al, [9] suggest that
this kind of force pattern is typical in conditions where the relative velocity between the
structure and the ice edge is high. Tests with segmented indentors show that random global
forces occur in conditions where the local forces fluctuate nonsimultaneously in front of
the structure [4, 11, 26].

3. MODEL OF THE NEAR FIELD

3.1 Contact parameters

As depicted in Fig. 1, most of the damage at the ice edge occurs in the vicinity of the ice-
structure contact surface. Therefore, the ice sheet is divided into a far field and a near field
area (Fig. 4). The deformations of the far field are obtained from linear relationships [13,
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16] and only the nonlinear behavior of the near field is discussed here. The ice failure
process is controlled by the relative displacement and velocity between the ice sheet and
the structure. To consider this, the near field is divided into a set of elements E;, i =1, ...,
NS with awidth B, length L and thickness h. The displacement vector of the structure’s
boundary is defined as

w?=@f), i=1..,NS 1N

Similar definition applies for the displacements w; at the boundary between the far field
and the near field. The displacement of the ice field is denoted #* and @; is the direction
of the ice motion relative to the normal direction of the ice edge. The vector of the
compressive contact force is defined as F* = (F,-Z )

FIGURE 5: Model of the layered structure of the near field.

The preceding review of experimental data showed that brittle failure of the ice edge occurs
frequently by flaking, which is associated with horizontal splits in the ice sheet. Therefore,
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we will adopt a near field model] described in Fig. 5. The near field elements E; depicted
in Fig. 4 are divided into horizontal layers £ (i = 1,...,NS; k = 1,..., NDZ), which are
bounded by the horizontal splits.

The geometry of the wedge shaped ice edge is defined by the wedge angel ; and the
cavities d* between the structure and the layer. The wedge angle depends on the rate of
interaction. Experimental records (Fig. 1) show that the longest horizontal splits appear
close to the central plane of the ice sheet. Therefore, we assume that the length of the near
field element E; is the same as the length of the central layer £y and is given by

Ll =hcot v (2)

The other layers are assumed to be shorter as illustrated in Fig. 5. Details on the determi-
nation of the parameters Y and d ° are given in [20].

3.2 Major and secondary flaking

Ice flaking can be either symmetric or asymmetric. These two flaking modes are termed
here also as major and secondary flaking. We will now refer to the results of Saeki et al.
[25] and Jones et al. [7] to give a plausible physical explanation for the differences between
these flaking modes. These studies show that the coefficient of kinetic friction between ice
and other materials is small at high sliding velocities (v > 10 mm/s) and high at low
velocities (v < 0.1 mm/s).

)

LOW RATE

No sliding

FIGURE 6: (A) Major flaking at low rate of interaction
(B) Secondary flaking at high rate.

The condition of an incipient major flaking event is shown in Fig. 6A. The force acting on
the ice edge is usually eccentric. Due to the induced bending moment the ice sheet has a
tendency to slide vertically along the contact surface. The actual amount of sliding depends
on the friction forces at the ice-structure interface. At low rate of interaction the vertical
sliding velocity is also small. Therefore, the friction force at the contact surface is large and
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can prevent all sliding at the contact surface. High-speed photography of laboratory tests
[21] shows that the failure starts as a rapid expansion in the middle level of the ice sheet.
The flaking failure occurs symmetrically up and down.

At high rate of interaction the vertical sliding velocity is also high. Therefore, the frictional
forces at the contact surface remain low and the structure does not provide confining forces
to the ice edge and symmetric flaking is not likely to occur. As suggested in [1, 3, 6 and 28]
we assume that asymmetric flaking depicted in Fig. 6B takes place at high rate [20].

3.3 Strength distribution

In the present model we assume that each layer fails due to the compressive force applied
on it. The failure force of the layer Z is determined as

Ff =i 2o bl ©)
where pf" is the ice failure pressure at the near field element E;. This parameter is
obtained by adopting first a constant base value p™ in accordance with the nominal
contact area A;= h B. A random number generator is then used to obtain log-normal
distributed values for the failure pressure p¢". The parameters {; and c(z;) are used to
consider two kind of strength distributions. First, {; takes account for the differences
between the local ice failure forces. Experiments show [18] that the failure strength
assumes its lowest value in the middle of the structure. Second, the parameter c(zy) is used
to consider the vertical strength distribution within the near field element. The central
layers can sustain higher pressures than the outer layers. A simple cosine strength
distribution is assumed [20].

4. ICE FORCE
4.1 The interaction process

A central variable in the simulation of the dynamic ice-structure interaction is the compres-
sive displacement vector

wlt =(w;f(z), {i=_l ..... NS (4)

which incorporates the relative near field displacements of the layers. The incremental
updating equation for these displacement is

HA dz 1 d dz
wit = "wig +Awjy )
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AwE = A€ cos ; — Auf — Aw 6)

The initial condition is given by
Swig =-g/” )
where g, i=1,..,NS is an initial gap between the ice edge and the structure. The local

forces acting on the layers are determined as a function of the relative displacements,

FE =FEwi) ®)

The compressive local forces acting on the near field elements E; are calculated as
NDZ
Ff= 3 Fff ®
k=1

and the global force is obtained as

NS
F =3Ff 10)

i=

n

is the component of the local ice force in the direction of the ice motion.
n

where F?

4.2 Loading phases

An implicit time integration technique is used to evaluate the ice force as a function of the
relative displacement. Corresponding to the experimental findings, the interaction process
is simulated considering four different loading phases termed as loading, unloading, pure
crushing with extrusion and the hysteretic unloading.

Loading

A loading phase is defined as a period of ice-structure interaction where the ice force
increases. This condition prevails if the structure and the ice edge are in contact with each
other and are moving in opposite directions. In the previous versions of the PSSII
programme [15, 18] the ice force was assumed to increase as a linear function of the
compressive strain at the near field element. A nonlinear relationship derived by Kérnd and
Sippola [19] is used here with some modifications [20].

Unloading

The ordinary loading phase in a layer is followed by an unloading phase when a major or
secondary flaking occurs at the ice edge. Laboratory data shows that the drop from a peak
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load to the next minimum occurs within a time 7 that is typically 10% to 20% of the
preceding loading time. The first version of the PSSII model [16] assumed that after an
ice failure the ice force decreases as a linear function of time. A more accurate physical
model would take account of the extrusion of the crushed ice [18]. Considering the
difficulties posed by the edge geometry, a simplified version of the extrusion process is
adopted here.

Referring to basic characteristics of the unloading process, Kérni et al. [20] showed that
the unloading after a major flaking event can be simulated by the incremental force
function

2
AFF ()= 6 (F" - [L] —[ ’ ] — (1)

T ') T

where F is the peak load at the preceding event of ice failure and F* is the minimum
force level at the end of the unloading. A similar force vs. time function is used to describe
the unloading in the case of secondary flaking [20].

Pure crushing with extrusion

At the event of major flaking the near field element E; looses ice material from the whole
contact area [16]. Therefore, all the relative displacements w{,k=1,...,NDZ become
negative. This condition prevails during the unloading phase. Our simplified equation (11)
for the unloading phase is a function of time and not of the relative displacement.
Accordingly, the relative displacements w£ may remain negative after the minimum level
F# has been reached. Therefore, we define an intermittent phase of pure crushing with
extrusion, where the ice force remains at a constant level until the next loading phase.

To give a physical justification for this approach we recognize that crushed ice may exists
at the ice edge after the unloading phase. The crushed ice is capable of transmitting forces
between the structure and the ice edge and it is extruded from the contact area if the
structure moves against the ice edge. Furthermore, pure crushing at a low force level is
likely to occur at the uneven ice edge before a new loading phase begins.

Hysteretic unloading

A new loading phase at a layer begins when w& becomes positive. The loading phase
will continue as long as the incremental relative displacement Aw® remains positive but
can be interrupted before an ice failure. This happens if the relative displacement increment
Aw@  becomes negative. An intermittent drop in the contact force will occur in this
situation. This condition is related to the hysteretic phenomenon that was discussed in
Sect. 2.2.
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A plausible physical explanations for this hysteretic damping effect can be given by
considering the frictional forces associated with the layered near field model. Fig.7
depicts a condition where the central layer is loaded. Due to the compressive force the
central layer expands in vertical direction causing compressive vertical stresses on the
adjacent layers. At a load reversal the structure departures from the ice edge. Therefore, the
compressive force at the central layer is released. The friction acting on the layer surfaces
may prevent the sliding at the surfaces for a while. When the force is sufficiently low,
sliding occurs at the boundaries and the central layer rebounds towards the structure. After
a while the structure moves again against the ice edge due to its transient vibration. The
frictional forces on the boundaries of the central layer are also now opposing the sliding at
the horizontal boundaries of the layer.

ice

Au™ - cosyi —Awi Ay

" —

FIGURE 7: Damping mechanism at the near field.

Accordingly, we propose that the ice edge provides Coulomb damping which is sufficient
to cause a rapid stop of the transient vibration of the structure. Fig.7 illustrated this
damping mechanisms referring to the central layer of the near field. The other layers are
likely to provide damping in a similar way. In the numerical model we simulate the
Coulomb damping by a viscose model [20].

5. EXAMPLES
5.1 Quasi-static response with transient vibration
To verify the present formulation, some of the test conditions discussed in Sect. 2 were
simulated. The results of the computation were compared with measured response of test

structures. The test condition shown in Fig. 2 is considered first. Detailed information on
the test is given in the report [21].
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FIGURE 10: Simulated ice force and structural response in Test No 69 [Compare Fig. 2].

Figs. 8 and 9 show the measured and simulated ice force and response records for a test
where the model structure was compliant but very stiff. A comparison shows that the
simulated force and response signals are in good agreement with the measurements.
Correspondingly, Fig. 10 shows the simulated response of Test No 69 where a very
compliant structure was pushed against the ice sheet. The corresponding test results were
shown earlier in Fig. 2. Also here the simulation gives good results.
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It should be noticed that the earlier numerical models [2, 12,14, 18] did not predict two
interesting details that have been seen in many tests [5, 10, 11, 14, 21, 26]. First, the
transient vibration after a major peak force decays to a low level after one cycle. The
hysteretic unloading phase of the present model accounts for this effect. The second
interesting feature of this simulation is that the force signal F(u) shows a growing trend
during the transient spring-back phase (Figs. 2, 3 and 10). The secondary flaking process
on the wedge-shaped ice edge accounts for this effect.

Figs. 2, 3 and 10 show that the global ice force remains at a relatively low level during the
“spring-back” periods where the relative velocity is high. Nonsimultaneus secondary
flaking failure occurs at the near field elements during these periods. The events of large
peak forces occur in quasi-static conditions as simultaneous major flaking.

5.2 Steady state vibration

The channel marker described by Kdméi and Turunen [12] was used to simulate the ice-
induced vibration. An ice field with a thickness of 200 mm was assumed to drift at the
velocity of 100 mm/s against the structure. Fig. 11 shows the results of this simulation.
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FIGURE 11: Simulated ice force and structural response on a channel marker.
v =100 mm/s; h =200 mm.
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The simulated ice force has a similarity with the measured ice force in a tests condition
where ice-induced vibration occurred in laboratory [14: Test 48]. The structural response at
the water level is shown in Fig. 11. The velocity amplitude at the water level is
approximately the same as the ice velocity, as predicted in [13].

6. CONCLUSIONS

A new model was developed for the near field area of an ice sheet that experiences
dynamic interaction with an offshore structure. In this model, the ice volume close to the
structure is divided first into a set of near field elements. These elements are then divided
further into layers that are bounded by the horizontal cracks emanating form the ice edge
during the ice-structure interaction. Depending on the rate of interaction, the ice failure at
the near field elements occurs either by major flaking by secondary flaking. A hysteretic
damping phenomenon that has been seen in experiments is included in the model.

The new model is incorporated in an existing computer program for wide and compliant
structures. Simulation of a few test cases shows that the new model can predict the
observed changes from a nonsimultaneous ice failure into simultaneous failure.

ACKNOWLEDGMENTS

This work was partially funded by the Technology Development Centre of Finland
(TEKES) and by the European Union S&T Grant Programme in Japan.

REFERENCES

1. Daley C., Ice edge contact. A brittle failure process model. Acta Polytechnica
Scandinavica. Mechanical Engineering Series No. 100. Helsinki University of
Technology. Helsinki 1991. 92 p.

2. EBranti, E., Dynamic ice structure interaction - Theory and applications.
VIT Publications No. 90. 81 p.

3. Fransson, L., Olofsson, T. & Sandkvist, J., Observations of the failure process in ice
blocks crushed by a flat indentor. Proc. 11th Int. Conf. Port & Ocean Eng. under
Arctic Cond. (POAC-91). St. John’s, Canada, Vol. 1, pp. 501-514.

4. Fransson, L., Ice load on Structures. Ice testing in Luled Harbour 1993. Cold Tech
Report 1995:06, 21 p + Apps.



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

100

Jefferies, M.G. & Wright, W.H., Dynamic response of "Molikpaq" to ice-structure
interaction. Proc. 7th Int. Conf. Offshore Mech. and Arctic Eng., (OMAE-88).
Houston. Vol. IV, pp. 201-220.

Joensuu, A. & Riska, K., Contact between ice and structures. Helsinki Univ. Techn.,
Faculty Mech. Eng., Ship Lab., Report M-88 (in Finnish).

Jones, D.E., Kennedy, F.E. & Schulson, E.M., The kinetic friction of saline ice against
itself at low sliding velocities. Annals of glaciology Vol 15, p 242-246.

Kajaste-Rudnitski, J., On dynamics of ice-structure interaction. VIT Publications
No. 257. 104 p. + Apps.

Kamesaki, K., Yamauchi, Y., Horikawa, T, Kawasaki, T., Ishikawa, S. & Tozawa, S.,
Experimental Study on independent failure zone of ice crushing. Proc. 10th Int. Symp.
Okhotsk Sea Ice & Peoples, pp. 146-151.

Kamesaki, K., Tsukuda, H. & Yamauchi, Y., Indentation tests with vertically placed
ice sheet. Proc. 13th Int. Conf. Port & Ocean Eng. under Arctic Cond. (POAC-97).
Yokohama, Japan.

Kawamura, M., Takeuchi T., Akagawa, S., Terashima T., Nakazawa, N., Matsushita,
H., Aoshima, M, Katsui, H. & Sakai, M., Ice-structure Interacions in medium scale
field indentation tests. Proc. 13th IAHR Ice Symp. (IAHR-96). Beijing. Vol. 1,
Pp- 228-236.

Kimi, T. & Turunen, R., Dynamic response of narrow structues to ice crushing. Cold
Regions Science and Technology. 17(1989) 173-187.

Kimi, T. & Turunen, R., A straightforward technique for analysing structural
response to dynamic ice action. Proc. 9th Int. Conf. Offshore Mech. and Arctic Eng.,
(OMAE-90). Houston. Vol. IV, pp. 135-142.

Kirni, T. & Muhonen, A., Preliminary results from ice indentation using flexible and
rigid indentors. Proc. 10th IAHR Ice Symp. 1AHR-90). Espoo, Vol. 3, pp. 261-275.

Kirnd, T., A procedure for dynamic soil-structure-ice interaction. Proc. 2nd Int.
Offshore and Polar Eng. Conf. (ISOPE-92). San Francisco, Vol II, pp. 764 - 770

Kirni, T., Finite ice failure depth in penetration of a vertical indentor into an ice edge.
Annals of Glaciology, Vol 19. pp. 114-120.

Kirnd, T., Nyman, T., Vuorio, J. & Jirvinen, E., Results from indentation tests in sea
ice. Proc. 12th Int. Conf. Offshore Mech. and Arctic Eng., (OMAE-93). Glasgow. Vol.
IV, pp. 177-185.

Kidrnd, T. & Jarvinen, E., Dynamic unloading accross the face of a wide structure.
Proc. 12th IAHR Ice Symp. (IAHR-94). Trondheim, Vol. 3, pp. 1018-1039.

Kirnd, T. & Sippola, M., Nonlinear loading phase in ice indentation. Proc. 6th Int.
Offshore and Polar Eng. Conf. (ISOPE-96). Los Angeles. Vol. II, pp. 349-353..

Kirnd, T., Kamesaki, K. & Tsukuda H., A flaking model of dynamic ice-structure
interaction. VIT Building Technology. Internal Report RTE38-1R-7/1997, 51 p.



21.

22.

23

24.

25.

26.

27.

28.

101

Muhonen, A., Kimi, T., Eranti, E., Riska, K., Jarvinen, E & Lehmus E. Laboratory
indentation tests with thick freshwater ice. Vol 1. VIT Research Notes 1370. Espoo,
92 p.

Maittinen, M., On conditions for the rise of self-excited ice-induced autonomous
oscillations in slender marine pile structures. Winter Nav. Board, Finland, Res.
Rep., 25.

Maittinen, M., Laboratory tests for dynamic ice-structure interaction. Eng. Struct.,
3(1982), pp. 111 - 116.

Nordlund, O.P., Kidmi. T. & Jdrvinen E., Measurements of ice-induced vibrations of
channel markers. Proc. 9th IAHR Ice Sym. (IAHR-88). Sapporo. Vol. 2, pp. 537 - 548.

Saeki, H., Ono, T., Nakazawa, N., Sakai, M. & Tanaka, S., The coefficient of friction
between sea ice and various materials used in offshore structures. J. Energy Resources
Technology. Vol 108, March 1986. pp. 65-71.

Sodhi, D., Ice-structure interaction with segmented indentors. Proc. 11th IAHR Ice
Symp. (IAHR-92). Banff, Alberta. Vol 2, pp. 909 - 929.

Taylor, T., An experimental investigation of the crushing strength of ice. Proc. 6th Int.
Conf. Port and Ocean Eng. under Arctic Cond. (POAC-81). Québeck, Canada. Vol. 1,
pp- 332-344.

Tuhkuri, J., Computational fracture mechanics analysis of flake formation in brittle
ice. Proc. 13th IAHR Ice Symp. 1AHR-96). Beijing, China. Vol. 1, pp. 54-61.



102




103

DETERMINATION OF THERMAL PROPERTIES
USING REGULARISED OUTPUT LEAST-SQUARES METHOD

Jukka Myllymaki & Djebar Baroudi
VTT BUILDING TECHNOLOGY/Fire Technology
P.O. Box 1803, FIN-02044 VTT

ABSTRACT

The process of analysis in structural fire design comprises three main components; determination
of the fire exposure, the thermal analysis and the structural analysis. The thermal analysis
requires well-defined input information on thermal material properties for determining the
transient temperature state of the fire-exposed structure.

Some applications of a systematic methodology to treat identification of temperature dependent
thermal properties and of other relevent quatities from tests are presented. This method is known
as the Regularized Output Least Squares Method (ROLS). Applications of the method to
identification of thermal properties in different cases are presented. For each case, the Direct
problem consists of a set of non-linear partial differential equations which are semi-discretized via
the variational form of the heat conduction problem. The solution of the Direct problem is obtained
by time-integrating the semi-discrete equations by mean of numerical quadrature. The problem of
identification of the parameters appearing in the formulation of the Direct problem is know as an
inverse problem.

INTRODUCTION

A common feature of inverse problems is the instability, that is, small changes in the data
may give rise to large changes in the solution. Small finite dimensional problems are
typically stable, however, as the discretization is refined, the number of variables increases
and the instability of the original problem increases. Therefore regularization is needed. Both
mesh coarsing and Tikhonov-regularization have been adopted in order to get a stabilised
solution. The available a priori known physical constraints on the parameters are taken into
account in the minimisation.

The distributed parameters are discretized, usually, the thermal properties are approximated
as piece-wise linear functions of temperature. The unknowns are found by minimising a
constrained and regularised functional which is the sum of the squares of residual norm of
the errors (data - model) plus the square of the norm of the second derivatives of the
properties with respect to the temperature. An appropriate balance between the need to
describe the measurements well and the need to achieve a stable solution is reached by
finding an optimal regularization parameter. Both Newton and conjugate gradient methods
have been used in the minimisation. The Morozov discrepancy principle is used to find a
reasonable value for the regularization parameter.
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FORMULATION OF THE DIRECT PROBLEM
(HEAT CONDUCTION PROBLEM)

The basic idea is to solve the temperature field T;(x,7) in a given material region. The field
equation

pc T(x,0)=V- (WT(;,:)) +r(%,T) 1)

is the diffusion equation with r(x,7) as an arbitrary source term. The Fourier heat conduction
constitutive relation is assumed. This equations is complemented with the appropriate initial-
boundary conditions to get a well-posed problem. The boundary conditions may be, for
example, a Dirichlet type or Neumann type as for instance normal heat flux
g, =HTYT-T,)+0 & (T*~T.) with convection and radiation parts. The boundary
terms as also the source terms if present will be included into the force vector of the
discritized heat conduction equation. This will be a clear and systematic way to treat
boundary and source terms.

SEMI-DISCRETIZATION OF THE FIELD EQUATIONS

Using the standard FE-approach ,[1], one obtain the variational form of the problem (1) as
[petv dQ+ [ f/T-§de=jQrde- [ g-divdr @)
Q Q 30,

with the temperature field approximated by 7°(x,?) = N°(x)T*(¢), where the test and the
basis functions N(x) (Galerkine) linear. For instance in the case of 1-D for a linear element
we have N, (E)=(1-€&)/2and N,(§)=(1+&)/2.

The semi-descretization of the heat conduction equation (2) produces the non-linear initial
value problem

Ct,T)T@®) =11, T)-K(T)T(),t>0 (3)
T(0)=TO, t=0,

where T(t) is the global vector of the unknown temperatures.

Equation (3) is a set of # x I- non-linear ordinary differential equation. Notice that the right
hand in the equation (2) corresponds to the force vector f(z,T), which contains the
boundary terms as also all possible source terms. Equation (3) is be complemented with
appropriate initial conditions. Natural boundary conditions are already included in the
variational form (2). The essential boundary conditions will be taken into account during
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the solution process of the initial value problem. The global matrices and vectors are
assembled using standard FE-assembling techniques. The elementary conductivity matrix

K; = [A(T(®) YN(x)-VN;(x) dQ, @)

the elementary capacity matrix
C; = [p(T(x)) e(T(x)) Ny(x) Ny(x) dQ 5)

and the elementary force vector

£ = [r(T@®) Ni(x) dQ- [ §-7N(x) df (6)
o 2,

are obtained. For instance, in 1-D cases these matrices look like:

K; =211 [ MTE®) Ny@N,, ) &, G =2 sT@)T@NGN,(©) d and

£ =S [ T @N@ dz-[g, V(@] respectvely.

The elementary matrices and vectors are integrated numerically using Gauss-Legend
integration scheme. The elementary matrices and vectors may depend on the unknown
temperature.

The above mentioned integration scheme leads to consistent capacity matrix, where the
non-diagonal terms C;, (i # j) are non-zero. In some cases it is practical to use diagonal

capacity matrix (C; (i# j)=0) especially when we use Dirichlet type of boundary

condition. Using Newton-Cote integration scheme where the nodal points are used as

1

integration points and the weights of the integration are calculated as w, = IMN,dx , We
[

always get a diagonal capacity matrix.

TIME-INTEGRATION OF THE ODE-SYSTEM
Depending on the integration scheme used in equation (3) we get explicit or implicit

methods. In the case of a heat conduction problem, the time-integration gives us the non-
linear system of equations

A(tn-l ’Tn—l )T(tn) . g(tn-] 9Tn_1) =0 (7)
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for which the solution T(t) is solved from equation (8) at each time step using the fixed
point iteration procedure. The matrix in equation (7) is calculated as

A@,,.T, ) =C¢,,,T, )+ ALK, ,,T,,) ®
and the vector
g,..T,)=C@,,. T, )T, )+ AL, . T,) ®

GENERAL FORMULATION OF THE INVERSE PROBLEM

Consider a coefficient determination problem, i.e. the problem of determining a non-constant
coefficient a(y) in an initial value problem (3) on the base of the existing data about the
solution y (y is the temperature). In (3) the unknown parameters entering the capacity
matrix C(T), the heat conductivity matrix K(T) and the force vector f(T) are gathered into
the vector a(y), where y=T . The non-linear inverse problem (10) is solved using the
regularised output least squares method (ROLS). We have to discretize the distributed
unknown parameter a(y)into a certain number of sub-intervals [y,,y,,,] of arbitrary
length y,,, —y; using linear basis functions. The goal is to find out the regularised least
square solution for the vector of the nodal values &, [2]. Therefore one seeks unknowns
a, such that
min,, ,[F(@ )~ | +a[Laf (10)

where the constraints set D is the set of physically admissible parameters and the notation
"F(Zi,. )-y ” =|T:(a)-T,,|| is used. Unfortunately the data vector 7is known (or
measured) only within a certain tolerance §. Only an approximation y° satisfying the
condition ||j)‘—y8 "sﬁ is known (for example due to the scatter/data errors in the

experimental measurements) and one therefore seeks an & minimising (10) using data
infected with noise. Here 3 is the vector of measured data. The minimisation problem is
non-linear. Here either Newton or Conjugate Gradient methods are used.

The overall procedure of determination of the thermal properties (and other relevant
parameters) may be condensed schematically as follow:

Discretize the unknown vector a with respect to the temperature (if necessary) using piece-wise
linear basis functions. Guess a ‘realistic’ initial value for a and choose a value for .. Then Solve a
from the minimisation problem

° mm'eD"TFE(a X38) = Ty (X, f)" +0t||L a" with respect to a,
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where the model is T, (a; X; 1) = N(X)T(t)

and the data is T}, (X;¢) with T(t) the solution of the initial value problem:

C(a(T)) T(t) = £(a(T))- K(a(T)) T(t) & BC and IC
e The unknown parameter vector is: 5(T) e (k(T ) cp(T) b ) with the vector

b= (e WT) Q. efc...) containing the remaining relevant additional parameters we want
to estimate. The norms (Euclidean) are taken with respect to the collocation points x at

2
collocation time f as ||f(5c’;l‘)||2 . ZZ'f(f,;tj)l (i, 1) e{ collocation index set} .Lisa
i J

regularization operator (depending on the degree of regularization we want), usually the
identity I matrix or a discrete version of the Laplacian with respect to the temperature.

Since the inverse problem is ill-posed it has to be regularised. Here, in the regularised
output least squares method (ROLS) the regularization of the problem is achieved by the
use of the penalised least squares method.. The last one can be regarded as Tikhonov
regularization of non-linear problems, [2], [3] and [4]. Mesh coarsing and the use of the
available a priori known physical constraints on the parameters is also used as
regularization. In penalised least squares method one seeks a minimum for the functional

[F@)-7[ +afraf (1D

where a(>0)is a small regularization parameter depending on the noise level of the data
and L =T or some other suitable differential operator ( D' or D = Laplacian) depending on
the needed regularity of the solution. The first term in Eqs. (10-11) enforces the
consistency of the solution when the second term enforces its stability. An appropriate
balance between the need to describe the measurements well and the need to achieve a
stable solution is reached by finding an optimal regularization parameter.

The use of the Morozov’s discrepancy principle and the L-curve.

In the equations (10-11) parameter a controls how much weight is given to minimisation
2
. The

problem considered here is the appropriate choose of the parameter oo so that we can
distinguish the real signal from the measurement errors, the noise.

of “L&""z relative to minimisation of the square of the residual norm Hﬁ(&") -y

Perhaps the simplest and clearest rule to choose the regularization parameter is to set the

residual norm equal to some upper bound for the norm HI? @)-y° ” of the errors, i.e. find
o such that, [2]
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||1?(a‘)— P|<rs (12)

i
where & is the measure of the error during the time considered & * = “ ) | *drand 8 is
0

the error at certain time. An appropriate value of coefficient is R ~1,6—1,7. In connection
with discrete ill-posed problems this is called the Morozov s discrepancy principle.

Another, more recent alternative is to base the regularization parameter on so-called L-
curve [3] and [5]. The L-curve is a parametric plot of the measure of the size of the
regularised solution and the corresponding residual. The underlying idea is that a good
method for choosing the regularization parameter for discrete ill-posed problems must
incorporate information about the solution size in addition to using information about the
residual size. Usually the L-curve has a distinct L-shaped corner located where the solution
changes in nature from being dominated by regularization errors to being dominated by the
errors in the right side. Corner of the L-curve corresponds to a good balance between
minimisation of the sizes, and the corresponding regularization parameter o is a good one,
[4] and [5]. In the calculation examples presented here, this corner is seldom seen,
therefore the Morozov discrepancy principle was preferred.

APPLICATION TO HEAT CONDUCTION PROBLEMS
OF FIRE ENGINEERING

Thermal diffusivity of a nickel wire

The thermal diffusivity k¥ (= AMpc) of a Nickel alloy (95 % Ni) was estimated using
temperature measurements. The problem is formulated by the /-D heat conduction

equation pcT —AAT = pr=20,,./ L, , where L, is the total length of elements 1 and 2. In
this example the FE-direct formulation was constructed using two linear elements.
Diagonal capacity matrix was used and this leads to the initial value problem
T, =-2BxT,+2¢ / L,(T, / L + T,/ L, )+ 20, / pcLy,, where B = (I/L; + I/L,)/L;; . The
index k in T represents the number of the thermocouple, Fig. 1b). T} and T; are the
measured temperatures (Direchlet BC).The energy conservation equation includes an
unknown loss term Q,,, Which is part of the parameters to be estimated. Q,,, takes into
account heat loses from the wire into the insulation. Thus the unknowns are 2 = (Qjq » X ).
The cylindrical wire is of diameter 0.5 mm and heated at one free end (TC1), Fig. 1b). The
wire was thermally insulated by a thick layer of mineral wool in order to get a 1-D
problem. The wire was initially at ambient temperature. The temperatures were recorded
using thermocouples at specified points, Fig. 1b). The whole temperature history was used
in the inverse problem.

The parameters were estimated as a = (Qy, =Vp T, k)= (-1.08 W, 2.133x10” m%/s). The
heat loses are over a length of the wire L;, = 4.7 cm. The thermal conductivity was then
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deduced as A = 80 W/m K. The density of the Ni-alloy was 8447 kg./m3 and its thermal
capacity ¢, was fixed to 444 J/kg K. The values presented in literature for the next Ni-alloy
(Ni 80 % and Cr 20%) are: A = 15 - 104 W/m K and ¢, = 460 - 500 J/kg K. These values
agree well with the value A = 80 W/m K calculated although the Ni-alloy we used in the
experiment was 95 % Ni 3 % Al and 2 % Mn. Hot point

Ni 95%-alloy: Test 20.5.1997 ROLS

TC3 TC2 TC1 / -
2 PPY a1
g
g <« — LY 0 i
: 1=
235 mm I >

-,

10

o 60 120 180 240
Time (s)

[o=TT—o—TR -7 —W_Fﬁm

Figure 1. a) Measured (markers) and calculated (continuous line) temperatures at
locations TC1, TC2 and TC3. b) A schematic view the Ni-wire and configuration of the
thermocouples TC1,TC2...TC5.

Heat capacity and thermal conductivity of gypsum board.

Cone calorimeter tests in horizontal configuration at a heat flux level of qcy,, = 25 kW/m®
were performed. The test specimen consisted of a 13 mm thick gypsum board (density 721
kg/m”) laying on a 30 mm thick layer of mineral wool (Fig. 2). The surface area exposed to
the heat flux was A;=100 mm x 100 mm. There was a 10 mm thick aluminium plate under
the gypsum board in one test. In an other test there was no aluminium plate present. The
first gypsum example presented uses data from the test without the aluminium plate. The
temperature of the upper surface of the gypsum board was measured using an infra-red
temperature measuring device The temperature profile inside the specimen as a function of
time was measured using thermocouples.

llllllllll*ﬂﬂwm

— IR--temperature measurement

<— Gypsum board
g\ <— Aluminium

™ Mineral wool

i ﬁ Thermocouples

1
q
i

Figure 2. A schematic representation of test arrangement in cone calorimeter test for
gypsum board.
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The problem is to estimate the heat capacity ¢, (T) and the thermal conductivity A(T) of a
given gypsum board from temperature measurement tests. Two tests was performed. In this
first example the specific heat of the gypsum board was calculated. The specific heat is
discretized using piece-wise linear basis function with respect to the temperature

o= z N;a;(T) . The conservation of energy in the gypsum board can be written as

[pcTdV =~ [G-@dl + [ prdV (13)
Vv ov vV

In the present example the source term in the equation is incorporated into the effective
specific heat. The equation (13) after semi-discretization reads as

(1) = = F(T(x:0.0), (14)

g A

qcane pc(?)y

where T(f)= l/dJ. T(x;t) dx. The ODE (14) is integrated numerically using the explicit
d

Euler scheme

Ixal

Tt =T+ [T @) ~T(t)+ F(T (@)t (15)

The specific heat c,(T) was the regularised solution of the constrained minimisation
problem

mln( T;esl (t) - iﬂlc.(a; t)

The solution of (16) is found from the domain of physically admissible functions which
takes into account the possible range of the unknown parameters a; The equation (16) is
non-linear for which a solution is found using Newton method. A reasonable degree of
regularization (the value of the regularization parameter o) is found using the Morozov’s

'zRS (R = 1.6 and a = 0.00001). The

‘2+a||L5||2), with a; & D(@) (16)

discrepancy principle ”TS - T‘c e (52 ")
accuracy of the temperature measurements in these tests was estimated to be
|75 6)-Tt)| <8 ~ [2°C et ~ 98°Cs.

tuo
The results of the calculations are shown on Fig. 3. The relative amount of humidity (mass
of water / total mass of gypsum) in the gypsum board was calculated from the peak of the
calculated specific heat was found to be equal to 21 %. Experiments show when drying the

gypsum boards that the water contents was about 18 % in the temperature range < 200 °C.
This is with agreement with the results of the calculation.
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Figure 3. a) cat'cufared specific heat of the gypsum board from cone calorimeter
experiment At 25 kW/m’. b) Measured surface temperature, bold lines, the calculated in

thin line.
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Figure 4. a) Calculated specific heat and therma! conductivity of the gypsum board from
cone calorimeter experiment at 25 kW/m’. Test data for the thermal conductivity after
Pettersson [5] is shown for comparison. b) Measured surface temperatures and the
temperature of the aluminium plate, bold lines, the calculated in dotted thin line.
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The second test the was similar to the first test except for the aluminium plate. Directly
under the gypsum board an aluminium 10 mm thick aluminium plate was present. The
temperature of the test specimen was recorded as in the first example. The temperature
distribution inside the gypsum board was approximated linearly and the aluminium
temperature as constant in the space dimension. Here both the specific heat c,(T) and the
thermal conductivity A(7) were the unknowns a = (.c,(T) , MT)). They were both
discritized using piece-wise linear basis functions in respect to the temperature. Figure 4
shows the results. Also the thermal conductivity of gypsum after Pettersson [5] is shown
for comparison.

Heat capacity of an aluminium bar

Let us consider a case were a uninsulated aluminium specimen, a bar, (2700 kg/m®) is
placed in an oven in order to be tested at high temperatures. The specimen is surrounded by
the oven, but the ends of the specimen are clamped into steel rods so part of the heat flow
escapes through the ends of the specimen. The heat conduction problem is dealt as one
dimensional where it bas been assumed that heat loss O, =q,4. /cyp 44, d, is

constant.

The inverse problem is - given the measured temperatures - to find the effective heat losses
Qyoss (from the aluminium specimen to the surrounding), the effective heat convection
coefficient # (between the specimen and the heater), the resultant emissivity & of the
aluminium alloy and the thermal capacity c,(7) of the aluminium alloy. This last one is
temperature depended (discretized with respect to the temperature by linear basis
functions). Therefore the unknown vector of parameters is a = (c,(7) , h, €, Qo5 ).,
where 4, is the sum of the areas of the ends of the specimen through which the heat
losses, to the surrounding, happen.

Tests have been conducted at Helsinki University of Technology in a project dealing with
the high temperature properties of aluminium [7]. Temperature of the oven is controlled in
certain way to obtain a constant temperature of the specimen during the test or specimen
temperature that has a certain rate, Fig. 5b) and 6.

The unknown parameter vector a have been solved fitting all the three tests (with
temperatures shown on figures 5a) and 6) were used simultaneously as data. It was found
that » = 10.4 W/m®> K, £ =0.11 and Oloss = -0.74 W. The calculated specific heat capacity
of the aluminium allow is shown in Fig 5a) as a function of the specimen temperature.
These calculated values seem to be reasonable (for pure Al values of ¢, = 900 J/kg K at 20
°C are given in literature). The measured temperatures of the oven and specimen and also
the calculated temperatures of the aluminium specimens are shown in the Figures 5a) - 6.
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Figure 5 a) Calculated heat capacity of the aluminium alloy. b) Measured and calculated
temperatures of aluminium specimen in heating oven, transient test. The upper curve
represents the temperature of the oven.
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Figure 6 a) and b) Measured and calculated temperatures of aluminium specimen in
heating oven in two different tests # 2 and # 3. The upper curves are the temperatures of
the oven. The lower curves, those of the aluminium specimen (calculated and measured).

Thermal conductivity of the mineral wool

The thermal conductivity as a function of the temperature is determined from ‘full scale’
fire tests. The heat loses are also estimated. Thus the problem is to estimate the thermal
conductivity and the ‘heat loses ‘ terms appearing in the energy conservation equation. The
heat loses , in the direction perpendicular to the cross section, are the terms Q,; (through
steel) and O, (Wool). These terms are due to the treatment of the original 3-D heat
conduction problem as of 1-D problem.



114

Therefore, the inverse problem consists of estimating the thermal conductivity of the
thermal insulation (rock wool) as a function of the temperature using data (measured
temperatures) from ‘full scale’ fire tests of insulated steel structure, i.e. a=(AM(T) Q; O,).

Consider the case of an insulated steel structure, Figure 7. The direct problem is now dealt
as one dimensional problem using three elements. One element is used for the steel part
and two linear elements for the insulation part. For the steel part it is assumed that the
temperature is uniform (one basis function N, =1).

_ e
. d, | d2|d3
Steel section = . .
| Protection
\ rf
Tl :TS

| / Q
Temperature / p T3 :Tg

approximatio ——f

X

\_ Steel column sectri'on 50x50x5
Steel section 40 x 40 x 4 |

Figure 7. The cross section of the test columns and one dimensional idealisation of
insulated steel structure in fire, linear elements at the fire protection.

Fire resistance tests on steel columns were performed at the VIT Fire [8]. The columns
were rectangular hollow sections with the cross-sectional dimension (RHS 40x40x4 and
RHS 50x50x5). The length of the columns was 900 mm with the end plates. The columns
were protected with 20 mm thick rock wool (density 220 kgr‘ms). The specimen was
applied to the fire exposure of 15 °C/min during 65 min, Fig. 8b.

The temperatures of each column and of the furnace gas were measured at three cross-
sections using a total around 24 thermocouples.

In the first case only the temperature of the steel section was measured and in the second

case also temperature of the fire protection at the centre was measured (Fig. 7b). In both
cases the direct problem was formulated using two linear elements in the fire protection as

[Cll C]Z] (T;) +|:Kll KIZ:I (Tij =_[K13Tg +C]3jjgj (17)
C21 C22 T’2 K21 K22 T2 K23Tg + C23Tg

The system (17) of ODE’s was integrated using explicit Euler scheme.
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Integration of the heat conductivity matrix K° and of the force vector f° are performed
using one Gauss integration point at the centre of the elements. The element capacity
matrix C° was integrated using two-points Newton-Cotes integration (at the nodal points of
the element, & =-1 and £ = +/ in Eq. (17)) in order to get a diagonal matrix (Cij = 0, when
i different from j, i.e. C;, Cy3 C,3 and Cy; in Eq. (17) are all zero). In this way we avoid
unstable numerical differentiation of the 7, in Eq. (17), since the gas temperature is very
noisy as seen on Fig. 8b (the upper curve). With Dirichlet boundary condition 7, =T,

(surface temperature of the fire protection is same as gas temperature).

Following values of parameters were assumed in the calculation: density of the fire
protection p, =220 kg/m’ , specific heat of the protection ¢,=1000 J/kgK, density of steel

p,= 7850 kg/m® and specific heat of the steel ¢,=540 J/kgK. The mean of the measured

temperatures of the steel section and of the insulation (at the midpoint) at the centre of the
column were used as collocation points.

Thus, the effective thermal conductivity A(7") was found as the regularised solution of the
constrained minimisation problem

min(

where the operator Lis the central difference discretization of the second
derivativesd°A (T)/8 T* of the thermal conductivity. The accuracy measurements of the

j\'-;e.\'l’S (t) - Tc’alc.(a; t)

i +a||LxH2} with 1., < D(E) as)

<3~ [10°Cdt when applying the
t

®

temperature was estimated to be

7 (- Tr)

Morozov discrepancy principle.

The solution of the problem is presented in Fig. 8a) and compared with the values provided
by the producer of rock wool (the dashed line). For the heat loss one get (Q1,Q,) = (-2.2, -
0.4) W. The calculated temperature history (for one test) is compared to the experimental
one in Fig. 8b. Legends for Figure 8a:

o The balls (column: 40x40x4), calculated using two elements and two collocation
points (the steel and the mineral wool)

e The triangles (column: 40x40x4), shows the same as the balls but only one
collocation point was used (the steel temperature)

o The squares represent the case where two data tests were used simultaneously
(column 40x40x4 with two collocation points: the steel and the wool at the
midpoint and column 50x50x5 with one collocation point: the steel). The
temperature calculations were made using two elements for both columns.

e The dashed line shows values provide by the producer.
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Figure 8. a) Calculated thermal conductivity of mineral wool using different number of
elements and collocation points with test data (columns: 40x40x4 and 50x50x5). b) The
calculated temperatures (thick) and the measured ones (thin) for the case of 40x40x4
column (the temperature of the protection at the midpoint and of the steel). The upper
curve represents the gas temperature.
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MERIJAAN PURISTUSLUJUUDEN RIIPPUVUUS
KUORMITUSSUUNNASTA JA C-AKSELISTA

Eila Lehmus
VTT Rakennustekniikka
PL 18071, 02044 VTT

TIIVISTELMA

Tassd kirjoituksessa esitetdéin osa vuonna 1995 VTT Rakennustekniikassa tehtyjen
merijéin puristuslujuuskokeiden tuloksista. Koejérjestelyihin ja koekappaleiden
valmistukseen ja siilytykseen kiinnitettiin erityistd huomiota. Koesarjan tarkoituksena oli
selvittdda mm. jdakiteiden suuntautumisen (c-akselin) vaikutus puristuslyjuuteen. Kokeet
tehtiin vakiomuodonmuutosnopeudella 102 1/s lampétilassa - 10 °C. Tulosten lukum#ird
on liian pieni tarkan tilastollisen tarkastelun tekemiseksi. Tulosten perusteella voidaan
kuitenkin todeta, etti sekd kuormitussuunnalla ettd c-akselilla on merkitystd jdén

puristuslujuuteen.
1. JOHDANTO

J44n lujuusominaisuuksia on tutkittu paljon ja tiedetézn, ettd ne riippuvat monesta tekijésté.
Eriita merkittavimpia tekijoitd ovat 1ampétila, kuormitusnopeus ja jd4n rakenne. Lisiksi on
jo aikaisemmin tutkittu kuormitussuunnan vaikutusta jiin lujuuteen. Télldin kokeet on
kuitenkin tehty joko jdin kasvusuunnassa tai kohtisuorassa jéin kasvusuuntaa vastaan.
Jasssi olevat kiteet voivat tietyissd olosuhteissa suuntautua siten, ettd niiden c-akselit ovat
samansuuntaisia, jolloin kuormitussuuntaa tarkasteltaessa ei endd riitd nikokulmaksi jaan

kasvusuunta, vaan uutena asiana on otettava huomioon myds jédkiteiden suuntautuminen.
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Rakenteita vastaan liikkkuessaan jddkenttdi voi murtua monella tavalla. Kuormituksen
kasvaessa osa jddkentdstdi on puristuksen alaisena, jolloin kuormien arviointia ja
mallintamista ajatellen on hyvi tietds puristuslujuudet kolmessa suunnassa. Jidkentin

alemmissa kerroksissa jd4 on yleensi anisotrooppista ja pystykiteista.

Kirjallisuudessa on esitetty melko vihin vastaavan tyyppisid koetuloksia, koska suuri osa
tehdyistd kokeista on suoritettu laboratoriojaglle. Laboratorio-olosuhteissa jasdytetty jai ei
yleensd ole rakenteeltaan suuntautunutta. Joitakin tuloksia on kuitenkin saatavissa [1, 2 ja
3] ja vertailut osoittavat joitakin yhdenmukaisuuksia. Koemenetelmillda sekd jaan

sdilytyslampétiloilla nayttaisi olevan merkitystd tuloksiin.
2. KOEMENETELMAT

Jasindytteet Kairattiin maaliskuussa 1994 Elson Lagoonista Alaskasta laheltd Barrowia
(kuva 1.) Niytteet otettiin alueelta, jossa hieman syvempi kanava saa aikaan virtauksen.

JaAinalainen virtaus puolestaan aiheuttaa jakiteiden suuntautumista [4].

Kuva 1. Jadndytteiden kairauspaikka Elson Lagoonilla, ldhelld Barrowia Alaskassa.
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Niytteitd kairattiin sekd jdin kasvusuunnassa ettd kasvusuuntaa vastaan kohtisuoraan.
Niytteiden otto tapahtui -25 °C:een ldmpétilassa, jolloin suolaveden valumista pois
niytteestd ei pddssyt tapahtumaan. Naytteitd siilytettiin alle -23 °C:een ldmpétilassa.
Niytteet kuljetettiin lentokoneella Alaskasta Suomeen. My6s kuljetuksen aikana ldmpétila

pysyi huolellisen pakkaamisen ja hiilihappojdén avulla selvisti alle -23 °C:een.

Jaan suolapitoisuuden ja kiderakenteen sekd kiteiden suuntautumisen selvittdmiseksi
jokaisen niytteen p#istd sahattiin noin senttimetrin paksuinen kappale. Siitd hiottiin
mikrotomilla ohuthie (kuva 2.), josta polarisaatiolevyjen ja universaalipdydin avulla
madritettiin sekd kiteiden koko ettd niiden c-akselien suunnat. Kidendytteet valokuvattiin

myShempéi tarkastelua varten.

Kuva 2. Jddn ohuthie kiderakenteen ja c-akselin mddrittdmistd varten.

Puristuskoekappaleet valmistettiin -25 °C:een lémpdtilassa ja niiden halkaisija oli 70 mm
ja korkeus 150 mm. Koekappaleiden annettiin tasaantua koeldmpétilassa juuri sen verran,
etti kappaleiden lampotila oli tasaantunut. Téméin varmistamiseksi mitattiin

vertailukappaleen lampotilaa. Lampétilan muutos -10 °C:een koeldmpétilaan vei 2,5 tuntia.
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Lampétilan tarkan seurannan tarkoituksena oli estdd suolaveden aiheuttamat muutokset
jaan rakenteessa. Suolaveden aiheuttamia muutoksia jazhin (mm. mikrobalkeamien

syntymist#) on kuvattu tarkemmin l4hteessa [5].

Puristuskokeet tehtiin VTT Rakennustekniikan pakkashuoneessa. Tasaisen puristuksen
varmistamiseksi koekappaleiden pédt hiottiin yhdensuuntaisiksi. Pdiden tasaisuutta ja
yhdensuuntaisuutta mitattiin profilometrilld. Sallittu poikkeama oli £0,15 mm. Lisdksi
kappaleen piiden ja kuormitustelineen viliin asennettin 8 mmn kumilevyt ja
kuormitustelineen toinen pad nivelditiin. Kokeissa pyrittiin  saavuttamaan vakio
muodonmuutosnopeus 102 1/s ohjaamalla kuormituslaitteen siirtymaa. Siirtyméohjaukseen
kéytettiin kolmen siirtyméanturin keskiarvoa. Kuvassa 3 on esitetty koejérjestelyt. Kaikki
kokeet kuvattiin videolle, josta voitiin jilkikédteen tarkastaa ensimmaéisen murtuman luonne

ja ajankohta.

Kuva 3. Puristuskokeen koejdrjestelyt.



123

3. KOETULOKSET
3.1. Kuormitus jifin kasvusuunnassa

Jé4in kasvusuunnassa otettujen naytteiden ylalaita alkoi 42 cm:n syvyydeltd ja&n pinnasta,
jossa jdin rakenne oli selvésti pystykiteistd. Kuormitussuunta oli kohtisuorassa jéin c-
akselia vastaan. Naytteiden suolapitoisuus vaihteli valilld 4 - 5,5 %o. Koesarja kasitti viisi
koekappaletta, jotka murtuivat halkeamalla lahinnd kiderajoiltaan. Murtumista vastaavat
puristuslujuudet on esitetty taulukossa 1. Taulukon arvoista laskettu keskiarvo on 7,97
MPa. Halkeilun jilkeen kappale kesti yleensd vield kuormitusta kunnes yksittdiset kiteet
murtuivat. Vaihtelu kiteiden lukumasrassi, koossa ja pituudessa aiheutti tuloksiin suuren

hajonnan.

Taulukko 1. Jicin kasvusuunnassa kuormitettujen koekappaleiden puristuslujuudet.

Koekappaleen | Suolapitoisuus Limpétila Puristuslujuus
numero [%o] [°Cl] [Mpa]
2 4 -10 6.75
4 5.5 -10 7.27
5 5 -10 10.39
6 5 -10 9.61
23 5 -10 5.84

3.2. Kuormitus horisontaalisesti jid{in kasvusuuntaa vastaan kohtisuoraan

Vertailun vuoksi tehtiin vastaavia kokeita myos jadn kasvusuuntaa vastaan kohtisuorassa
suunnassa. Koekappaleet otettiin 65 cm:n syvyydeltd jddn pinnasta. Jadn kasvusuunnassa
kuormitettujen  koekappaleiden keskikohta oli suunnilleen samalta syvyydeltd.
Vaakasuuntaiset koekappaleet valmistettiin siten, ettd kuormitussuunta oli joko c-akselin
suuntainen tai sitd vastaan kohtisuora. Tuloksia tarkasteltaessa puristuslujuudeksi valittiin

ensimmiiseen murtumaan liittyva arvo, vaikka se ei kaikissa tapauksissa ollut suurin.
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C-akselin suuntaisesti kuormitettiin viisi koekappaletta, joiden keskiarvoksi saatiin 7,27
MPa. Tulos vastaa hyvin lihteessd [5] esitettyjen 42 cm:n syvyydelti otettujen
koekappaleiden tulosten keskiarvoa, joka on 7,23 MPa. C-akselia vastaan kohtisuorassa
suunnassa tehtiin nelja koetta, joiden tulosten keskiarvo oli 5,84 MPa. Yksittdisten

kokeiden tulokset on esitetty taulukossa 2.

Wang [3] on saanut samantyyppiselle merijéille arvoiksi 8 MPa c-akselin suuntaisella
kuormituksella ja 6,5 MPa c-akselia vastaan kohtisuorassa kuormitussuunnassa. Lampétila

oli molemmissa koejéarjestelyissé sama.

Taulukko 2. Jddn kasvusuuntaa vastaan kohtisuorassa suunnassa kuormitettujen

koekappaleiden puristuslujuudet.

Koekappaleen | Suolapitoisuus | Kuormitus- | Puristuslujuus
numero [%o] suunta [Mpa]
68 5 c-akselin 8.83
suuntainen
71 5 c-akselin 727
suuntainen
77 4.5 c-akselin 8.05
suuntainen
80 5 c-akselin 5.45
suuntainen
82 5 c-akselin 6.75
suuntainen
86 5 kohtisuorassa c- 5.97
akselia vastaan
93 4.5 kohtisuorassa c- 4.42
akselia vastaan
96 5.5 kohtisuorassa c- 7.27
akselia vastaan
98 5 kohtisuorassa c- 5.71
akselia vastaan
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4. JOHTOPAATOKSET

Kuormitettaessa jaan kasvusuuntaan, c-akselia vastaan kohtisuorassa suunnassa,
puristuslujuuden keskiarvoksi saatiin 7,97 MPa, miké on paljon suurempi kuin vastaava
arvo jain kasvusuuntaa vastaan kohtisuorassa, 5,84 MPa. C-akselin suunnalla ei tdlla
tavoin paateltynd niyttdisi olevan merkitysté jé4n puristuslujuuteen, koska pystysuuntainen
arvo on 36 % suurempi kuin vaakasuuntainen arvo. Jdin anisotrooppisuudesta johtuen
puristuslujuuden suuriin eroihin on todennikéisesti olemassa muita syitd, joista ehkd
selkein on suolataskujen sijainti ja muoto. Lihteesséd [5] on kuvattu suolataskujen muodon
muuttumista lmmitys-/jasdytysvaiheiden aikana, jolloin suolataskujen reunoille saattaa
muodostua jannityskeskittymis, jotka vaikuttavat puristusiujuuden arvoihin enemmén kuin
c-akselin suunta. Vaakasuuntaisessa kuormituksessa ero on kuitenkin selvd, c-akselin
suuntainen kuormitus antaa arvoksi 7,27 MPa ja vastaava c-akselia vastaan kohtisuora vain

5,84. Eroa on siis 24 %.

Vaikka tehtyjen kokeiden mésrd on pieni voidaan niiden koetulosten perusteella todeta,
ettd jaan puristuslujuuden arvo riippuu paitsi kuormitussuunnasta mydos jdin c-akselista.
Merkitysta tilli on erityisesti silloin, kun tarkastellaan merirakenteille kohdistuvia
jaskuormia alueilla, joissa c-akselin suuntautumista on tapahtunut. Laboratoriojéglle

tehdyissa kokeissa c-akselin suuntautumista on ollut vaikea ottaa huomioon.

LAHTEET

L. Peyton, H.R., (1966), “Sea Ice Strength”, Geophysical Institute, University of
Alaska, Report UAG R-182, Final Report, Office of Naval Research, Contract
No. Nonr 2601(01), December 1966.

2. Saeki, H., Nomura, T., and Ozaki, A., (1978), “Experimental Study on the
Testing Methods of Strength and Mechanical Properties for Sea Ice”,



126

Proceedings IAHR Symposium of Ice Problems. Part 1. Luled Sweden, August
7-9, 1978, pp. 135 - 149.

Wang, Y.S., (1979), “Sea Ice Properties”, Technical Seminar on Alaskan
Beaufort Sea Gravel Island Design, Exxon U.S.A., Anchorage, Alaska, October
15, 1979.

Weeks, W.F. and Gow, A.J., (1978), “Crystal Alignments in the Fast Ice Arctic
Alaska”, Journal of Geophysical Research 85(C2), pp. 1137 - 1146.

Lehmus, E., Kérni, T., Tanabe, A., Yoshizawa, M., Ishibashi, Y. and Sackinger,
W., (1996), “Compressive strength of natural sea ice in horizontal loading”,
Proc. of the sixth international offshore and polar engineering conference. Los

Angeles, USA, May 26-31, 1996. VoLIL pp. 285 -290.



127

ANALYSIS OF SANDWICH PLATES UNDERGOING LARGE DEFLECTIONS
FOR TAILORING

MARKKU LAITINEN, MIKA JURVAKAINEN, ANTTI PRAMILA
University of Oulu
Department of Mechanical Engineering
Engineering Mechanics Laboratory

ABSTRACT

The aim of this study was to develop a suitable solution algorithm for the bending problem
of a laterally loaded geometrically nonlinear sandwich plate for future implementation into the
LAMINV-program system which solves the problem by inverse technique. The sandwich
plate analysis includes the Reissner-Mindlin hypothesis with the von Karman displacement
field. The solution method for the nonlinear deflection of the sandwich plate is the Ritz
method with direct minimization of the total potential energy. Preliminary comparison with
existing FEM-solution indicates reasonable agreement

INTRODUCTION

The purpose of this study is to develop a solution algorithm to be used in the inverse method
in the design of sandwich plates undergoing large deflections. The geometrical nonlinearities
become significant, when deflection of the plate exceeds the half of the thickness of the plate.
The favorable stiffness and weight properties of composite materials are not fully utilized,
when a linear deflection theory is used.

The use of composite materials offers the designer many possibilities to tailor the response of
the structure. By changing the design variables, e.g., the ply orientations and/or thicknesses,
and the thickness of the core, different structural properties can be created for a sandwich
structure. When specific properties are to be created, the trial and error method is likely to fail.
In the solution of the inverse problem, the designer wishes to find the design variables so, that
the structure deforms in a specific way for given loads. The solution of the inverse problem
often leads to a minimization problem, where one minimizes the difference between the
desired value and the calculated value. Generally the solution of the inverse problem is not
unique; several design variable combinations can fulfill the demands.

Various plate theories are suggested for the analysis of sandwich plates. Among the most
widely used are the first order shear deformation theory (Reissner-Mindlin), higher order
theories and the discrete layer theory. When geometrical nonlinearities are to be taken into
account, each of these theories can be modified to include the von Karman type large
deflection assumptions. From the computational point of view, the Reissner-Mindlin theory
is of course the most easily applicable. The higher order theories and especially the discrete
layer theory are computationally expensive in practical cases.
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For a sandwich plate analytical closed form solutions are found only in few special cases and
numerical methods are to be used. The designer must choose the most efficient discretization
method in order to perform the solution of the inverse problem with resonable computational
effort. The most suitable discretization methods for sandwich structures are the finite element
method (FEM) and the traditional Ritz method. The advantage of the finite element method
is that more complex geometries can be analyzed and the disadvantage is, that the CPU-time
increses considerably, when more elements (more d.o.f.) are used. The advantage of the Ritz
method is that fewer degrees of freedom are needed, and the disadvantage is, that the method
is suitable only for simple geometries. Since the geometry of the structure investigated here
is very simple and the solution is required several times during the minimization, the Ritz
method is chosen for the discretization.

LAMINATE THEORY
Let us take a brief look at the classical laminate theory in order to illustrate the macro-

mechanical behaviour of some important types of laminates. The force-deformation equation
of a general laminate is

(N.] [4y 4, 4 By, By By £,
N, A4, A, Ay B, By By 83

) i | Ay Ay Ay B By By ) ng (1)
M [ B, B, Bg D, Dy, Dg||x, ,
M, B, B, By D, Dy Dy||x,

_M-ly, _Bl6 By, By Dy Dy Dss_ ury

where the A is the extensional stiffness matrix, B is bending-extension coupling and D is the
bending stiffness matrix. The presence of the B-matrix implies coupling between bending and
extension of a laminate. It is impossible to pull on a such laminate without at the same time
bending and/or twisting it. The stacking sequence of these laminates is unsymmetric with
respect the geometric mid-plane of the laminate. Usually, the symmetric stacking sequencies
are preferred for obvious reasons. For these laminates, the B-matrix vanishes and extension
and bending are decoupled. If the laminate has got an angle-ply stacking sequency, there still
exists at least the bending-twisting coupling, namely the terms D, and D (transversely
isotropic layers). This coupling still prevents the analytical closed form solution.

The simpliest case for orthotropic laminates is the specially orthotropic case. In that case, each
layer is stacked symmetrically with respect to the geometric mid-plane with 0° and 90°
orientation angles (additionally, there can also be isotropic layers in the laminate, typically the
core, provided, that the stacking sequence is still a symmetric one). For this type of laminate
the B-matrix and the coupling terms 44, 4,5 Dis, and I}; vanish. This type of laminate is
often used, since it is easily manufactured. The drawback is, that the designer has to give up
the possibility to use ply orientations as design variables.

When Reissner-Mindlin theory is used, shear force-strain relations are needed

{Qy} _ [ KA, kK, Aﬂ {vﬂ} @)
Qx kl kZ A45 kzz AES ‘Yﬂ
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where k, and &, are the shear correction factors. These factors can be derived using energy
principles for constant and parabolic transverse stress distributions and imposing the equality
of these two, as is done in /1/, and /2/. With proper correction factors, sandwich plates can be
analyzed quite accurately.

PLATE THEORY USED

With the present day computer capabilities, the suitable sandwich plate theory is the Reissner-
Mindlin (or YNS) plate theory. In this theory, the planar sections remain straight, but are
allowed to rotate during deformation. Since this study is focused on the large deflection
analysis of composite plates, the following deformation kinematic relations include the von

Karman -type nonlinearity.

The Reissner-Mindlin-type (YNS) displacements in the plate can be written as, /3/,

ulx,y,z) =u’ (x,y) +z ¢, (x,y)

v(x,y,2) =v° (x,p) +2 9, (x,») 3)

wix,p,z) =wx,y),

where u, v, and w are the displacements anywhere in the plate; u° and 1° are the displacements
of the mid-plane, and s, and ¥, are the rotations.

Since we investigate the large deflection of laminated plates, the nonlinear strain-displace-
ment relations are used, /4/,

1(3% +2‘1+£&3ﬁ} @

eij=5 i

dx; dx, dx; dx,
For brevity we have used in the above equation the indicial notation in a standard way, ie.
X,;=X, X,;=Y, ... , uy=w. If the in-plane displacement remain small and the transverse displace-
ments (deflection) moderate, the in-plane rotations can be neglected and the usual von
Karman equations for large deflections are obtained.

Using equation (3), the final form of the strain-displacement relation is
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where engineering notation is used and w, is the initial deflection of the plate.

RITZ DISCRETIZATION
The principle of the minimum potential energy states: "Of all the admissible displacement

fields, the one that minimizes the total potential energy of the structure quarantees equilib-
rium." Mathematically the problem is formulated as follows

i “i

. (1
min“H=mmu(EI C,g¢e;dV- _[f,zgdS) ©)
where u denotes the displacement field and the first integral is the strain energy, the second

integral being the potential of the external load set.

Using all assumptions above, the strain energy of the plate can be expressed as a function of
the five unknowns «°, v°, w, U, and s, . The strain energy of plate is then

_1 T T T T X 7
U—E_[Q(e Ae+2¢"Bu+x"Dx+yT Ay)de, @

where Q denotes the mid-plane of the plate, the vector € contains the midplane strains, the k
contains the curvatures, the vector ¥ contains the transverse shear strains and the matrices
have their standard meanings (see eqgs. (1) and (2)).

The mid-plane strains can be separated into linear and nonlinear parts &, and €y,. Then, the

strain energy can be broken into following components, /5/, each having a specific meaning.
The in-plane stretching of the plate (linear membrane behavior)

=—I Agl t))

the geometric coupling between in-plane deformations and the deflection
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1
U, = Efsz (2¢7A¢,,)aQ,
the fourth order terms in the deflection w
U, = Z (81Tv1A Em)dg '
2 Je
the material coupling between in-plane deformations and the deflection
U, =1( (2¢Bx)ae,
2 Je
the material/geometric coupling between in-plane deformations and the deflection
_ [, (2ehBx)
U, = EIQ 27, Bx)dQ,
the bending stiffness of the plate
U, =+ («"Dx)a
s~ %) ’
and the transverse shear stiffness

U, =%fg(vfxv)d9-

©)

(10)

(11)

(12)

(13)

(14)

These strain energy equations are greatly simplified, when the stacking sequence of the
covering laminates is restricted to be symmetric with recpect to the midplane of the plate and

even more, when specially orthotropic laminates are considered.

The potential of the external load set is
— T .
W—prdQ+J.sN uds,

where p is the transverse pressure, and N7 is the in-plane loads.

(15)

Additionally several other terms are introduced from the initial imperfection w. These terms

are obtained by substituting w, for w in appropriate places.
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BOUNDARY CONDITIONS

The potential energy approach along the Ritz method is used here, so only the geometric
(essential) boundary conditions must be satisfied, although, if natural boundary conditions are
present, the convergence is more rapid if all the boundary conditions are satisfied. The
boundary conditions can be separated into two categories (» denotes normal, ¢ denotes
tangential)
1) Out-of-plane (w, Y, and ¥, ). Simply supported; w = 0; no restrictions on y,
and U, . Clamped; w =y, = w,=0.
2) In-plane (u,, u, ). Straight edge; u, constant or zero. Stress-free edge; u, and u,
can take arbitrary values. Uniformly loaded edge; u, and 4 can take arbitrary
values.

Further on the in-plane boundary conditions can be divided into three categories:
1) All edges straight (the stiffest case).
2) The lateral edges are free to deform and the loaded edges are kept straight.

3) All edges are free to deform.

DIRECT MINIMIZATION OF THE POTENTIAL ENERGY

Usually one would take the first variation of the total potential energy and equaling it to zero
to obtain a set of nonlinear partial-differential equations. Here we use the direct minimization
of the potential energy. First we use generalized coordinates g, to obtain a discrete expression
of the total potential energy. The expression is a fourth-order polynomial as follows, /5/,

F(g)=Fq".q".9))

=Zﬁq;”+lzzK,§q£"qf”

+Z;Zk:1<.§-k " q; 9 +Z§,§ZK,§’H 947 9 97 (16)
+Z;;<‘;q;q;+,z;1<g”q{q}

+ZZJZK5M a’q) ++Z;K5w a7 q;

where
f is the load vector due to lateral uniform pressure load,
K¢ is linear membrane stiffness matrix,
K® is nonlinear membrane stiffness matrix,
KZ? is nonlinear bending stiffness matrix,
K is linear bending stiffness matrix,

K& is linear rotation stiffness matrix (rotational d.o.f. only),
K#™ is linear rotation stiffness matrix (rotational/bending coupling),

K#"* is linear rotation stiffness matrix (bending d.o.f. only)

The last three matrices are related to the transverse shear stiffness of the plate.
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This function is then minimized using unconstrained minimization algorithm. This minimiza-
tion algorithm should not be confused with the constrained nonlinear minimization algorithm
used in the inverse problem solution. Here we wish find the unconstrained minimum of the
potential energy, which gives us the nonlinear displacements of the plate. The minimum of the
potential energy is found in three steps, /4/:

1) Find the descent direction for F(q)

VE s, <0, (17)

where VF, is the gradient of F' at q,..

2) Along the line defined by s,, find the absolute minimum of F(q). This opera-

tion is called the line search.

3) Increment the unknowns to that new point and start over again until con-

vergence is reached.

There exists many suitable algorithms for this procedure, for example, the conjugate gradient
method, the Newton-Raphson method and the variable metric method (quasi-Newton
method). Here we choose the Broyden-Fletcher-Goldfarb-Shanno (BFGS) version of the
variable metric method, /6/. The one obvious advantage of the direct minimization of the

potential energy is that no incremental loading is needed as would be the case with the finite
element method.

RITZ DISPLACEMENT MODES

Next we have to decide the which shape functions we use over the plate domain Q in order
to represent the displacements. With the Ritz method, the shape functions are usually taken
as double trigonometric series in which the variables (x and y) are separable. Here we choose

u () =3 D uE
v (.y) =3 > G H,
wiry) =3 > wE H, (18)
Y, @)= 5T H,

b, @) =X 2y, E

where the functions E,, G, and T, are trigonometric functions (series) depending on the x-coor-
dinate and F;, H,, and Z, are trigonometric functions (series) depending on the y-coordinate.
These shape functions must at least satisfy the geometric boundary conditions.
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NUMERICAL EXAMPLE

As a first numerical test example we have used the one found from reference /7/. The size of
the plate was 2 m * 3m. The material properties are the same as in the above reference.

The transverse displacement of the sandwich plate due to uniform transverse pressure load is
shown in figure 1. The reference solution of Hildebrandt and our solution have rather good
overall agreement. Our solution seems to be monotonic and quite fair up to 75 kPa loading.
The reference solution has more undulations and they start earlier. At first sight there is a
peculiarity that the nonlinear analysis with the direct minimization gives larger deflections
than the linear analysis with small loads. There is, however a physical explanation for it.

E-glass / BALSA sandwich plate: Central deflections
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Fig. 1. Simply supported sandwich plate: linear and non-linear central deflections.

CONCLUSIONS

Our aim was to develop an algorithm for analysing sandwich plates undergoing large
deflections by using the Ritz method and direct minimization of the total potential energy.
The algorithm implemented seems to work rather well.
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