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Preface

These proceedings contain the papers presented at the Fifth Finnish Mechanics Days
held in Jyvaskyld, Finland, 26-27 May 1994. The First Finnish Mechanics Days were
held in Oulu in 1982, the Second in Tampere in 1985, the Third in Otaniemi (Helsinki)
in 1988 and the Fourth in Lappeenranta in 1991.

The aim of the Finnish Mechanics Days is to bring together researchers and doctoral
students whose interest lies in mechanics and scientific computing. The program of the
seminar consisted of invited lectures given by U. Lepik and E. Stein and contributed
papers.

The organizers are grateful to the participants of the meeting and to the speakers who

contributed their lectures to these proceedings.

Jyvaskyla, May 1994

Raino A. E. Makinen Pekka Neittaanmaki
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A CONTINUUM MECHANICAL APPROACH FOR
ANALYTICAL SENSITIVITY ANALYSIS
IN STRUCTURAL OPTIMIZATION

FRANZ-JOSEPH BARTHOLD & ERWIN STEIN
Institute for Structural Mechanics and Computational Mechanics
University of Hannover
Appelstrafie 9A, D-30167 Hannover, GERMANY

ABSTRACT

We present a differential geometry based formulation of structural optimization which
links continuum mechanics and computer aided design closely together to obtain very
naturally fundamental sensitivity data for the optimization procedure.

A variational principle based on a variation of the covariant basis vector in each point of
the deformed or undeformed configuration is formulated to obtain analytical sensitivity
data both for lagrangean and eulerian description of structural mechanics.

1. A CONTINUUM MECHANICAL FRAMEWORK

In this section we introduce the basic notations and mappings used in this paper. For
details see books on continuum mechanics e.g. Malvern [9], Marsden, Hughes [10]. We
freely use Einstein’ s summation convention on repeated indices.

1.1 The configurations of material bodies. The material body B consists of a compact
set of material points M. For each time ¢ from the space of time T; the material points
are mapped into the points P of the euclidean space IE® by a continuous mapping and
can be identified by their position in space.

At reference time ¢t = %, the undeformed and unstressed material body occupies a refe-
rence configuration B,. Using a fixed cartesian frame Ei, E,, E; at reference time t, we
obtain X = X2E,4. The coordinates X4 are called material or lagrangean coordinates.
All quantities of the reference configuration are labeled by capital letters. At current time
¢ > t, the material body has a deformed current configuration B, and using the cartesian
frame ey, €y, €3 at time ¢ the position of the material points is denoted by x = rFey.



The coordinates z* are called spatial or eulerian coordinates. All quantities of the current
configuration are labeled by small letters.

The deformation of the material body from the undeformed reference configuration B,
at reference time ¢, into the current configuration B; at time ¢ is given by the mapping

4 = B M)
LR I X = 4, (X).

The mapping ¢, is assumed to be continuous differentiable and for each fixed time ¢
invertible. For notational convenience we write ® without indices. Furthermore we assume
the cartesian frames of the reference and current configuration to be identical,i.e. E; = e,.
The theory can fully be developed only by using the mapping ¢ from an undeformed refe-
rence configuration into a deformed current configuration. In this context the coordinates
X4 of the material points at time ¢, are the independent variables.

1.2 The concept of differential manifold. For any further development towards intro-
ducing scalar valued design variables or formulating variational principles for optimization
purposes this approach is inconvenient because the reference configuration depends on de-
sign and is therefore not fixed. To overcome this problem in an elegant way we introduce
concepts of differential geometry to describe the different configurations of the materi-
al body, see e.g. Marsden, Hughes [10] and Abraham, Marsden, Ratiou (1] for further
theoretical background on manifold theory.

In the framework of differential geometry a configuration of a material body is considered
to be a differential manifold. This means that a finite number of smooth mappings with
local support from a fixed cartesian coordinate system into the euclidean space is sufficient
to describe any real configuration of the body. We restrict our attention to one chart
from the atlas of the differentjable manifold and introduce local coordinates 6',0% 03
to describe the vector X and thus the material point M uniquely. Using these ideas the
parameter space Tg := [0, 1]3 C IR of local coordinates 01,02%,0% s mapped by

. Te — B,
¢'{(el,e*,ea) - X =y(61,0%,0°) ®

into the space B := {B|B = ¢(B, )} of the reference configurations of all possible material
bodies. The cartesian coordinates X4 or x', respectively, can be described by the local
coordinates using the mapping ¢, i.e. X4 = XA©1, 02, ©?) and 2' = (@', 02, O, t),
respectively. The mapping between the coordinates {X “‘} or {z'} and {93} is assumed
to be sufficiently smooth and invertible for any fixed time ¢. The tangential space at any

point X € B, is given by the covariant or contravariant basis vectors

ax . 00
G; = *a@ or G'= EX— (3)

where G; -G/ = §, G;-G; = G;; and Gy; G = 6. Here Gi; and G denote the covariant
and contravariant metric coefficients, 6] is the Kronecker symbol.

1.3 Computer Aided Design and continuum mechanics. For any practical applica-
tion of modern computational methods for analyzing or optimizing structural behaviour
we should consider computer aided design as a central tool for describing geometry well



established in industry. To implement CAD into a continuum mechanical framework of
structural optimization we recall the mathematical concept. A so called patch within e.g.
a surface description is again a chart of a differentiable manifold mapping locally a para-
meter space To := [0,1]° C IR® into the real surface, i.e. again X = (©',0?,©?) for any
point X. Thus, both CAD and continuum mechanics are founded on differential geometry.
Using features already available in CAD we can calculate covariant and contravariant ba-
sis vectors G; and G for any point of the CAD geometry model representing the reference
configuration.

1.4 Variation of design using CAD. So far no comment has been made how different

designs given by different mappings ¢ are interrelated. A sequence of different bodies with

a sufficiently smooth change of design must be considered to obtain any optimal solution

by improving the objective function within some mathematical programming algorithm.
Analyzing CAD geometry representation carefully, e.g. X = 4(0',0? 0°) given by

n n ro! 02 @3

X = 3 H1(01,0%,6%) Y; and Gi=Y 3MJ(@8£§? ,©)

Jj=1 j=1

Y; (4)

where M; denote some geometrical shape functions and Y; are e.g. control point coor-
dinates of a Bézier surface description, we observe that these requirements are already
naturally fulfilled. Introducing the control point coordinates, i.e. Y; = Y;(s), or any other
naturally given or improved combination of scalar control parameters as design variables
(denoted by s) we end up with the desired sufficiently smooth parametrization of a family
of possible bodies. This parametrization is also a discretization in geometry since only a
finite number of control points can be used. Therefore once the geometrical shape functi-
ons M; = M;(©1,02,0?) are chosen we are restricted to a finite dimensional subspace of
all possible bodies.

Considering any variation of design 6X given for example by changing CAD control points
of a Bézier representation of curves or surfaces we end up with variations w; of the covariant
vector field G; given by

X J

which are actually the partial derivatives of the covariant basis vectors with respect to
design, i.e.

- =3 \507%) =5 \ae7) B~ 50705 o (5)

Thus, it is essential for the sensitivity analysis to calculate the mixed partial derivatives
of the coordinates X' of all points of the reference configuration with respect to the
local coordinates © and the design variable s. Calculating these quantities analytically
for general design variables in commercial CAD software is the central point for further
development of structural optimization.

aG; 0 (3)(‘ ) 3} (6}(‘) X

1.5 Influence of design variables on continuum mechanical functions. These
results are leading to a modification of the functional dependencies of the material body
and the reference and current configuration. Using ©',02, ©° from the parameter space
To = [0,1]° C IR® as discussed above we introduce a design variable s from the parameter



current configuration B,

?/).ZTQXT;XT,—) R3 x=¢((—)1,92,93,t,s)

parameter spaces
space Tg time T; design T;
CE |

to t So S

:81

FIGURE 1: Deformation of a body parametrized by local coordinates, time and design

space T, := IR of the design variables into the definition of the mapping 3 which enhances
equation (2). For notational convenience we use again ¢ to describe the mapping

_ ToxT, — B, ©)
Y (01,0%,6%s) - X =007 0% )

of local coordinates and design variables into the actual reference configuration. The
mapping ¥ is assumed to be sufficiently smooth with respect to ©',02, 0% and s and now
the deformation is given by

) ToexTixT, —» IR® .
771(0,0%0% 1) = x=y(01,02,6%s). (7)

The cartesian coordinates X4 or ', respectively, can be written as
X4 =X40,0%0%s) or gi= £(0',0%,0% t,s). (8)

Thus the actual configuration of a material hody in space and time is parametrized by
the local coordinates ©1,©?, 03, time ¢ and design variable s as shown in figure 1.

Introducing the displacement field u = x — X we observe the functional dependencies

u=a(X,t,5) = (0,02 6°¢s) (9)



and o = &(s,0(s)) for a model function o representing any continuum mechanical objec-
tive function or constraint (either scalar, vector or tensor valued). The stated relationship
is valid for all elastic materials where the structural response is only a function of the
total displacement vector. If sophisticated materials are considered these dependencies
must be enlarged to represent the deformation history.

2. STRAINS, STRESSES AND WEAK FORMS

2.1 Strain measurements. The deformation gradient F = Grad x with its determinant
J := det F is used to define strain measurements, e.g. C = F’F,b=FFT,2E=C-1.
These quantities are used to evaluate invariants and eigenvalues used in finite elasticity.

2.2 Strain energy functions, stresses and elasticities. The strain energy function
W of rubberlike materials used in the examples is given as a function of the invariants or
eigenvalues of the strain tensor, i.e. W= W(L,LI) = W(\1, A2, A3). As an example we
mention Ogden’ s material law

N
W =W, da) = ? (X7 + 257 + 257} + (). (10)
p=1"7P

A detailed representation of the stress tensor and the tensor of elastic moduli for isotropic
hyperelastic materials is given in Barthold (6]. We introduce the notation T for Cauchy
stresses, 7 for Kirchhoff stresses, P for the first Piola-Kirchhoff stress tensor and S for
the second Piola-Kirchhoff stress tensor and obtain 7= J T = FSFT = PF7. Using the
strain energy function W we can derive the stress tensors and the tensor of elastic moduli

2 2
gj%vgv, s oW G 08 _ oW . 20 4 OW

T= 3¢ ®=%23¢=%Y3cac =79 7 9%50g

2.3 Weak form of the equilibrium condition. The weak form of the equilibrium
condition is given by g = §(s,8(s)) =: Jint((3,0(3))) — Gezt = 0 where

Jint(s,0(8)) = /T:gradr] dv and gem = {/p—lz-ndv-i- / f-r)da}. (11)
B. B: OB..

We concentrate our attention (for notational simplicity) on gint and assume g to be
deformation independent and constant for any considered design variable s. The variation
of the displacement field is given by 9. The internal virtual work can be expressed using
the design independent local parameter space Te

Gint = ij¢ dVe and f=‘r:gradn=P:Gradf]=S:FT Grad 9. (12)
Te

2.4 Linearization of the weak form. The linearization of the weak form with respect
to some displacement increment Au can be obtained by a well known technique, see e.g.

(8]

1
Dy(g,n)- du= [ {Gra.d AuS +FC: [FT Grad Au + Grad” AuF] } . Grady dV
B,



and depends linearly on the virtual displacement g and the displacement increment Au.

2.5 Discretization using finite element method. A discretization of the unknown
displacement field u and similarly of the virtual displacement n and the displacement
increment Au using the shape functions N; = N;(©', 02, ©3) is given by

uzuh=ZN.-v.-, ﬂ%"h=z:N.’6V; and AUNAU;,=ZN;6AV.' (13)

where v;, §v; and §Av; denote the node displacement vector, the virtual node displace-
ment vector and the incremental node displacement vector, respectively, of the node i.
Assembling these node based vectors to global vectors V, §V and §AV we can write the
discretized weak form and the corresponding linearization in the following form

g gh=6VTIR=0 and Dg(¢,n) - Au = Dgn(p,n,) - Auy, = VT Kz AV (14)

where R and K denote the global residual vector and the global tangent stiffness matrix,
respectively.

2.6 A detailed consideration of the deformation gradient. Considering the above
introduced quantities it turns out that the deformation gradient F dominates all conti-
nuum mechanical functions. A careful consideration of its functional dependencies with
respect to design and displacement is the key for an efficient sensitivity analysis. For
this reason we use local coordinates to formulate F with respect to the deformed and
undeformed covariant basis vectors G; and g, i.e.

_oX _0x _0X+uw) _0X Ou __ ou__
“=3e ™ B35~ "ge ot e = Ot g = Gitui (19

Using these relationships we can write F Grad x = 1+ Grad u where 1 = G:i®G' =g; ¢’
denotes the unity tensor which is independent from design. Therefore, the displacement
gradient
du i :
H=Gradu=W®G=u,,—®G (16)
carries all information both of deformation and geometry into strains and stresses as well
as weak forms. Analyzing the displacement gradient we observe the following facts.

1. Geometry is represented by the curvilinear basis vectors G; and G' which can be
calculated using standard features of CAD at any point (0',0%,03%) € T, see
equation (4).

2. In any realistic industrial application using CAD the underlying design can be for-
mulated by a finite number of scalar variables. The number of interesting variables,
Le. the design variables which can be modified to improve the design, is also fini-
te. Thus it is very reasonable to restrict the infinite dimensional design space and
the space of all considered variations of design to some finite dimensional subspace
spanned by the chosen geometrical shape functions M;.

3. The deformation field u from the undeformed reference configuration B, into the
deformed current configuration By can be formulated as function of local coordinates
(©',0%,0°) and time ¢ € T}. Furthermore it is an implicit function of geometry, i.e.
depending on G;. This part of H is approximated using e.g. the finite element
method.



2.7 Definition of the geometry gradient. The deformation gradient F is the gradient
of the mapping ¢ from the undeformed reference configuration B, into the deformed
current configuration B,. In a similar way we consider the mapping ¥ from the parameter
space Te into the reference configuration B, and define

_9X _ X
v'= 30 ~ 06
and call this quantity geometry gradient. The determinant Jy, := det F, is used to trans-
form the volume elements of B, and Te via dV = Jy dVe where

F QE =G QF (17)

Jy :=det Fy = det [%] = det [G1, G2, G3] = {det G;- Gj]}llz = {det [G,-J.]}llz, (18)

Furthermore, it is interesting to note that Fy and its inverse and transpose can be used
to apply push-forward and pull-back operations between Te and B,.

Having these fundamental relationships in mind we proceed to present a variational sen-
sitivity analysis relying on discrete scalar valued design variables naturally introduced
by CAD. For further remarks on variational techniques in optimization and on the state
of the art on analytical sensitivity analysis see e.g. Haug, Choi, Komkov [7], Banichuk
3], Arora [2], Tortorelli, Wang (18], Souli, Zolesio [12]. Our formulation improves these
known techniques for deriving analytical sensitivity data and the subsequent numerical
realisation in several ways which will be outlined later on. We want to concentrate on
the basics of this new approach and refer to Barthold, Stein [5] for all tensor analytical
details.

3. PARTIAL DERIVATIVES WITH RESPECT TO DESIGN

In this section we consider functions depending on some scalar valued design variables s
and on the scalar variable time ¢ leading to a close relationship between time derivative
and sensitivity. In this section we restrict our attention to derive partial derivatives with
respect to the design variable s and refer to the next section on the variational approach
for total derivatives, i.e. variations.

3.1 Purely geometrical functions. The partial derivative of Jy (see equation (18)) can
be calculated using the derivative of a determinant of a tensor with respect to this tensor,
i.e.

By 0sE, O O (% p)

ds dF, ~ 0Os “os ds
aG' ‘ aG. i . 4 § aG.
= Jytr (E®G)=J¢ (—£®G).(G’®G5)=J¢G e

3.2 Strain measurements. All other strain measurements depend on the deformation
gradient F and their sensitivity can be derived from the sensitivity of F using chain and
product rule. Using either cartesian coordinates X B or local coordinates ©* to describe
the deformed configuration we obtain the partial derivatives of the deformation gradient
F = 1 + Grad u with respect to the design variable s

OF OH 0Gradu _ 9 (Bu"‘ du _ OG

—— B_ Y- o2l

Js Jds Js Os



3.3 Stresses. The stress tensor of any isotropic hyperelastic material is a function of the
strain tensors C = C(s) or b = b(s), i.e. S = S(C(s)) or T = T(b(s)). It is important to
formulate the necessary partial derivatives with respect to the design variables by using
the already calculated elasticities and the sensitivity of the strain tensors, i.e. considering

S we obtain S 88 9C . l@_C_G.a_E

ds 0C " 8s T 20s " 8s
The partial derivatives of Cauchy’s stresses T with respect to the design variable s can be
derived by using the elasticities €. The Kirchhoff stresses 7 defined as r = J T = FSFT
are used to calculate the partial derivative of Cauchy’s stress tensor T

(20)

9T _ o (l ) _cZloJ  lor
Bs 0s\J )T 23 T T
where
aJ 0 0 JF _r OF OF _1)
—_— = —— = —_— P —_— = e —F =Jtl,
55 = Bs (det F) 5F (det F) : s JF s Jtr <6s rla
and the notations
oF __ 1 T
la = N F! and dy = 5 {lA + IA} (21)

are used. The partial derivative of T can be calculated using T = FSFT, je.

r OF _ . OFT 88 . .18C]
E_ESF +FSE +FEF =lar+7Ipo+F (D.2as F.

The elasticities with respect to the current configuration ¢ and the reference configuration
C are related by

a= ] . (FT T
c:a=—F [C: (FTaF)| F
for each spatial tensor a. Using the transformations

10C 1_0S

T T
—_— = M = = = B 2
53 F'daF and «¢:da 3 F PR F (22)
we can can calcute the partial derivative of T with respect to design s by
%—f=¢:dA+1AT+Tl£—tr1AT. (23)

This results indicates that the already calculated elasticities can be used directly to deter-
mine the major part of the sensitivity of Cauchy’ s stresses. The above equation indicates
the close relationship between time derivative and design sensitivity.

3.4 Equilibrium conditions. The weak form of equilibrium is an integral formulation
depending on the domain of interest which is influenced by design variables. We consider
only the internal part of the weak form and assume that the virtual work done by the
external loads is independent from design. The virtual work of the actual stresses done on
virtual strains can be expressed equivalently in different forms (see equation (12)) and we



can use several reference or current configuration descriptions to evaluate the sensitivity.

Choosing f = S : FT Grad 5 we obtain

T Grad
o FTGradn:-a—S+S:@F oy

Os Os ds
JE OFT Gradyn
— w7 .¢.2& il )
= F? Gradg:C: aS+S. s
0E OFT Gradg | 0G:
- T Q- ; . .
= {F Gradn:C: 5= +8: —a } s (24)

It is important to observe that again € can be used to reduce the sensitivity of stresses
to the sensitivity of strain measurements. Finally it is necessary to calculate the the
derivatives of E and F7 gradn with respect to the covariant basis vectors. Using results
from tensor analysis we obtain third order tensors

. Ok R (FT Grad q)
b= — Vi 25
Mi:=p= and N 3G, (25)
Thus, we can formulate the partial derivative of f in the following way
%i=a‘-a—(,)Gi where &' :=F7 Gradg:C:M‘+S:N". (26)
3 s

Finally, the partial derivative of the weak form with respect to s is given by

dg . 0G; : . :

_—= e ' = y G'- 27

- T/ AZ2J,dve where Afi=al+f (27)
(-]

We call A the (partial) sensitivity vector of the weak form corresponding to a virtual
change of covariant basis vectors induced by a virtual change of design.
4. A VARIATIONAL FORMULATION OF SENSITIVITY ANALYSIS

4.1 General formulation of the variational principle. We start of by considering the
internal part gin; of the weak form as an example for any continuum mechanical function
(either scalar, vector or tensor valued) defined on the parameter space To in the following
way

Gint = / F(Gi,u(Gy)) Jy(G:) dVe. (28)
Te

Performing the total variation with respect to design we obtain

6g.-,.,=6[/fJ¢dVe] =/6[fJ¢] dVe=/6fJ¢+f6J,pdVe (29)
Te Te Te

Thus it is important to calculate the total variation of internal virtual work f with respect
to a variation of design which leads to

6f = %[f(G.- + ew;, u(G; + ewi))],—o

of of ou\ . of . 0f bu
{aG.-+auac;.-}"""a_c.i""”’%a_c;,-"""
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Since the functional relationship of the displacement field u for the solution for the structu-

. Ou .
ral analysis problem is not known explicitly we cannot determine e But it is important
1]
to observe that
_ Ju
n = ﬁ - W (31)

is a special variation of the displacement field induced by the chosen variation w;. Thus
we can write

§f = 6lf+62f=aa_Gf.w'+%ﬁ
= % [f(G| + € w;, U(Gi))]¢=0 + % [f(Gn U(G,') t+€ ﬁ)]€=° : (32)

Here 6, f denotes a variation of f with respect to geometry (i.e. w;) keeping t.he d.ispla-
cement field u fixed and 6;f means a variation of f with respect to the special virtual
displacement field 7 keeping geometry fixed.

4.2 Variation of Jy. Since all integrals are transformed to the local parameter space Tg
using the relation dV = J, dVs we must supply the variation

aJ,

=0 = ﬁ ’ w‘. (33)

d
8Jy = 2= [Jy(Gi + ewi)]

which is linear in w;.

4.3 Variation of objective function, constraints and the weak form. After intro-
ducing the general framework of a total variation with respect to design we can apply the
developed technique to all functions modelling the optimizing problem. The variation of
weak form with respect to design must vanish for all w; since the equilibrium state has to
be fulfilled for every design, i.e.

bg =6 / F(Gi,u(Gy)) Jy(G:) dVe | = o0 (34)
Te

This equation is valid for all variations w; of geometry and for the induced variation # of the
displacement field and can therefore be used to evaluate 7 for any given variation w;. This
procedure will be explained after formulating the corresponding discretized sensitivity
equation.

Considering any other continuum mechanical function a we can determine the tota] va-
riation via

aa 6a - : —
50‘_6_G‘.w'.+%.q_,b-w,+c~r], (35)

if for given w; the induced variation 7 was calculated. It is important to observe that §a
depends linearly on w; and 7.

Tle necessary (partial) variations with respect to design or displacement can be calculated
using standard tensor analytical arguments, e.g. as outlined in section 3.

Our discrete CAD based geometry model is an important application of the variational
formulation since it can be considered to be a finite dimensional approximation of all



11

possible shapes. Thus limiting the whole variety of infinite many possible shapes to all
shapes from a finite dimensional space of possible CAD based geometry models can be
seen as a discretization process similar to the finite element approach of approximating
the unknown displacement field u by uj. Now, it is important to distinguish geometrical
shape functions M; from shape functions N used to approximate the displacement field.

5. A DISCRETE FORMULATION OF THE SENSITIVITY ANALYSIS

The above derived sensitivity equations must be discretized corresponding to the given
finite element scheme. It is necessary to divide the discretization process up into a discreti-
zation in space using some triangulation of the reference configuration and a discretization
of the unknown displacement field. First of all we only consider the discretization in space
and assume the exact displacement field to be given over the actual domains.

5.1 Considering different domains. The problem of discretizing structural analysis
as well as sensitivity data can be discussed efficiently by introducing the following four
domains of interest, see Fig , which are connected by well known mappings. It is important
to note that these mappings are purely geometrical and independent from any continuous
or discretized solution of the structural analysis problem.

1. To :=[-1, 1]3 quadrilateral element reference domain with local coordinates £, €3, €.
2. Te := [0,1]? space of local coordinates @', ©?, 3.

3. B, reference configuration with coordinates X', X2, X3.

4. B, discretized reference configuration with coordinates X}, X, X3

An effective finite element formulation is almost formulated with respect to the local coor-
dinates &y, &2, €3 of the standard quadrilateral reference domain To and we recall that a
finite element is called isoparametric if the geometry and the displacement field are appro-
ximated using the same shape functions. Otherwise the element is called subparametric or
superparametric, respectively, depending on the actual choice of different shape functions
for geometric mapping and displacement approximation.

Furthermore the mesh generator and the mesh refinement strategy operate on the para-
meter space To to create first of all the local coordinates ©' for each node of the finite
element mesh. Finally the actual point X is calculated by inserting 0,02, 0% into the
mapping 1.

The local coordinates (£;,£2,&3) € To = [—1,1]° can be mapped into Te via

0 =Y L*(&, 2. 65) O (36)
k=1

where L* denote bilinear functions which are identical to the shape functions if four noded
elements are used and O, is the j-th component of the local coordinates of the k-th element
node.

5.2 Discretization of the displacement field. The displacement ficld u is approxima
ted by uy using shape functions N* = N k(£1,€2,&3) in the following way
nkel

uj, = (61,62, 63,8) = Z 1\7"(51762,53) 4 (s), (37)
k=1
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Box
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XA =¥h_, N¥&, &)X

FIGURE 2: Geometrical mappings connecting four domains of interest

with v} denoting the i-th displacement component of the k-th node.

5.3 Discretization representing the exact geometry. It is important to observe that
an exact triangulation of the reference configuration without introducing any discretiza-
tion error is possible by using the mapping ¢ on each triangle or quadrilateral. Thus, it
is possible to formulate some superparametric finite element method using exact CAD
formulated geometrical shape functions M;.

In this case it is appropriate to use local coordinates ©!, 92, 03 and we obtain second
mixed partial derivatives of the cartesian coordinates with respect to local coordinates
and design variable

92 XA d?
901 0s _ 007 ds

Y Mi(0',0%,0°) VA(s)

1me]

=) A0i s 8)

] n [aM-‘(@*,e?, 0%) AYA(s)
i=1

Analyzing the result it is necessary to evaluate the local coordinates 0',0%, 0% at the

quadrature points ¢;, £;, {3 using equation (36) and the partial derivatives of the geome-

trical shape functions M; with respect to the local coordinates for these values as the
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continuum mechanical part of the information. The structural optimization part is given
by the partial derivative of the control point coordinates with respect to design varibale
s. Both parts are linked multiplicatively to give the partial derivative of the local basis
vectors.

In computational mechanics cartesian coordinate systems are often easier to handle than
curvilinear coordinate systems given by G, introducing the extra transformation between
To and T, i.e. we obtain

o (dut)_2 @i.é‘&..aﬁj)_?ﬂ.%.{ﬁ(%’)}
s \3XB) ~ 33 \ ¢, 007 0XB) 8 007 |0s \0X"

where the sensitivity

a (80" _ 90! _ * XA . 007

9s \o0xB)~ ~\9x4) \00ids) \0XP?
is independent of the displacement field. Thus any discretization of the displacement field
u is separated from the sensitivity information.

5.4 Discretization using the isoparametric concept. Using on the other hand some
standard isoparametric finite element schemes we introduce an approximation error on
the geometry and on the displacement field. Considering the geometry approximation we
observe that the nodes of the finite element mesh are lying on the exact geometry with
equation (8) defining their nodal coordinates. Since the local coordinates ©!,0?, 0% are
fixed for all nodes they depend only on the design variable s, i.e. XA = X{(s) . The
interior of each element is defined using shape functions N* in the following way

nkel

X;l‘ = X}f(ﬁla€2’£3,s) . Z Nk(EI,EZaES) Xf(s) (39)

k=1
and the covariant basis vectors G; of the exact geometry are approximated by Gy;. Using
local coordinates we obtain

Gy 625(;. 9 [nkel ] nkel [6!?" axk] nkel [3&1‘ (%“, 35(:;}

8s  00ids 00ios

3_6,%7 0s

LA B
k=1 k=1 00’ Os k=1
The partial derivative of the covariant basis vectors G; with respect to design, i.e. the
variation of G; which is w; = 6G;, is approximated by the partial derivatives of finite
element node coordinates using local shape functions N*, i.e.

nkel 6}0‘1& a.i
Wp = 6Gh,' = Z [-a—& E-é*; 5xk] .

k=1

(40)

The vector 6Z := {6Xy,- - ,5X,,,,od,}T collecting the variation of all finite elemente node
coordinates §X; must be supplied using CAD and the mesh generator.

5.4 A discretized variational sensitivity analysis. A discretization step can be per-
formed for the variation of the weak form g and for the variation of any objective function
6o using standard isoparametric finite elements. Since the variation depends linear on w;
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Or Wy, Tespectively, it is possible to separate §Z (used in the discrete variation wy;) from
the integral part using the same procedure done for the discretized virtual displacement
7, to separate §V. Thus finally we end up with

8gn = 8VT [ Ar6Z + Ky 6V] =0 (41)

and we can calculate 6V via

V =-K;' A, 6Z. (42)
Here A}, 6Z denotes the discretization of equation (27). Inserting this relationship in the
discretized form of the variation of & we obtain by discretizing (35)

Sa=by6Z+ {6V = [b] +cf [ ~K7' Ay ] | 6z (43)

Here b]6Z and cT denote the discretization of (0a/8G;) - w; and da/Bu respectively.
Analyzing the above obtained matrix representation of a model function a we seperated
the influence of the virtual change of geometry from the discretized sensitivity. Here A
denotes the discretized partial sensitivity matrix of the total residual vector with respect
to the coordinates of the FE nodes which is analytical available and independent of the
actual choice of design variables. It is important to observe that both Kr (and K7') and
A, are sparse matrizes, i.e. K;! A, can be calculated efficiently being itself sparse.

6. SOFTWARE REALIZATION AND EXAMPLES

The proposed concept of structural optimization has been realized in our research ana-
lysis tool INA-OPT (INelastic Analysis and OPTimization). The described sensitivity
analysis was applied in various intermediate stages of its development to solve optimiza-
tion problems considering rubberlike materials under large strains. The overall structural
optimization algorithm and numerical details concerning the sensitivity analysis and the
used mathematical programming algorithm can be found in Barthold [6].

We present very briefly an example, where a plate with
dimensions a = 36 mm, b = 20 mm, thickness d = 1 mm
and a circular hole with radius r = 5mm was optimized
to reduce weight under displacement and stress cons- f
traints. The plate consists of an incompressible rubber ST H7A
material which can be modeled by Ogden’ s material

law, see equation (10). Using symmetry only a quarter

of the systems was considered. The plate was deformed

to an overall elongation of three times the initial length. b
The geometry of the plate was modelled using Bézier
curves and a Coons surface model. The control point =
coordinates of the outer surfaces are design variables. AT
The radius is fixed.

The finite element mesh comsists of 255 elements and
364 nodes with 698 d.o.f. The mesh was derived by using
adaptive mesh refinement strategies, see Rust [11], Zien- a
kiewicz and Zhu [14].

The deformed mesh of the initial design and the optimal design as well as the distribution
of maximal normal Cauchy stresses for the optimal design are given in figure 3.
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FIGURE 3: Displacements and stresses of initial and optimal design

7. CONCLUSIONS

In this paper a continuum mechanical theory of structural optimization is developed.
Considering the geometrical properties of a material body in the continuum mechanical
context and of patches in computer aided design we linked these two important founda-
tions of structural optimization together.

This theory is an important application of the modern variational formulations in struc-
tural optimization. Here we consider the well established CAD software systems as a tool
for discretizing the continuously derived sensitivity analysis towards an applicable discrete
geometry model. The step from any variation of shape to this proposed family of possible
shapes parametrized with well known control parameters is similar to discretizing the
unknown displacement field by finite element approximants.

The variation of continuum mechanical functions with respect to geometrical design va-
riables can be written using the covariant basis vectors in each point of the body and
their sensitivity.

A discretization process using isoparametric elements end up with a new elegant matrix
formulation of sensitivity analysis reducing the total computational effort drastically.
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CHAOS IN STRUCTURAL MECHANICS

ULO LEPIK
Institute of Applied Mathematics
Tartu University
Vanemuise str. 46-250, EE2400 Tartu, ESTONIA

ABSTRACT

The main aim of this report is to give an overview about chaotic processes in structural
dynamics. The paper begins with an introduction, where main features of a chaotic motion
are described. After that we shall examine chaotic vibrations of elastic and elastic-plastic
systems. In the last part of the paper some results of the author are presented.

1. ABOUT CHAOS

What is chaos? To give an answer to this question is not quite easy, since up to now an
mathematically exact dcfinition of chaos is wanting. A somewhat simplified definition is:
chaos is an unpredictable motion.

Investigation of chaos began with the famous work of Edward Lorenz from 1960 (although
the term ”chaos” was introduced somewhat later, by James York in 1975). Lorenz solved
numerically the following system of equations

z=10(y - )
y=zz+28x -y (1)
, 8
i=rzy— -2
Y73

It turned out that this system is very sensitive to small changes of initial conditions (e.g.
the initial values 0.506 and 0.506127 brought io quiie different solutions). Figuring the
solution in three-dimensional space Lorenz got the well-known ”butterfly” diagram.

Next contribution to chaos belongs to James York and Robert May (1975-76). They
mvestigated the mapping
np1 = r2n(1 = 2n); (2)

which characterizes the growth of populations for diflerent values of the parameter r. It
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turned out that if r < 2.7, the process n — o has a unique solution. By increasing the value
of r a period doubling takes place and we have two values for z., . If r rises further another
peried doubling is observed, after that the system turns chaotic and we get infinitely many
different values for 7., . It is interesting to mark that inside the chaotic region there are
"windows” where the motion is deterministic.

An import step was made in 1977 by Benoit Mandelbrot, who introduced the concept
of fractals”. A fractal can be defined as a continuous function which does not have a
derivative in the common sense. Many objects of nature have fractal pattern (coastline,
snowflakes, ice cristals, metal allows); fractal are also cracks in a concrete. The boundaries
of fractal structures are generally compound lines (i.e. they exist in the form of several
lines). By zooming this picture it remains fractal and more and more new lines become
evident (seli-similarity effect).

There are several methods for establishing chaotic motions. For shoriness sake we shall
consider here only two of them. Let us take an autonomous dynamic system

z1 = f(z1,%2) ) #3 = g(z1,22)

and compose the phase portrait in the plane (z;,;). In the case of periodic or quasiperiodic
vibrations we get a closed curve. For chaotic motions we shall have in the phase plane
orbits which never close or repeat; the trajectories of these orbits tend to fill up a definite
section in the phase plane (cf. Fig. 1a).

The other possibility is to put together a power spectrum diagram. For this purpose we
shall transform the time variable f(t) with the help of a discrete Fourier transform into

the frequency domain
aN-1

F(wp)=At Y ft)emosts (3)
k=0
and calculate the power spectrum
Plws) = [Fwy )|

Periodic and quasi-periodic vibrations can be recognized by discreie line spectra; chaotic
motions - by a broad, coniinuous band of frequencies (cf. Fig. 1b).

From other criteria for chaotic behavior of dynamical systems we shall mention here a
positive Lyapunov exponent, a Poincare map of fractal dimension, Melnikov method for
homoclinic trajectories. One can learn about these methods of the text-books, from which
some are presented in the list of references [1-7] .

One of the equations of motion for which regular and chaotic motions are investigated in
detail is the Diiffing’s equation

J+ky-Py+ oy’ = Acoswt. (4)

This equation was first examined by Georg Duffing in 1918. A more detailed analysis was
given by Ueda [8] , who cleared out the regions in the parameters plane (4, k) for which
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chaotic motion takes place. The equation (4) is important to structural dynamics, since
many problems about nonlinear vibrations of structures can be reduced to the solution of
this equation.

|dB)

g als

()

3

3

10 0 4 W 20 0y 10

FIGURE 1. Phase portraits and power spectra
for regular and chaotic motions (Thomsen [19])
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2. CHAOTIC BEHAVIOR OF ELASTIC STRUCTURES

Chaotic motion can take place only in nonlinear dynamic systems. In structural dynamics
nonlinear effects can be introduced in two ways: (i) due to large displacements: we must
take into account nonlinear terms in the equations of motion (geometric nonlineary);
(ii) from external forces or boundary conditions. Both cases are illustrated in Fig. 2.

P

@ 1 () ] ©) ]
I
- _ | - | - |
aclogwt : adoswt : acloswt ;
| | [
NN NJ |
| | S S ] B
P

FIGURE 2. Three elastic periodically excited beams

Here we have three elastic beams which are Placed on a vibrostand carrying out forced
vibrations acoswt. The first beam is compressed by the end load P, and, if we assume
that the axial load T is constant along the beam, then the equation of motion is

8w 8w
Pw 8% . . _ g
EI(?:.:‘ ngz +Cw + pAv = acoswt, (5)
where BA f% p
w
T=-R+ E/; (57 )ds. (6)

Here E is the Young’s modulus, I — moment of inertia, A - cross-sectional area, p — density,
C - damping coefficient, L - length of the beam. If we take

w = f(t)sin w% (N

and solve the equation (5) by the Galerkin’s method, we get the Diiffing’s equation (4).
As to the other two problems then the beam in Fig. 2b vibrates between two magnets,
nonlinearity is caused by the magnetic forces. In Fig. 2c there is a stop near the free end
of the beam,; so for source of nonlinearity is the boundary condition.

These three problems were solved by Moon, Shaw and Holmes [4, 14, 15]. It follows from
their analysis that for certain values of the beam and load parameters chaotic vibralions
take place; also the period doubling was stated. Tang and Dowell [18] showed that ihe one
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degree of freedom formula (7) may lead to significant errors and therefore higher modes
should be taken into account. Dowell [10] found chaos in the flutter of a buckled plate.

Bifurcations and chaotic behavior of elastic strings in three dimensional space were exami-
ned by O'Reilly and Holmes [16, 17] ; their results were confirmed by experiments carried
out by Molteno and Tufillaro [13].

Bifurcation analysis of a rotating elastic beam was examined by Gross et al. [12]. Chaotic
dynamics of a double pendelum was investigated by Thomsen [20]; the pendelum consists
of two rigid bars, which carry concentrated masses and are connected by elastic springs.
For establishing chaotic motion the Ljapunov exponents, Poincare sections phase portraits
and power spectra have been used (some characteristic diagrams are shown in Fig. 1). In
another paper by Thomsen [19] chaotic vibrations of non-shallow arches are examined.
Goncalves [11] has investigated the dynamic non-linear behavior of a pre-loaded shallow
spherical shell under a harmonic excitation. The equations of motion are solved by the
Galerkin’s method. Different physical situations are identified in which period-doubling
phenomena and chaos can be observed.

Irregular vibrations of compressed beams under lateral excitation are discussed in several
papers from which we shall note here the paper by Teeng and Dugundij [21] . These
results were developed further by Abhuankar et al. [9] . They considered a beam which
is compressed by an axial load greater than the Euler buckling load and then is fixed in
its compressed position. After that a transverse load F = F(z,t) will be applied, besides
a bage excitation ws(t) may act (Fig. 3). Now the equations (5)-(6) hold if we ghall
substitute the right side of (5) by the term F(z,t) - pAis.

F(x,t)
ar TLL LTI s
L 79pr
Wo(1) Wg(t)

B FIGURE 3. Simply supported beam

The equation (5) was solved in two ways: (a) making use of the Galerkin’s procedure;
(b) solving this partial differential equation by an explicit finite difference scheme. The
results, which were carried out for F(z,t) = asin 74 coswt and i, = 0 according to these two
methods, showed good accordance. Also a problem where |u(z,1)| < § (i.e. deflections are
constrained by two stops) is considered. Chaotic behavior of the solutions follows from
phase portraits and period doubling bifurcations.

3. ELASTIC-PLASTIC PROBLEMS

In 1985 Symonds and Yu [34] considered the following problem: a fixed-ended beam is
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subjected to a short intensive pulse of transverse loading that produces plastic deforma- -
tion. Since the ends of the beam are fixed then also membrane forces must be taken into
account. For simplicity sake the real beam was replaced by a Shanley-type model with a
single degree of freedom. This model consists of two rigid beams, which are connected by
a small elastic-plastic "cell” (Fig. 4a). Solving the equations of motion Symonds and Yu
found that permanent deflection may be in the direction opposite to that of load. Such
a phenomenon they called ”the anomalous” or ”counter-intuitive behavior” of the beam.
They established that such a behavior takes place only in a narrow region of beam and
load parameters. '

° W
© —
FIGURE 4. Shanley-type beam models

A different single degree of freedom model was proposed by Yu and Xy [35] in 1989. This
model consists of a rigid concentrated mass and two tiers of elastic-plastic strings, which
connect the mass to the fixed pin ends. The model describes the same effects as the model
of Symonds and Yu.

Counter-intuitive behavior of the beam was observed also in experiments which were
carried out in 1991 by Kolsky et al. [25] ; here the impact loading was simulated by
pulling the specimen to an initial deflection and then releasing it abrubtly.

For counter-intuitive behavior of the beam the question, if the vibrations in a pin-ended
beam may be chaotic, arises. Lee and Symonds [26], making use of energy approach,
showed that in the case of a single degree of freedom model the motion is fully determined
and there cannot be chaotic vibrations,

So if we want 1o get chaotic motion we must go out from & model which has two degrees
of freedom at least. Such a model was proposed by Symonds and his coworkers and is
shown in Fig. 4b (here three rigid bars are connected by three elastic-plastic shells). This
model has been applied in several Ppapers of Symonds et al.; for shortness sake we have
brought in the list of references only some of them [22, 27, 33]. A brief survey of the
obtained results is as follows.

Symonds et al. showed that at after some first vibrations the motion ”shakes down”,
so that the plastic strains remain constant and the following motion is wholly elastic.
The solution is very sensitive to small changes of load. This is demonstrated in F 18. ba
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where permanent deflections of midpoint of the beam are shown; Fig. 5b shows the same
for an expanded scala. As to the black regions in these figures then if we shall go to
more expanded scales they are decomposed to positive and negative subintervals of very
small size. From here the fractality and self-similarity, which are characteristic to chaotic
processes, follow. Symonds and Lee (33] calculated also the fractal dimensions for this
problem. They found for the similary dimension the value 0.78 and for the correlation
fractal dimension ~ 1.44 (in the non-chaotic case these values are 0 and 1, respectively).
Symonds and his coworkers have used also other methods for establishing chaotic character
of vibrations (e.g. Poincare’ diagrams, Lyapunov exponents).

: " o \ll

FIGURE 5. Final midpoint deflections plotted as function
of pulse force (Symonds and Lee [32])

Elastic-plastic response of circular plates was examined by Galiev and Nechitailo [22-23].
The equations of motion were integrated by the second order difference method. The
yield condition of Huber-Mises has been applied. It follows from the calculations that
also for this problem counter-intuitive behavior can be realized.

Of course, il would be important to get solutions for continnous beams (i.e. without
making use of Shanley-type or analogical models). For this purpose FEM-type technics
could be used, but this requires a lot of computation time. Therefore it is essential to
work out some simplified meihods of solution. Such an attempi has been done by the
author [28-31] . The method of solution proposed in these papers is reporied below.
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If a transverse pressure p(z) acts to the beam, then the equations of motion are

T 8%y
= — - — =0
b= 8z phB o3 i (8)
M 8§, buw 8w
— (T — —pBh—— =0
B 53 T oz(Tax)”(”) & o3

It is assumed that the beam has a rectangular cross-section (B - 18 the beam width, & —
height). Axial force T and bending moment M we shall calculate from the formulae

§ §
T= /-_!L o(z, z)dz, M= /__!A o(z,z)2dz. 9)
6
C
A
oI AE

B

FIGURE 6. Stress-strain diagram

For simplicity sake we shall take the stress-strain diagram in the form as shown in F 1g.
6 (material with linear strain-hardening), elastic unloading (line CD) is also taken into
account. To the equations (8) we shall apply the Galerkin’s procedure

I ¥ '
/ Pbudz =0, / $6wdz = 0. (10)
Q 0
Displacements u and w we shall seek in the form
u=Zb;sin 2:'1%; w=z_f; cos(2i+1)1r%. (11)

=1 =1

The integrals (9) and (10) we shall evaluate numerically doing this we find the second
derivatives 5; and f;. For evaluating the quantities 5,4, f;, /.. we shall use the scheme of
central finite differences (it was shown by Mikkola et. al. [32], that with this simple
method high accuracy can be achieved). To get a stable solution the time increment
must be sufficiently small. Calculations have shown that ii is enough to take two terms
from the series (11). The results obtained by our method are quite close to the solutions,
obtained by Abacus technic (see [30] ). Now let us briefly discuss some results obtained
by this method. Most of the elastic solutions 80 out from the assumption that the axial
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force is constant along the beam (see (6)). In paper [28] it was shown, that for plastic
beams it does not hold(see Fig. 1-3 of this paper). Still more, in the elastic case examples
can also be brought, where the assumption T = const brings to quite different deflection-
load diagrams to be compared with the real solution. Therefore one should be careful
by making use of the solution T = const even in the case of elastic beams. Computations
show that plastic deformations take place only during the first vibrations; after that the
system ”shakes down” and the subsequent motion is wholly elastic. This enables us to put
together an approximate solution (elastic recovery type solution). If we assume that v =0
and w can by approximated by one term in the equation (11) we get again a Diiffing-type
equation. Details of this approximate method can be found from papers [28-30] . It follows
from papers [28-31] that in the case of continuous beams also counterintuitive behavior
takes place. Weak chaotic effects in the response of the beam may exist, especially in
the initia! phase; as to the long-term motion then it transitates to periodic vibrations of
smaller amplitude. In paper [31] also vibrations of flat elastic-plastic arches are considered.
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PRODUCT DEVELOPMENT PROCESS OF A SANDWICH PANEL,

STRUCTURAL MECHANICS
MARKKU HEINISUO SIMO MALMI
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P.0.Box 600,FIN-33101 Tampere, FINLAND

1. INTRODUCTION

The paper deals with the studies of the mechanics of a new Sandwich panel, Composer. The
faces of the panel can be made of steel, copper, aluminium or some other metal. The core
material is plastic foam. The panel is used as a covering of the outer walls of buildings. The
panel is usually a rectangular plate which is joined to the wall by using the special connectors
developed to this purpose. Fig. 1 presents 2 typical panel connection to the wall and the use
of the panel in buildings.

FIGURE 1. The panel developed.



The product development process is going on in Tampere University of Technology in co-
operation with the company Teriselementti Oy, which is the fabricator of the panel. The
research project has been divided into two parts: the durability and fabrication of the panel
and the mechanics of the panel. The first part is done in the department of material science
and the second part is done in the department of civil engineering. The paper deals with the

second part of the project.
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2. DESIGN CRITERIA OF THE PANEL

The design criteria of the panel were taken from the reference [2] because there are no
similar criteria available in the Finnish codes for the Sandwich panels. The following equation

must be satisfied at both the ultimate limit state and the serviceability limit state

Fd = ’Y{ ( Fwind + 0-5 FT )S 7R_

Fy =Y ( Fp, + 0.5 Fotna ) S

‘E"’ (1)

where

F, = design value of action

Y = relevant load factor according to Table 1

F,. = Ccalculated value of the action of wind

Fy = calculated value of the effect of temperature

R = value of resistance at relevant limit state

Vo = relevant material factor according to Table 1

Ultimate limit state Serviceability limit state

Load factor ¥, 1.5 1.0
Material factor vy,
yielding of metal face 1.1 1.0
wrinkling of metal face at a support 1.5 1.2
shear of the core 1.25 1.0
crushing of the core 1.25 1.0
failure of fasteners 1.25 1.0
failure of an element at a point of
connection 1.25 1.0

TABLE 1. Load factors and material factors for Sandwich panels [2].
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3. LOADING OF THE PANEL

The panel is loaded mainly by the variable short-time actions like wind loads and temperature
gradients when the panel is used in buildings. The self weight of the panel can be ignored
when designing the panel. The wind loads and corresponding shape factors are taken from the
national codes. Instead, the temperature and its gradient between the faces must be studied,
because there are no exact rules for this loading e.g. in the Finnish codes.

The surface temperatures at the outer side of the panel, i.e. at the sunshine, can be found from
[2]. There are some facts which must be taken into account when designing this kind of
panels. Firstly, the temperature values in [2] are given for the use of panels in the middle
Europe. Secondly, the heat flow between the panel faces is remarkable, because the thickness
of the panels studied is only 4-6 mm.

Temperature-measurements of a panel in the building of Fig. 1 were done in site to get
relevant information of the actual temperature loadings. Fig. 2 shows the variations of
temperature of the inner and outer surface of a panel and in the structure behind a panel and
the variations of air temperature during a cold and sunny winter day.

| = Inner foce

Outer face Ait temperature = Behind panel |

10
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i/ N
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&D}zm 2:24.00 4:48:00 136! 50 ) 124 ::': 19:12:00 21:36:00 0:00:00

.
w

Temperature /( "C)

Time / (h)

FIGURE 2. An example of measured temperature values of a sandwich panel

Some more tests were done in the laboratory of TUT and in the factory of Teriselementti Oy.
The calculation model proposed in [1] was used to verify the experiments.
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As a result the design values in Table 2 were found to be proper for the design of these

panels for the use in Finland.

Maximum summer temperature values at serviceability limit state T°C
- very light colours, R;=75-90 % 45
- ligth colours, R;=40-74 % 50
- dark colours, R;=8-39 % 55
Maximum summer temperature values at ultimate limit state

- dark colours, R;=8-39 % 60
Rg= degree of reflection relative to magnesium oxide=100 %

Maximum temperature difference between metal faces 10

TABLE 2. Design values of temperature load [7]

The equations 2 ([1],[8]) can be used for the calculation of the temperatures of the outer and

inner faces of the panel.

T - T
T, =T, + T:_TJE:S m, (2)

coefficient of heat resistance from inner surface to outer surface

T T
alrl+ £ + ¢
m m
Tu - (-] u ,
ip
1.1
mo ml.l
where
a = absorption coefficient of surface
I = intensity of shortwave radiation( W/m?)
T, = temperature of inside air ( °C)
T, = temperature of outside air ( °C)
m, =
m = coefficient of heat resistence of inner surface
m, = coefficient of heat resistence of outer surface
T, = surface temperature of inner surface
T, = surface temperature of outer surface

4. MATERIAL PROPERTIES OF THE PANEL

The material properties of the faces are w
the faces and the core is supposed to be
on of the glue is included into the mate
were done by using the whole sandwich

structure

with the faces glued to it). The core material

dependent on the temperature, the period of lo

ell known because they are metal. The glue between
at least as good as the core material. The deformati-
rial behaviour of the core, because all material tests
(i.e. the core is not tested alone but always
is plastic foam which material properties are
ading and the level of stress.
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The shear modulus of the core is the main parameter when designing the panel. The reduction
of the shear modulus is done following [2] by using the Eq. 3

- GS
6 = T o (3)

where @,= creep coefficient and Gg= initial shear modulus.

The shear modulus of the core material was determined from the maximum deflections of test
beams by means of a four-point bending test at temperatures -20 °C,+20 °C and +60 °C. The
Jevel of stress used in tests was taken as the approximated maximum to be reached in the

ultimate limit state.

The shear modulus was calculated from the equations [2]

U
B 56.34 B,
w, =W - W (4)
G - F L
s 6 B H; w,
where
B, = flexural rigidity
F = total load on test specimen

= length of test specimen

= deflection ( measured ) at mid-span for a load F

Wy = bending deflection

W, = shear deflection

Hg = depth of core material
B = width of test specimen

Deflections were measured at seven time-points during the test, namely 0.1, 1, 2, 10, 100,
500 and 1000 hours. Curve fitting was used to find a time-dependence function for the shear
modulus. The determined redused shear modulus Ggr was verified by running some test using
the general purpose FEM-program,ABAQUS.
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Table 3 shows the determined shear modulus G and the creep coefficients @, at temperatures
-20 °C,+20 °C and +60 °C as a function of time t.

Tempe- | shear creep  coefficient

rature modulus ¢,
°C MPa |t=50h | t=100h t=500 h t=2000 h | t=100000 h
-20 5.1 0.3 0.35 0.45 0.5 0.6
+20 24 0.6 0.7 0.9 1.0 1.2
+ 60 1.2 0.6 0.7 0.9 1.0 1.2

TABLE 3. Initial shear modulus G (at t=0 h) and creep coefficient ¢, [7]

5. DESIGN OF THE PANEL

The design criteria of the panel are at the ultimate limit state: yielding in a face, wrinkling in
a face, shear failure of the core and crushing of the core at a support and at the seviceability
limit state: first yield or wrinkling at a support or a single point and the attainment of a
specified limiting deflection .

5.1 Ultimate limit state. The yield stress of the face material is the guaranteed minimum
value for the metal quality. The wrinkling stress may be calculated [3] using

o, = 0.823 %/E E,, G,, (5)

where
E = elastic modulus of metal face
Eg = characteristic value of the elastic modulus of the core
Gs = characteristic value of the shear modulus of the core

Egr and Gg; are characteristic values of the material properties of the core at the relevant
temperature [7]. The value of Eg; is taken from the tensile tests [7]. Tests also showed that
the shear failure of the core would not be the critical design criterion. Other criteria are
explaned in the next chapter.

5.2 Serviceability limit state. In a flat face, the wrinkling stress G, may be calculated using
equation 5. The specified limiting deflections are span/100 concerning the wind loading and
span/150 concerning the temperature loading.
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6. DESIGN OF THE JOINT

As it can be seen from Fig. 1, the behaviour of the connection of a fastener to the panel and
to supporting Z-profile is not linear. When the support reaction is tensile, only the fasteners
are in contact with the supporting Z-profile (point supports, prying effect), but when the
support reaction is compressive, the panel lies on the Z-profile and the fasteners are not active
(line supports).

The ultimate tension capacity of the joint was verified by tests. The material and sizes of the
rivets were as variables. The pull-out capacity of the rivet from the steel face (1= 0.6 mm)
was the critical value. The mean capacity of the joint was approximately 780-930 N. The
compression capacity of the joint can be calculated by using the equation 4]

Y. 10 fy‘_‘ (6)

where y;= load factor (Table 1.), Yu= material factor (Table 1.),f,= characteristic valuc of
compression strength of core (information from the fabricator) and O = compressive Stress
from the support action i. The last variable can be calculated from

c, = — M

where R;= support reaction, L= width of the support and h= thickness of the panel. The
interaction between stresses of the compressed panel face due to bending moment ( eq. 5) and
the compressive support reaction (Eq. 6.) must be taken into account €.g. by using the inte-
raction diagams of [5].

7. DESIGN PROGRAMMES

The panel was first considered as a beam structure. A calculation program based on the exact
finite element method for linear elastic analysis of the continuous sandwich beam [6] was
implemented on a PC-computer. The program was extended by an iteration prosedure which
took into account the special action of the fasteners, when the support reaction is tensile.

The program prints maximum deflections, maximum shear stresses of the core and maximum
normal stresses of the faces at each span of the beam. The temperature, the period of loading
and the level of stress are taken into account by using the reduced shear modulus Ggp of the

core ( Eq. 3.).

The second calculation program was based on the linear elastic analysis of the sandwich
plates. The program is based on the plate theory of Reissner and Mindlin and it is a finite
element program, which uses eight-node plate bending elements ( A1Z- elements) with three
degrees of freedom per node. The fasteners are implemented by using special elements. The
program generates automatically element mesh and takes into account the iteration of the
tensile support reaction when needed. The user interfaces of the program are made by the
company Terdselementti Oy. It runs on a VAX-computer. The calculation results were
verified by the general purpose FEM-program, ABAQUS.
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8. CONCLUSIONS

This product development of a new sandwich panel will be continued. It can be concluded
that in this kind of geometrically very simplified structural unit there are many interesting
details when considering the research activity. It can also be concluded that the sophisticated
methods such as the solution of the contact problems and the behaviour of the time and
temperature dependent materials are needed. It is our belief that the product developed shows
its competitiness on the domestic market and abroad.
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NONLINEAR FEM-ANALYSIS AND DESIGN OF COMPOSITE
BEAM-COLUMN
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ABSTRACT

This paper presents nonlinear FEM-analysis of concrete encased steel columns subjected to
combined axial compression and bending. A materially and geometrically nonlinear model is
used to analyse the ultimate strength of columns. The results of FEM-analysis are in a good
agreement with test results. Different combinations of axial and transverse loads are used in
FEM-analysis in order to determine the M-N-interaction curve of the column. Comparison is
made with the results of FEM-analysis and the design resistances based on the Finnish design
code for composite structures. It was observed that the design method based on the code for
composite structures underestimates the strength of columns due to overestimated
eccentricities of the compressive axial force. A corrected design method is proposed. Results
calculated according to this method are in a good agreement with the test results and the
results of FEM-analysis.

1. INTRODUCTION

During the years 1990 and 1991 tests on the strength of composite columns were conducted at
the University of Oulu. Tests were carried out with five different combinations of axial and
transverse loads in columns. Due to the practical limitations of test equipment, the bending
moment (M) caused by transverse loads was relatively high compared to the axial force (N),
i.e. the eccentricity of the normal force (e=AM/N) had a relatively high value.

In this study the columns tested are analysed by using a materially and geometrically nonlinear
model. A nonlinear FEM-analysis using several eccentricities (¢e=M/N) of normal force is
carried out in order to determine the M-N-interaction curve as a whole. In this way more
information is gained on columns tested earlier especially under loading conditions when the
normal force eccentricity is relatively small. Comparison is made with the strengths obtained by
the FEM-analysis and the design strengths based on the Finnish design code for composite
structures. The observation of the earlier study [6] is confirmed. The design method based on
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the code for composite structures underestimates the strength of columns. In this study a
corrected design method is proposed.

Consider the strength of a slender composite column under combined axial compression and
bending in a plane which is parallel to the loads (Figure 1). In the ultimate limit state the
strength of the column is equal either to the flexural buckling strength or the cross-sectional
strength of the column depending on the slenderness and the loading condition of the column.
If the eccentricity of the normal force (e=M/N) is small the flexural buckling is obvious to
happen. When the eccentricity e is great the cross-sectional strength is dominant. An additional
secondary bending moment due to the deflection of the column and an eccentric normal force
(Figure 1) have to be taken into account in an exact analysis.

Side view of loading Cross-section of column
| * |y
N 4 . h

Figure 1. Composite column under combined compression and bending.

In this study a nonlinear FEM-analysis is carried out on the following basis: A bending theory
with the assumption of plane cross-sections remaining plane and normal during bending is
used. The plasticity of reinforcement steel and the nonlinear stress-strain relation for concrete
in compression are taken into account. Tensile resistance of concrete has a significant meaning
in estimating beam-column deflections and secondary bending moment due to the eccentric
normal force. Tensile strain softening of concrete is taken into account. Tension stiffening of
steel bars is neglected.

The above described model has been used recently in analysing deflections of non-prestressed
and partially prestressed concrete beams [3], [4]. Results of these analyses are in a good
agreement with test results. In this study the above described model is used for the reinforced
concrete part of the composite column. In the concrete encased composite columns under
consideration both the concrete part and the structural steel are located symmetrically about
both axes of the cross section as indicated in Figure 1. Full composite action is assumed
between structural steel and concrete. An ideally plastic material model is used for structural
steel. Geometric nonlinearity and second order effects are taken into account.
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2. FEM-ANALYSIS MODEL

Calculations of the analysis were carried out by using a finite element program ABAQUS. The
modified Riks-method was used in FEM-calculations to obtain the load-displacement relation
of the columns up to the ultimate limit state and beyond it. A local unstability is not possible
for the columns under consideration. When the eccentricity of compressive normal force
e=M/N is small a flexural buckling of the column is possible at the ultimate state. When the
structural behaviour of columns is studied with the finite element method an initial effect must
be added for the centrally loaded and ideally straight element model to take into account the
possible loss of stability of the column. An initial deformed shape of the column can be used to
model the geometrical imperfections and the small eccentricity of loads due to the construction
tolerances and the residual stresses in the actual column. In the tests [6] the columns were in a
horizontal position (Figure 4). In this study the transverse self weight load of the structure will
cause the needed perturbation in the perfect geometry of the model.

The columns were modelled with three node 3-dimensional beam elements. The I-section beam
elements shown in Figure 2 were used to model the structural steel part of the columns. The
concrete part was modelled with a rectangular cross section element. Steel ribs, welded in the
structural steel, were used as additional shear connectors in the tests [6). The ribs were model-
led with eccentric rectangular elements. Part of the ribs have holes as shown in Figure 4. These
ribs were modelled with narrower rectangular elements having the same cross-sectional area as
the ribs. The elements for the concrete, the structural steel and the ribs have common nodal
points. The integration points used in the cross sections of elements to take into account the
material properties, strain and stresses, cracking of concrete and plastification of concrete and

steel are shown in Figure 2.

Cross-sections of elements Side view of element model
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Figure 2. Element model of the composite column.

When analysing a reinforced concrete beam by the finite element method with beam elements
the constitutive laws with strain softening are shown to lead to false sensitivity of results to
the chosen finite element size [1], [2]. According to references [1] and [2] the finite element
length, L,, may not be smaller than approximately the beam depth /. At the same time, to
include the effect of full curvature localization, the minimum element length must be used in
the softening regions of beams. In this study the strain softening constitutive laws are used for
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the concrete part of the columns. For this reason the element length 250 mm was chosen, the
depth A of the columns being 240 mm. The element model is shown in Figure 2.

The stress-strain relation used in [3] is adopted for concrete in tension:

For ¢ <¢g,: o =Ec¢ 1)

For ¢,<e <g: o =f'"—(¢ -&,)(-E,) 3]

For & 2¢,;: o =0 3)

£ = ~OM8E, @
0,39+ f,'

where o, & are uniaxial stress and strain, S is direct tensile strength, E, is modulus of
elasticity of concrete, E, is tangent strain softening modulus of concrete, £y is strain at peak
tensile stress, &, is strain at zero stress after strain softening. In formula 4) E, f, and E, are
in MPa. According to reference [8] E = 5000vK , where K is the cubic strength of concrete.

The stress-strain relation in figure 3 for concrete in tension is obtained from equations (1) - (4).
For concrete in uniaxial compression, the well known expression is used [10]:

o = Ee ®)

2
Op &p Ep

in which o, is peak stress (compression strength f;) and &, is strain at peak stress. For the
FEM-analysis the stress-strain relation of equation (5 ) is modified to a curve that is composed
of several linear parts (Figure 3). In the curve the compression strength [8] £, =0,7K is
reached at the strain value Ep = -2.0 %o. As the strain exceeds &, concrete will exhibit

compressive strain softening. The reinforcement steel and the structural steel are assumed as
elastic - plastic, characterized by modulus of elasticity £ and uniaxial yield stress Jy (Figure 3).

c -
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(-2.0, -23.8)
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Figure 3. Stress-strain relation for concrete Stress-strain relation for structural
steel and reinforcement steel.




41

2.1 Verification of analysis model. The model used in FEM-analysis is verified by comparing
the test results in reference [6] and the results of FEM-calculations in the Table 1. The loading
arrangement and the dimensions of the columns for both test series are shown in Figure 4.

Steel rib 350 Holes ¢ 27

550

HE 100A
73 a [ a » S S ——
1 1 1 1 p S
¢ VI LV 9% _ 240 50
Lﬁ——% $10
i 7 30
41600 1000, 1500 o%
L

Figure 4. Loading arrangement and dimensions of the columns in the tests [6].

Columns 1/7, 2/5 and 2/6 were all tested with the same nominal eccentricity of the normal
force e, = 0.06. The large difference between the test results of those columns indicates that
the test of column 1/7 was unsuccesful. The comparison below shows that the strength of
columns obtained by the nonlinear FEM-analysis using the model described in this paper are in
a good agreement with the strengths observed in tests. The model is also relatively good in
predicting the deflections of the columns.

Ultimate limit state
Test results Results of FEM-analysis FEM/Test
Test |e N Y M@L7?2) [v@L72) [N v M(/2) [ v(L72) | Nepw | Veewm | M | Veem
n:o [m] (kN] |kN] |[kNm] |[mm] |[kN] [kN] |&Nm] |[mm] Nyw Via Mra

1/4 0.6 107.5 |43 7347 537 [1109 [44,36 7491 |4674 (1032 {1032 |1020 0,870
173 0.6 95 38 65,56 |564 [9933 [39.74 [6752 47,57 [1.046 (1046 |1,030 0,843
22 0588 (100 [392 [6872 |67,20 |106.1 (4163 7069 |47.36 |1,061 |1.061 |1.029 [0,705
1/6 0,2 3525 |47 93,76 56,9 |332.3 [44.31 [82,76 40,03 0943 |0,943 |0.883 | 0,704
2/1 019 [307,5 [389 [79,78 [59,3 13222 [40,79 |78.48 [43,79 |1.048 1,048 |0.984 |0,738
23 0,195 1296 [385 [79.92 [64,1 |3140 |40.85 |7821 [43,79 |1061 1,061 (0,979 |0,683
12 0,1 540 (36 8231 |465 [599,1 [3994 [86,18 (3878 |1,109 |1,109 |1.047 |0.834
171 0.1 570 |38 78,16 315 [5480 [36,54 |8125 |4248 10961 10,961 1,040 |1.349
2/4 0,093 [540 [333 [8301 [s553 [583.4 [3598 8320 |44,66 11080 [1.080 |1.002 0,808
26 0053 775 (276 (7599 [405 [9154 |326 |78.84 (2925 |1,181 |1181 |1,038 |0.722
17 0,06 |55 |22 6321 491 [769.2 [30,77 |75.06 3345 |1399 [1.399 |1.187 |0,681
25 0,055 1720 (26,3 |69.94 [37.90 |8169 [29.84 |7531 33,52 |1,135 [1,135 |1,077 (0,884
28 0,046 | 925 28.1 [82,17 [398 |1010 [3068 [74,79 [2535 [1.092 [1.092 |0910 |0,637
1/8 0,036 1950 |23 64,11 [278 [1054 [2529 |64.28 12220 |1,109 |1,109 |1,003 |0.799
27 0,038 [927 [23.69 [7201 [359 |1015 [2594 67,54 |2508 |1095 (1,095 |0,938 |0.699
/5 035 1543 |36 6596 |568 [170,2 [3971 16994 (42,28 1,103 [1,103 [1,060 |0.744

FEM/Test average value (excluding test 1/7) 1,070 |1,070 [1,003 [0,801
FEM- test| - . 832 |832 |4,65 |243
o average value (excluding test 1/7) % | 1% |[%] [%]

Table 1. Comparison of the test results [6] and the results of FEM-calculations.
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The strength of materials of columns in the tests [6] were on average:

test series 1 test series 2
Cube strength of concrete X 34 N/mm2 33 N/mm2
Structural steel, I-beam HE 1004, yield strength fy 293 N/mm2 311,2 N/mm2
Structural steel, ribs 50*3 mm, yield strength Jy 293 N/mm2 293 N/mm2
Reinforcement steel bars yield strength Ly 565 N/mm?2 634 N/mm?2

3. EVALUATION OF COMPOSITE COLUMN DESIGN

A nonlinear FEM-analysis of the concrete encased composite column under combined
compression and bending was carried out using the model described and verified earlier in this
paper. The M-N interaction curve of columns was determined in the analysis by using twelve
loading cases with different combinations of axial and transverse loads. In the analysis were
used the dimensions and materials of the columns in test series 1 in reference [6]. The tests [6]
showed that the steel ribs with holes, used as additional shear connectors in the columns, have
no significant effect on the strength of the columns. In this study the ribs were not used. The
results of FEM-analysis are used to evaluate the validity of the design method in the Finnish
code for composite structures by comparing the strengths of columns calculated according to
the code with the strengths obtained by the FEM-analysis.

3.1 Design method of code for composite structures. According to the code for composite
structures [11] ultimate compressive (N, )and bending (M,) capacity of a composite column
must fullfill following conditions:

Ny<N, =iN, (6)
Md < Mu (7)
2
M M
k =k —(k -k,-4k,)—2 4k, | 24
1 ( 1 2 S)Mu S(MHJ (8)

where N, is the ultimate compressive capacity of the column, M, is the ultimate (plastic)
bending capacity, when N = 0, N p is the ultimate plastic compressive capacity, N, and M, are

the design axial force and the design bending moment.
While acting combined with the axial load, the bending moment M, reduces the compressive

stren.gth of the column according to the formulas (6) and (8). In the case of the columns under
consideration factors &, = 0 and k, = 0 and the formula (8) reduces to the form

k =k (I—AA;") 9)

The factor £, is also used in the code for steel structures [9] in calculating the compressive
strength of an axially loaded steel column, With factor k, the possible instability, buckling of
the column, is taken into account. Also, in factor , are included possible inaccuracies in the
geometry of the column and initial stresses for example due to welding. This method of
calculation is based on large test programme made by the organisation of the European
Convention for Constructional Steelwork (ECCS).



43

According to the code for composite structures [11], [12] in the calculation of a concrete
encased composite column, the eccentricities of the normal force are taken into account as for
the concrete column in the code for concrete structures [8]. Then the design bending moment

due to the loads is
M, = My +4M, (10)

where M, = N*e, is the primary bending moment due to the loads by first order theory, N is
the normal force due to the loads, e, is the primary eccentricity, AM = N=*(e, +e,)is the
secondary bending moment due to the eccentricity (e,+e,;) of the normal force,

e,= 5—f)‘5+—h— is the eccentricity, which takes into account the initial geometrical imperfection

L : h AN, . e
of the column | —— | and the construction tolerances | —— |, €, =| 77 * b is the eccentricity
500 20 145

which simulates the deflection of the column at the ultimate state.

In this method the eccentricity of the normal force is taken into account twice:

- The formula (8), used in the calculation of the strength of the column under combined
compression and bending, is based on the theoretical analysis and tests of the columns [7].
The equation takes into account the effect of the initial geometric imperfections and the
construction tolerances and the deflection of the column and also the initial stresses.

. On the other hand, the eccentricities (e, +€,), which are placed on the normal force due to
the loads, take into account the construction tolerances and the geometric imperfection and
the deflection of the column. The secondary bending moment (4M,) due to the eccentric
normal force is used in the formulas (10) and (8) in the calculation of the strength of
column. This leads to an underestimation of the strength of the concrete encased composite
columns.

The column strengths obtained by FEM-analysis with the strengths calculated according to the
Finnish code for composite structures [11] is presented in the Figure 5. One can see from
Figure 5, that for the small eccentricity ey, the strengths calculated on the basis of the code for
composite structures are much lower than the strengths obtained by FEM-analysis. These
results confirm the observation of the earlier study [6]. The design method based on the code
for composite structures underestimates the strength of columns due to overemphasizing the
normal force eccentricities (e, +e,).

3.2 Modifications to the design method. If the eccentricities (e, +e,) are neglected in the
design method based on the code for composite structures, the calculated strengths of the
columns agree closely with the test results [6] and the strengths obtained by FEM -analysis, as
shown in Figure 5. The neglecting of the eccentricities e, and e; is supported by the facts, that
already into factor k; in formula (8) the effect of construction tolerances and geometric
imperfections and initial stresses are included, as when calculating the strength of the steel
columns. Also the effect of the eccentricity due to the deflection of the column is included in
formula (8), as the formula is adjusted to the test results and theoretical analysis, which takes
into account second order effects. When the eccentricities are neglected, the design method
would also have the same basis as the method in the ECCS model code [5] (Commentary
16.4.2 and 16.5.3 Method A).
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Figure5.  The M,-N-interaction curves determined by the FEM-analysis and the code for
composite structures [11].
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LARGE DISPLACEMENT FINITE DIFFERENCE ANALYSIS OF RECTAN-
GULAR WINDOW PANES IN DYNAMIC SHOCK LOADINGS

KARI IKONEN
VTT Energy
P.O. Box 1604, FIN-02044 VTT, FINLAND

ABSTRACT

Basic equations for large deformations of plates (von KARMAN, 1910) are solved by finite dif-
ference method. A code for calculating dynamic analysis of a rectangular plate with large de-
flections was developed. The code is applicable for both window-panes with single glass and
multi-layer panes made of glass or polycarbonate. The time integration is done by straight ex-
plicit scheme. The code was verified by the results from tests made for window single glasses
abroad. The results show that maximum stresses are encountered near corners in case of large
deflections, whereas in case of small deflections maximum stresses appear in the middle of

panes.

The code is also capable to calculate multi-panes in a wooden framework. Wooden parts are
modeled as beams having large deflections and time integration of the bars is carried out simul-
taneously and coupled with calculating the deflections of the glass panes. In case of multi-layer
panes the air pressure at every time step is calculated from the volume change between panes
according to the adiabatic equation for air compression and applied as load to the panes. Dif-
ferent types of supporting conditions on the edges of the panes are possible to model. So called
rebound effect was studied. The strength of existing window-panes under pressure loading
can be estimated and the dimensioning of the window-panes can be done against pressure wave
loading (explosions) in planning phase.

1. INTRODUCTION

The failure depends e.g. on the size and thickness, the distance and direction to the explosion
centre, supporting of the edges and the microcracks in the material. Most of these effects can be
taken into account in numerical analyses. The pressure load acting on a window can be idealized
as in Fig.1. After an explosion in a typical shock pulse the pressure maximum against window
is about P, = 5 - 50 kPa and lasts about Ar = 0,01...0,1 s. The pressure over the window plate
can be considered to be constant at a certain moment.
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FIGURE 1. Idealization of a pressure pulses.

2. CALCULATION THE DYNAMIC RESPONSE OF THE WINDOW PANE
BY FINITE DIFFERENCE METHOD

Because of simple geometry of a window a finite difference method was adopted making it
possible to construct an efficient computer code. Tens of thousands of time steps are typically
used, but the run time is small (some minutes) in modern computers.

a, length

p
pressure loading :

) on the plate b, heigh
hinged ___
edges

NNNRENANRRARR

FIGURE 2. Simply supported window plate.

The maximum deflection wy,q, in the middle of a window is typically several centimetres.
Usually wpa, > 0,10...0,50h (h thickness of a plate) and the membrane stresses carry part of
the load. Large deflection theory is thus needed. The basic differential equations for the plate
are

ow *w d*w a“w:l
Ph —=qxyt)-K +2 +
oz 0D [ax‘* x2y2 oyt
. otw 82¢+82w ¢ tw 90
ox2 dy2 Jy? 9x2  dxdy oxdy |’

(1)
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9w
oxdy

2
_ 9w a2w] (2)
ox2 dy?

4

do, , 30 +a4d>=E[
ox4 ox20y?2 oy*

where @ is stress function, x and y coordinates of a rectangular plate, E elasticity modulus, p

the density, h thickness of a plate, ¢ time, q(x.y,r) time dependant pressure load and K plate
constant (K = ER3/[12(1—?)]). If the time derivative on the left side of the Eq. (1) is written as

AL t. _l—.Al
2w wit = 2wl i+ wi

(3)
or? (A1?

This makes it possible to extrapolate the deflection wij'*4 explicitly from the Eq. (1) for the
difference points inside of the plate. The right side of the Eg. (1) is known before time step.
After solving the new deflection new values of stress function are calculated from the Eq. (2).
Next time step is handled in the same way. To express the spatial derivatives in Egs. (1) and
(2) with differences the plate is divided into rectangular difference mesh. Second differences of

the deflection for a point i,j are

A__Z_w_ _ Wi~ 2wijt+ Wi, j
Ax? (4x)?
Ai\i _ Wi i1~ 2w j+ Wi
Ay? (4y)?
Alw Vil 1T Wint, Wil je WL L (4)
Ax Ay 4AxAy
The fourth differences are
Ahw Wi AWy i Wi ) Wisg it Wik, )
(At (4
Alw - 6wi, j—4(w; iy + Wi iy )+ Wi i+ Wi js2
(Ay)* (ay)*
2 Alw 8w —A(Wi Wiy Wil AW DT2ZWi Wiy o1 Wis e T Wi 1)
(4x)*(4y)? (Ax)%(4y)?

(5
Corresponding expressions can be written for the stress function by replacing w with @in Egs.
(4) and (5). In applying Egs. (1) and (2) by turns for calculating deflection and of stress func-
tion values new deflections are straightly solved from Eq. (1) without connections between new
values of deflections (explicit scheme). The values of stress function in Eq. (2) have connec-
tions leading to system of equations for unknowns. The coefficient matrix depends purely on
difference mesh (Ax and Ay) being constant and symmetric. Thus the coefficient matrix (4]
can be reduced by Cholesky decomposition method to the form [A] = (S1T[S], where [S] has
nonzero elements only on and above the diagonal. A lot of computing time is saved.
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3. BOUNDARY CONDITIONS

Before pressure shock at all internal and external difference points w = @ =(0. Because the
edges of the plate are hinged the bending moment around the edges vanishes. This is taken into
account so that the deflection on an auxiliary point is equal but of opposite sign than in the in-
ternal point. Because of no membrane stresses on free edges of the plate, the stress function @
and its derivatives in the direction and perpendicular to the edges vanish. The condition con-
cerning the derivatives are fulfilled, if at the auxiliary points the stress function @ is continu-
ously zero. The right sides of formulas (1) and (2) are vanishing on the edges having no de-
flections. The edges of the plates can be simply supported or fixed (free movement in the plane
of the window).

4. WINDOWS WITH WOODEN FRAMEWORKS

The calculation system was enlarged by takin g into account bars between window panes. It is
assumed that there are no membrane forces in the plane of the plates between a bar and the
plate. InFig. 3 auxiliary points are for fulfilling the boundary conditions. The deflections of
plates are antimetric. The deflections of an auxiliary point row are solved from the relation that
the deflections of the plate and a bar are equal and the bending moment vanishes. If we look at
a beam in y-direction we get first

2 2
x=—K(a_+V—)=0. (6)

At the positive edge of the plate the reduced shear force is

- 3w 3w
x =_K — 2_ . 7
¢ [8}:3 t@2-v Eixay?J @

On a negative edge the minus sign on the right side is omitted. The forces acting on the edge of
the plate and a beam are opposite. The deflection of the beam in y-direction is

4 2

d -
oy* or? (8)

By taking into account the effects on both sides of a beam we get for a beam in y-direction the
equations

92 3 3 3 3 4
pA—‘:= B—’:+(2-v) a“’zJ —K[a—w+(2—v) an _ g%
ot X axay left plate ox3 dxdy? right plate ay“
2 2
a_w <+ Va_w = 0 .

ax2 8y2 (9)
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FIGURE 3. Modelling the connection between window panes and wooden bars.

Corresponding equation for beams in x-direction are valid. The equations are applied as fol-
lows. First from the first equation new deflections are calculated explicitly using old deflections
on the right side. From the latter equation new deflections of points on the auxiliary row are
calculated using new deflection values. Finally deflections of the points outside of the rect-
angular area are calculated. Third derivative of the deflection in Eg. (9) is extrapolated from in-
side direction in perpendicular direction of a bar. For example for a beam in y~-direction third
derivative for point i =/, j approaching from left x—direction is

Pw 1 3
T =(Lwia  —3w, i+ 6wy = 5Swrj+ 2wy WAX3 .
ox3 L (2 1-3,j 1-2,j -1, 1,] 2 I+1,) ) (10)

The deflection of the crossing of two beams is calculated as an average on deflections

_1
WLy =€ (4 Wiy, 7+ Wi, ) — Wiea, 7~ Wria, 1]

Wi = % [4 (Wp,s1 + Wy, 141) — W02 = Wi, 0s2) (11)
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following from the continuity requirement of the slope of the beams. As an effective stress the
maximum principal stress on the surface of a plate is used and it is calculated from the equation

om:%(ox +0y) i%-'\f(ax— 0y)? + 417 (12)

where o,, oy are normal stress components and T4 is the shear stress. Maximum principal
stress is compared to the ultimated stress of the material. The greatest principal stresses are en-
countered in middle of the plate, in the middle on edges or close to comers depending on the
case. A typical critical value for normal glass is in dynamic loading about 70 MPa. For a hard-
ened glass it is about three times higher.

In explicit time integration procedure the time increment At must be small enough. The condi-
tion for stability for a vibrating plate with small deflections is /1/

Ar<lqf30-vp 1 ] , 13)
2 E h_J__,__l_

(Ax)?  (Ay)?

where E is elasticity modulus, / is the moment of inertia around an axis in the plane of the win-
dow, p density of glass and h the thickness. For a bar with small deflections the condition for
stability is

where E,, is elasticity modulus of the bar, / is the inertia of moment in bending in the plane of
the window, p, density of of the bar material and A the cross section of the bar.

The panes can fail also in returning from the maximum deflection position, if supported un-
evenly form the boundaries, when there are wooden nailed beams on the edges of the panes.
The computer code was enlargened to handle also this kind of so called "rebounding” -cases.
It was found that failure of a pane in rebounding phase is more probable in rapid shock than in
other loadings.

In case of multi-panes window the pressure between the panes is calculated from the adiabatic
equation and the pressure load is applied to the panes. The volumes are calculated after every
time step. The pressure between panes can be assumed to be spatially constant, because the
maximum perpendicular speed of about 10 m/s is small compared to the the speed of sound
(about 340 m/s) in air.

Example 1: In a single paned window the dimensions are @ =b = 1 m and the thickness of
glass h =5 mm. The shape of a shock loading is as in Fig. 1 having P; =11 kPa and duration
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At =0,01 s. The elasticity modulus is E = 69 GPa, Poisson's ratio v = 0,25 and density p =
2500 kg/m3. The plate was divided into 10 x 10 —mesh and for a time step a value 0,00001 s
was chosen. The analysis was done by small and large deflection theory. The frequency of
first eigenmode was two times higher and the deflection at the middle point of the plate on half
that with small deflection theory. Further, the maximum principal stress was 107,3 MPa at the
middle point of the plate with small deflection theory, but 77,8 MPa with large deflection theory
and close to the corners (Fig. 4).

FIGURE 4. Principal stress distribution at time 0.009 s, when the highest stress was
achieved close to corners (large deflection theory).

Example 2: In a double-panes window with identical external and internal panes, the dimen-
sions are g = 1 m @ = 1.5 m and the thickness of glass A =3 mm. The loading and the proper-
ties of glass are as in the example 1. A window consists of six square panes mounted in a
wooden framework consisting of one horizontal and two vertical bars. The elasticity modulus
of wooden bar is assumed to be E, = 12,0 GPa, the width b = 2 cm and the height # = 3 cm.
The moment of inertia is / = bh3/12 = 0,020,03%/12 m* = 4,5-108 m* and bending stiffness EJ
=540 Nm?. The density is assumed to be pp = 830 kg/m3 and p,A = 0,5 kg/m. One pane was
divided into 14 x 9 —mesh and for a time step a value 0,00001 s was chosen. The analysis was
done by large deflection theory. For the outer pane the maximum principal stress was 114.0
MPa at time 0.0141 s and for the inner pane 56.3 MPa at time 0.0300 s, both close close to the
corners (Fig. 5). With small deflection theory the maximum principal stress would be obtained
at the middle of the panes. The maximum deflection was 25.7 mm for the outer pane at time
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0.032 s and 30.8 mm at time 0.0131 s for the inner pane, both in the middle of the panes. The
maximum air overpressure between the panes was 6.5 kPa about a half of the maximum exter-
nal load pressure.

N1 ¥VSASTE 1KKD

FIGURE 5. Principal stress distribution attime 0.0141 s for the outer pane with two vertical
and one horizontal wooden bars, when the highest principal stress 114,0 MPa
was achieved (close to the corners).

5. CONCLUSIONS

In the article dynamic analysis of a rectangular plate with large deflections is described. The
analysis method is based on finite difference method. To perform the analyses in practice a
computer code was developed. The strength of existing window-panes under shock pressure
loading can be estimated and the dimensioning of the window—-panes can be done against pres-
sure wave loading in planning phase. The code is applicable for both window-panes with sin-
gle glass and multi~layer panes. The intensity of an unexpected explosion can be estimated af-
ter accident from the failure rate of windows.
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The current equipment consists of 34 strain-gage pressure Sensors, by which the
contact force can be measured in every 125 mm. The elasticity of the sensors is the
same as the one of the skiing track's (fig. 6).

The ski is loaded by step-by-step increasing force. The measured data is acquisited by
the computer.

FIGURE 6. The pressure sensor.
2.3 Moment of inertia
The moment of inertia of the ski can be measured by a simple torsional pendulum

(Fig. 7). The moment of inertia is calculated from the oscillation time, if the
oscillation time of a sub-structure with known moment of inertia is measured.

FIGURE 7. The equipment for measuring the moment of inertia.
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2.4 Torsional stiffness

The torsional stiffness of the ski was detected by measuring the angle of torsion, when
the ski was loaded with known torsional moment.

2.5 Vibration properties

The vibration properties of the ski were measured in the Laboratory of Strength of
Materials in Helsinki University of technology. The measurements were done by
GenRad 2515 real time spectra analyzator.

3. Results, Skis of the Finland's skiing team
The measured skis were selected by Finnish ski racers. They used the skis in

competitions during the season 1993-1994. The skis were named A-D. The results are
presented in figures 8 - 15.
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FIGURE 9. Weights.
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FIGURE 10. Bending stiffnesses.
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o ST
CONTACT FORGES, LOAD 10008 < I
I
N 1
20 - A S
o W0 o o o
00 =
|
i
———
awl —o—s !
—
180 = ]
1w -
0+ L

FIGURE 12. Contact forces, load 1000 N.
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FIGURE 13. Oscillation times (Moments of inertia).
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MODE 5
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FIGURE 15. Mode shapes 1-6.

4. CONCLUSIONS

4.1 Equipment

Concluded from the measurements it can be said that the working reliability of the
equipment is good. The equipment for measuring contact forces and moments of
inertia were first time in use. Other equipment have been utilized earlier.

The pressure sensors in the equipment for measuring contact forces should be at the
same level of heigth. The 6th sensor was obviously at lower level than the others
during the measurements.
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4.2 Results

The biggest differences between skis can be said to be in weights, contact forces and
torsional stiffnesses. The differences in weights are partly due to differences in
lengths.

The weights of the skis were measured with equal bindings. If we want to know real
differences between skis, the weight of the binding (130 g) should be taken from the
weight of the ski. The weight of the binding is rather big. More attention should be put
in to developing lighter bindings.

In the introduction was mentioned that the distance between pressure areas (wheel
base) is long in good skating skis. All the skis have this property. Obviously ski D is
for lighter racer, because the ski has bigger contact forces under the binding than the
other skis. It is also noticeable, that the contact force doesn't increase after the certain
limit while the load still rising.

If the ski does not have enough torsional stiffness, it twists and is no more steerable.
The measuring method was novel, and therefore no exact conclusions can be drawn.
But obviously the ski D compensate its poor bending stiffness by the good torsional
stiffness, and there fore a racer considered it as a good ski. Because the torsional
stiffness is an important property of a ski, it should be developed a more accurate
measurement equipment in the future.

There were only small differences between the skis in the vibration properties. The
greatest differences were in the 3rd mode. The ski C had the lowest natural vibration.
This was due to the camber of the ski C, which was larger than the one of the other
skis'.

As a conclusion it can be stated that the distance between pressure areas (wheel base)
is long in good skating ski, and it has enough bending and torsional stiffness and it
should be light.
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FULL 3D STRESS FIELD ANALYSIS IS TO BECOME THE GENERALIZED
FRACTURE PARAMETER

KARI IKONEN & HEIKKI RAIKO
VTT Energy
P.O. Box 1604, FIN-02044 VTT, FINLAND

ABSTRACT

Numerical results of the shallow crack effect is presented. The fracture toughness in transition
area measured in J-integral is considerably increased, when crack depth or length is low. This
phenomenon can be simulated using materially nonlinear FE-method and very detailed FE-
mesh to get the actual value of the local stress close to the crack tip region. The cleavage
fracture is assumed to take place when the maximum crack closing stress component has
reached the critical value. This is, in principle, application of maybe the eldest strength
hypothesis in the world, the maximum principal stress hypothesis instead of J-integral
approach. The result of these kind of analyses can be used as a constraint correction parame-
ters in fracture toughness experiments, where the specimen dimensions (size) do not fulfil the
requirements to produce small scale yielding (SSY) condition. Even the very largest test
specimen do not exactly produce the SSY condition, so, a numerical analysis of this kind
always decreases the amount of error in test result interpretation.

1. INTRODUCTION

When making fracture mechanics tests with small or moderate size test specimen, the K;-
dominated stress field is highly disturbed in 2D-specimens close to free surfaces or in all the
crack area, if the crack is shallow or ligament is small compared to other dimensions of the
small specimen. All these effects are increased in significance if the plastic zone in the crack
tip is large compared to the depth (a) or ligament of the crack, ref. [1], [3]. The code
requirements for fracture mechanics tests (ASTM E399-83 and ASTM E813-87) define the
minimum size of the test specimen as a function of flow stress and J-integral loading level.
However, to know more exactly the 3D-stress state, the effect of reduced constraint at or
close to free surfaces, the form and width of plastic zone, the variation of COD and J-integral
in the front of crack tip, and the possible errors in interpretation of test measurements, very
detailed nonlinear 3D stress analysis is needed. In the following, a short description of the
FE-analysis system made for this kind of analysis is given and some numerical results are
reported and discussed. The results show that a lot of error can be avoided in the interpreta-
tion of fracture mechanics test results, if a detailed 3D FE-analysis is made in addition to the
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test itself with known stress-strain-relationship of the tested material and with known shape
and dimensions of the test specimen and the initial crack.

2. STRESS FIELDS IN CLEAVAGE FRACTURE

If we look at stress components in front of crack tip in mathematical plane strain (MPS)
condition, Fig.1, we can see that the crack closing stress component in the very tip of the
crack is equal to yield strength corresponding the strain rate. This means that the stress state
at the blunted crack tip is two dimensional due to the free surface of the blunted crack tip. If
we go ahead in front of the tip, the stress state becomes more three dimensional and the
current stress components grow much higher. The maximum of the crack closing stress
component is about three times the one dimensional yield stress and the location of the
maximum is about 2 - 4 times CTOD in front of the crack tip. This can be decided even by
linear elastic reasoning, by FEM or by slip line theory.

The cleavage fracture is assumed to take place when the maximum crack closing stress
component has reached a critical value. This is, at least in principle, application of the eldest
strength hypothesis in the world, the maximum principal stress hypothesis by Rankine, Lamég,
Clapeyron and Maxwell. Keeping this in mind, we can now make a correlation between the
measured value of critical J-integral from a test specimen and the respective critical J-integral
value in undisturbed small scale yielding field, (SSY). This kind of numerical stress analysis
application can be used in the lower transition region where extensive plasticity precedes
unstable fracture.

y
‘ = 30n
oy
Om
CTOD 90° —
X

FIGURE 1. The maximum crack closing stress component in front of a crack tip.
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3. NUMERICAL ANALYSIS PROCEDURE

A FE-method based computer code was developed at VTT Energy for special analysis
purpose now in question. The basis of the program is a typical materially nonlinear FE-
program. The nonlinear behavior of material is programmed according to von Mises’s
yielding condition and associative flow rule [4]. Due to nonlinearities the analysis process is
incremental and step by step iterative. The special features needed in the FE-program for
nonlinear analysis of stress fields very close to crack tip are:

- automatic node and element generation for very high density, well shaped and balanced
mesh in the crack tip area,

- calculation of CTOD according to [9] in the crack front during the incremental analysis,

- calculation of J-integral in the crack front by path and domain integral method, and by
a very powerful and accurate own developed method for curved crack front (eg.
semielliptical cracks). The average J-integral is also calculated globally from beam
deflection and reaction force,

- calculation of maximum crack closing stress component (the most positive principal
stress component) in front of crack tip in the distance of about 1 to 10 CTODs during
the incremental analysis,

- automatic reference case analysis (small scale yielding), where the FE-modeled crack
tip area is analyzed with forced displacement boundary conditions based on analytical
solution of small scale yielding infinite field [3], which gives a HRR-field close to
crack tip, ref. [5], [8],

- comparison of calculated J-integral values in small scale yielding field solution and real
test specimen geometry solution corresponding to equal maximum crack closing stress
component in front of the crack front locating in the distance of about 2 - 4 times local
CTOD, ref. [3], and

- post processing capabilities with interactive color graphics.

First a 2D FE-program was developed including the features described above. The 2D
program includes the options of analyzing plane strain, plane stress and axisymmetric stress
state. When doing 2D analyses it became evident that in addition to the relative shallowness
(a/W) of the crack the distance of free surface at the ends of the crack in specimen also had
a prominent effect in local stiffness, stresses and J-integral values. Therefore, the FE-code
was expanded into 3D. In 3D program the calculation of J-integral had to be changed from
line integral to domain integral method. The 3D program is able to model the effect of the
partly plain stress state close to free boundary at the specimen edge. Accordingly, the possible
side grooves of the specimen can be exactly modeled in the analysis. The 3D analysis gives
the J-value in all calculation points of the crack front and the average J-value over the crack
front can be calculated, too. Thus we are able to compare the measured average value from
the test and the actual maximum value of the fracture parameter. The need of very small
elements, whose dimensions are equal to order of CTOD, and the need of calculating high
stresses compared to uniaxial yield strength causes frequently some numerical troubles and
the iteration processes have to be continued to very high accuracy to get stable results., The
updating of stiffness matrix is important for accurate and effective calculation.
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4. MODELING OF THE CRACK TIP

In 2D analysis 8-noded and in 3D analysis 20-noded isoparametric elements with reduced or
full Gauss quadrature were employed in the models. The mesh close to crack tip front is
generated in polar coordinate system. The mesh is often generated only for a symmetric half
of the structure. Circumferentially the elements are evenly distributed typically in 8 or 12
element sectors. Radially the elements are generated in a way that the radial length of the
element layer is increasing in geometric series. The minimum element size close to the crack
tip must be order of one COD with reasonable load level and the outside diameter of the cir-
cular mesh area must be at least ten times the plastic zone dimension. The reasonable size
ratio between radial element layers is between 1 and 2. This leads to 10 to 30 radial layers
of elements in the near tip field mesh. These rules yield typically to element meshes shown
in Fig. 2. for three point bend specimen. There are 1092 nodes and 329 elements in the mesh.
The semi circular area close to crack tip contains 30 layers of 8 elements.

In 3D models the symmetry of three point bend specimen is used in two sections; the
transverse section at crack plane and the longitudinal vertical section in the axis plane of the
beam. Thus only a quarter of the beam need to be modeled. The number of element layers in
the half thickness dimension of the test specimen were varied from 1 to 4, which corresponds
to 2 to 8 element layers in the full thickness. Two element layers give reasonable results for
beam without side grooves, but a beam with V-shaped side grooves needs 3 to 4 element
layers in half thickness direction to give stabile local values for the fracture parameter. The
element layers have to be focused close to the free surface. In the middle part of the beam
model the element layers can be thick compared to the thickness of the specimen.

FIGURE 2. Typical 2D mesh for three point bend test specimen.

5. NUMERICAL RESULTS FOR THREE POINT BENDING SPECIMEN

First application of the 2D FE-analysis system was the analysis of a three point bending test
specimen (W=150, B=75 and L=600 mm), refs. [6], [7]. In some actual tests the initial crack
length had been a=15 mm. The material stress-strain relationship in test temperature was
tested and constants for Ramberg-Osgood material model were defined.
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First a reference analysis was made for the SSY-solution. A semi circular element mesh with
high element density was made. The load for that was a forced displacement field at the outer
boundary of the model. The displacement field is based on analytical solution of small scale
yielding infinite field. The forced displacement components at radial distance R in angular
coordinates © are as follows:

- (1+V) K, e 1
U, = —— "Tznz (3-4v-cosB) cos(8/2) (1)

_ (1K, e , "
u, = —p— ‘/_2_1; (3-4v-cosB) sin(6/2) (2)

The SSY reference analysis was run incrementally as far as the required J-integral level was
reached. During all load increment level the J-integral, CTOD and the maximum crack
closing stress component were calculated and stored.

Secondly the analysis for the test specimen was done. The element model and mesh was like
in Fig. 2. The loading force F was incrementally increased and J-integral, CTOD and
maximum crack closing stress component were calculated, respectively. When the maximum
crack closing stress component and value of J-integral were compared in SSY analysis and
the test specimen analysis, following result was received, Fig. 3. Equal analysis with the same
material properties was repeated also for an other three point bending test specimen (W=100,
B=50 and L=400 mm), and the result is plotted in Fig. 3, too.

50
Jssy 1 ssy _9/
40- A s
30 a/W = 10/100
i I
20 a/W = 15/150
E | |
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: G,,= 625MPa
0t
0

40 80 120 160 200 J

FIGURE 3. Relation between J-integral values in test specimen and in SSY condition at

loading levels which generate equal maximum crack closing stress component. Parameter "n
is the hardening exponent in Ramberg-Osgood model.
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In three dimensional analysis of the bend specimen the local variation of the fracture
parameter in the crack front can be seen, Fig. 5. The reason for the changes of the parameter
is that the stress state in the heavily loaded and plasticized crack tip area are changing from
plane stress situation on the free surfaces of the specimen through plane strain state to
complicated 3D stress state in the central part of the test beam, where the strain is clearly
positive in the thickness direction of the test specimen. In addition, in small specimen with
50% crack depth the effect of the plastic zone caused by the tool bringing the external force
to the specimen interacts with the plastic zone caused by the crack tip singularity. The result
given in Fig. 3 were converted into temperature/stress intensity factor -coordinate system to
visualize more clearly, what is the shallow crack effect in this test specimen and material
property case. The J-integral values were converted to K;-parameter values and, moreover, the
K-parameter values corresponding to SSY condition were calibrated to a typical exponential
K,-curve. Then the calculated test specimen K;-result could be plotted in same figure. The
result is plotted in Fig. 4. There are also calculated result with the same specimen geometry
but a slightly different material properties.
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FIGURE 4. Test specimen results and the corresponding critical K, .-values (SSY).
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FIGURE 5. Maximum O, and local fracture parameter in specimen with increasing load.
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6. THE CRACK DEPTH CORRELATION TO FRACTURE TOUGHNESS

A primary parameter in the depth effect of the crack is the size of plastic zone compared to
the depth of the crack. In the regime of linear fracture mechanics the characteristic radius ,
of the plastic zone [2] in plane strain condition is

KZ
oK m @
o, (1-v¥)a,

where K, the stress intensity factor, o, is the yield strength, E elasticity modulus and v
Poisson’s ratio. In considering strain hardening o, should be substituted by some other
characteristic stress. Let this be the parameter o, in the Ramberg-Osgood fitting function. A
suitable dimensionless parameter to correlate to fracture constraint is the ratio between the
radius r, and the crack depth a. Thus we can seek the crack depth correlation in form

_ E J \7
Te = Tivk (55 a—og) I Jessy - (4)

This fitting fulfills the requirement J, — J.ssy, When a — oo Formally it follows

_ E J \m
Kige = \Il+k(1—v2 aTO") Kic (5)

where K, is calculational fracture toughness.
By fitting a curve by least squares in Fig. 4 to the points calculated by FE-method in the

interested area, namely below K, = 100 MPaVm values k = 0.993 and m = 0.889 are
obtained and equation (5) will look like

2 . 0.889

K
Ko = J1+0.993(ﬁ) Ky (6)
0

It should be emphasized that equation (6) is valid only when n = 10. For other hardening
modules n the parameters k and m must be calculated accordingly.

CONCLUSION

Numerical application of FE-method is presented to correlate the size, shape and relative
dimensions of the test specimen and initial crack and hardening material properties to fracture
toughness in reference (SSY) condition. In addition, a correlation function procedure is
proposed to eliminate the shallow crack effect in three point bending specimen.



398

The numerical results show that the present method is able to simulate the fracture mechanics
test with good accuracy. The average J-integral values calculated either from global deflection
and reaction force or from averaged local values in the crack front are both very close to
those calculated according to the ASTM testing standard.

Possibility to reliable numerical simulation of strongly nonlinear material testing gives much
deeper understanding on the phenomena and important factors of the material behavior in test
and actual operation condition.

This kind of analyses are now able to show, why the toughness of thinner plates is better than
thick plates made of same material. Secondly, this analysis procedure can be used for analysis
of relatively shallow and short surface flaws in large and thick-walled real ductile structures
giving results that tells that short and/or shallow surface flaws are not so dangerous in case
of monotonic increasing load (concerning not high cycle fatigue) as linear elastic analysis or
analytical solutions presumes.

The current activities on this procedure are focused on the analysis in case of thermal stresses
and strains in 3D structures.
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A RULE-BASED PROTOTYPE EXPERT SYSTEM FOR
THE EVALUATION AND SELECTION OF FIBER-REINFORCED PLIES

PETRI KERE
Laboratory of Light Structures
Helsinki University of Technology
Puumiehenkuja 5 A, FIN-02150 Espoo, FINLAND

ABSTRACT

Due to its simplicity, modifiability, and flexibility in applying problem-solving knowledge,
a rule-based system of Al using heuristic knowledge representation is an appropriate tool for
the construction of an expert system for design purposes. A rule-based system for the
evaluation and selection of fiber-reinforced plies is described. It searches feasible plies that
satisfy specified requirements and ranks the plies on the basis of targets set for different ply
attributes. The basic elements of an expert system are introduced.

1. BACKGROUND AND MOTIVATION

A software for analyzing composite material systems [2] is currently under development in
the Laboratory of Light Structures at the Helsinki University of Technology. An expert
system for searching feasible solutions is planned to be integrated in the software. The
system will include tools for the ply selection, laminate creation, and laminate selection on
the basis of a user defined design specification. The software is developed in the UNIX/X
Window environment. Easy expandability is one of the key requirements set for the tools of
the software.

A rule-based prototype expert system for the evaluation and selection of fiber-reinforced
plies was developed to evaluate the feasibility of the Artificial Intelligence (Al)
programming environment C Language Integrated Production System (CLIPS) in the
development of an expert system for solving design problems of composite material systems.
Requirements were set for the knowledge representation, modifiability, and expandability,
as well as for the implementation of an explanation facility [1].

2. THE CONSTRAINT SATISFACTION PROBLEM

The constraint satisfaction problem can be established as follows. Let

X=X}, j=1,.,n (1)
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be a set of attributes with values in a set of discrete and finite domains

D={D!.,.}, i=1,..,m, j=1,..,n. 2
Let

R={R}, j=1,u,n 3)

be a set of constraints called requirements, each of which shows the values compatible for
the jith attribute. The problem is to find a subset S of values such that all the constraints for
different attributes are satisfied:

S={Sy.}, i=1l,..,m, j=1,.,n, 4

where

_ D, if D;€eR, for every j=1,...,n

V=

(5)
o otherwise

Every different subset that satisfies all the constraints is called a feasible solution.

Besides being specified a requirement, a constraint can also be specified a targer. A
constraint is called a target if the strict satisfaction of the constraint is not required, but the
constraint shows the desirable values. The distance of values from the constraint is mapped
by the quality factor function. The quality factor function maps all elements of D;; into the
codomain of real number defined in the interval from O to 1 inclusive as

af;: UD,-~[0,1]. (6)

i=1
3. AI PROBLEM-SOLVING APPROACH

The basis of rules of inference comes from deductive logic. A syllogism that is any valid
deductive argument having two premises and a conclusion can be represented as follows:

Premise :  Any element that satisfies the constraint is compatible
Premise ; _ Element A satisfies the constraint

Conclusion : Therefore, element A is compatible

In an argument, the premises produce evidence to support the conclusion. The premises are
also called the antecedent and the conclusion is called the consequent. In deductive logic,
the true conclusion must follow from the premises. The advantage of using syllogisms is that
they can be expressed in terms of IF-THEN rules:

IF Any element that satisfies the constraint is compatible and
Element A satisfies the constraint
THEN Element A is compatible

In formal way, the general schema for representing an argument of this type is:
Pp-aq
R M
. q

where p and ¢ are logical variables that can represent any statements. The use of logical
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variables in propositional logic allows more complex types of statements than the basic
syllogistic forms. Inference schema of the propositional form is called modus ponens and it
forms the basis of rule-based expert systems. However, in logic the conditional p — ¢ is a
logical definition defined by a truth table and can be translated into natural language in a
number of ways, while in rule-based expert systems, the conditional p — ¢ corresponds to
the rule and p corresponds to the pattern that must match the antecedent for the rule to be
executed.

A group of multiple inferences that connect a problem with its solution is called a chain. A
chain that proceeds from given facts by using rules for changing state until the goal
condition is satisfied, is called a data-driven search, or a forward chain. An alternative
approach is a chain that is traversed from a conclusion back to the facts that support the
conclusion. That is called a goal-driven search, or a backward chain. Forward chaining and
backward chaining are the basic search strategies for state space search, whose definition is
presented by Luger and Stubblefield [5]. The basic concept of forward chaining in a rule-
based system is illustrated in Figure 1.

_O_ Given fact R8

3 .+ Inferred fact
Missing fact L J J K
l:l Applicable rule | )

Inapplicable rule

FIGURE 1. The basic concept of forward chaining in a rule-based system. Rules are
triggered by the facts that satisfy their antecedent. Given that the rule R, has to be satisfied
by facts B and C to be activated. Only fact C is present, from which follows that R, is not
activated. Rule R, is activated by facts C and D which are present and so R, produces a new
fact H. Other satisfied rules are R,, Ry, R, Ry, and R,

4. ELEMENTS OF A RULE-BASED EXPERT SYSTEM

In the human-modelling world, condition-action rules are generally called productions. In
rule-based systems a knowledge-base contains all the domain knowledge coded in the form
of productions, called production rules. Each production rule represents an independent piece
of knowledge and is identified by a name. Following the name is the IF part, or condition
part of the rule, which is a collection of individual conditions called patterns. In a reasoning
process, working memory contains a description of the current state of the problem solving
process. This description is a set of patterns that is matched against the condition part of
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rules to select appropriate actions for problem solving. In the beginning of the recognize-act
cycle, working memory is initialized with the beginning problem description. The inference-
engine controls the reasoning process as follows: the patterns are matched against the
conditions of the tules; this produces a subset of the rules, called the conflict set, whose
conditions match the patterns in working memory. The rules in the conflict set are said to
be activated. One rule in the conflict set is then selected on the basis of the conflict
resolution strategy and fired, i.e., the action part of the rule is performed, changing the
contents of working memory. This control cycle is repeated until no patterns in working
memory match the rule conditions. The conflict resolution strategy is based on a search
algorithm. The different search algorithms are discussed by Luger and Stubblefield [5]. A
schematic sketch of a rule-based system is presented in Figure 2.

The advantages of a rule-based system can be listed as follows:

1. Separation of knowledge and the inference engine enables easy modification of the
knowledge in the knowledge-base without changing the program control.

2. Modularity of production rules, from which follows that the rules have no syntactic
interactions. Thus, it is easy to expand the expert system by adding, deleting, and
changing the knowledge in the knowledge-base.

3. It is easy to build an explanation facility with rules since the antecedent of a rule
specifies exactly what is needed to activate a rule.

L

Working Memory Cn
Patterns
Patterns —> Actions

FIGURE 2. A rule-based system. The inference-engine loops until patterns in working
memory no longer match the conditions of any rules.

5. THE PROTOTYPE EXPERT SYSTEM

5.1 The need for a rule-based system. Because of its simplicity, modifiability, and
flexibility in applying problem-solving knowledge, a rule-based system of Al using heuristic
knowledge representation is an appropriate tool for the construction of an expert system for
the design of composite material systems. The need for applying symbolic reasoning and
possibilities to extend the expert system into the heuristic design support the use of rule-
based problem-solving techniques. Furthermore, it is characteristic of the design problem
that:

1. All or most of the data are given in the initial statement of the problem.

2.  The formation of the goal, or the hypothesis is difficult.

3. There are many potential goals but only a few ways to use the facts.
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Thus, forward chaining is the appropriate search strategy for the design problem.

5.2 Ply evaluation and selection problem. A composite laminate is formed of plies that
commonly consist of reinforcing fibers in a polymer matrix material. Ply constituents, their
mutual proportions, and the form and orientation of the reinforcement specify the properties
of plies, which partly define the properties of the laminate. In the evaluation and selection
problem of fiber-reinforced plies, different ply properties gathered in a ply specification,
called ply attributes, are considered design variables. The beginning problem description,
i.e., the initial state in the prototype is formed of the ply specifications stored in the
database and the design specification given by the user. The design specification may
include requirements and targets set for different ply attributes. In the design specification,
every different target is weighted with a weighting factor between 0 and 1 associating the
importance of a target. Thus, the weighting factors for different ply attributes are:

A={1, |2 €[0,1]}. ®)

The weighting factor 0 corresponds to the least important and 1 to the most important target.
The value of a quality factor function is called a quality factor. The quality factor function
is selected on the basis of the constraint. Thus, the quality factor is relative. The schematic
graphs of quality factor functions are illustrated in Figure 3.
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FIGURE 3. The schematic graphs of quality factor functions gf; (D;;) used in the prototype
system. a) Lower and upper side constraints D' and D* are specified. AD denotes the
maximum difference between the side constraints and minimum and maximum values of D,
1 €i < m. b) A certain value D is searched. c) The greatest value D,y is searched and
lower side constraint D' is specified. d) The greatest value D,y is searched, no side
constraints are specified. €) The smallest value D,y is searched and the upper side constraint
D" is specified. f) The smallest value D,y is searched, no side constraints are specified.

When quality factors are stated in matrix form as follows
QF={QF,.J.}, i=1,..,m,j=1,..,n, 9)

where
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QF; = af,(D), (10)
a cumulative ply quality for each ply can be defined as
QF ¢ ={QFf}, i=1,..,m, (11
where
n
QF/ =j321 QF; 4, (12)

Finally, feasible plies that satisfy all the requirements are selected and ranked on the basis
of ply quality factors obtained by scaling cumulative ply qualities between 0 and 1:

QF? ={QF’}, i=1,..,m, (13)
where
QF; - min QF;
QF‘p . 1<k<m . (14)
max QF, - min QF;
1<k<m 1<k<m

5.3 Realization of the prototype expert system. The prototype expert system is realized
with CLIPS, Version 6.0, developed by the Software Technology Branch, NASA/ Lyndon
B. Johnson Space Center, in the UNIX/X Window environment. CLIPS uses the efficient
Rete Algorithm [3] in pattern matching and is optimized to be a forward chaining language.
CLIPS provides a complete environment for developing expert systems.

The prototype consists of all the basic elements of an expert system. A knowledge-base with
modularized structure is the storage of information. The knowledge-base contains the design
knowledge telated to the ply evaluation and selection, explanation knowledge used to
produce the explanations, and the process control knowledge to control the process
propagation. The knowledge in the knowledge-base consists of Object-Attribute-Value
(OAV) triplets, heuristic knowledge, i.e., the production rules, and procedural knowledge
including modules and functions. Modules are used to create the hierarchial structure of the
knowledge-base. The interaction between the user and the prototype is realized with the
CLIPS user interface. The inference engine and working memory of CLIPS control the
reasoning process. The state space search is based on the forward chaining control strategy
with the depth conflict resolution strategy. In the depth strategy newly activated rules get
higher priority and the search goes deeper in the search space whenever this is possible. As
soon as the goal state is reached, the ply selection tool lists feasible plies and ranks them on
the basis of their ply quality factors. In the ply evaluation mode, all evaluated plies, also
infeasible ones, are listed. The explanation facility enables the user to ask the questions what
is being asked and what attributes are available in the knowledge-base, why the attribute is
included in the knowledge-base, i.e., the current constraint set for the attribute, and how the
program has reasoned to the resulting conclusion.
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5.4 An example run. An example of a design variable defined heuristically in the prototype
is the ply formability. The ply formability is a processing parameter contributed by the form
of reinforcement and the thickness of a ply. The maximum formability corresponding to the
hypothetical zero thickness of the ply and the change of the formability vs. ply thickness are
defined heuristically in the knowledge-base for each form of reinforcement. The simplified
ply formability F is defined as:

F=max[Fyy + 2L h,0], (15)
oh

where F,y,; denotes the maximum formability, 0F/dh the change of the formability vs. the
ply thickness, and h the ply thickness. Thus, the ply formability is a nondimensional
absolute value. The default values for F,,,, and dF/0h are shown in Figure 4c. In an example
run of the prototype system shown in Figure 4a, feasible plies are searched against a simple
design specification from the extended database of the LAMDA software [7] including 35
ply specifications with 34 ply attributes.

a.
Select ply Evaluation or Selection mode (e/s/what/why)

| oo e mmm———————————— | b.

| PLY-ID | PLY-QF | VE h weave reinforcement applicability
| mmm e ferssaamaaaas

| CEF11-02 | 0.97 | 50 0.220 plain carbon prepreg
| CEF11-01 | 0.45 | 50 0.325 satin carbon prepreg
| CEU11-01 | 0.34 | 60 0.200 unid carbon prepreg
| CEU11-02 | 0.34 I 60 0.200 wunid carbon prepreg
| CEU11-03 | 0.17 | 50 0.340 wunid carbon prepreg
| CEU11-04 | 0.17 | 50 0.340 wunid carbon prepreg
Select explanation (what/why/how/none)

why

Select attribute or all

all

ATTRIBUTE formability is specified as a TARGET with WEIGHTING FACTOR 1.00
MAXIMUM VALUE is searched for formability

ATTRIBUTE Vf is specified as a TARGET with WBIGHTING FACTOR 0.50
Value 60.00 is searched for V£

ATTRIBUTE applicability is specified as a REQUIREMENT
Value prepreg is searched for applicability

ATTRIBUTE relnforcement is specified as a REQUIREMENT
Value carbon is searched for reinforcement

C.

Ply type Fu, dF/dz
mat 1.0 -0.1
satin 0.8 -0.1
twill 0.6 -0.1
plain 0.4 -0.1
unid 0.2 -0.1

FIGURE 4. a) An example of the prototype expert system run. b) Ply attribute values of
- each selected ply. ¢) Default values for F,,,, and oF/oh.

The plies are selected on the basis of the requirements set for the applicability and
reinforcing material (applicability refers to processing). Selected plies are ranked on the
basis of the targets set for the formability and fiber volume fraction. The current design
specification is explained with why all question. We can see that the ply CEF11-02 with the
greatest ply quality factor corresponds best to the current design specification mainly
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because of its form of reinforcement (the best formability). The ply attribute values of
selected plies are shown in Figure 4b.

6. SUMMARY

A rule-based prototype expert system for the evaluation and selection of fiber-reinforced
plies has been developed with CLIPS in the UNIX/X Window environment. The evaluation
and selection of plies is considered as a constraint satisfaction problem. The constraint set
for a ply attribute may be a requirement that must be entirely fulfilled, or a target that shows
the desirable values. The selection of plies is based on requirements and the ranking of plies
on targets. An example run demonstrates the use of the prototype system. The need for
symbolic reasoning, as well as the need for simplicity, modifiability, and flexibility in
applying problem-solving knowledge are the reasons for using rule-based techniques of Al
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STEFAN-BOLTZMANN RADIATION FOR NON CONVEX SURFACES

TIMO TIIHONEN
Laboratory of Scientific Computing
University of Jyviaskyla
P.O. Box 35, FIN-40351 Jyvaskyla, FINLAND

ABSTRACT

We consider the stationary heat equation for a non convex body with Stefan-Boltz-
mann radiation condition on the surface. The main virtue of the resulting problem is
non locality of the boundary condition. Using the technique of upper and lower solutions
we prove the existence of a weak solution.

1. INTRODUCTION

Radiative heat exchange plays an important role in many situations. It has to be
taken into account in general always when the temperature on a visible surface of the
system is high enough or when other heat transfer mechanisms are not present (like in
vacuum, for example). Apart from some simple cases like a convex radiating body and
known irridation from infinity, we have to take into account the radiative heat exchange
between different parts of the surface of our system. This leads to non local boundary
conditions on radiating part of the boundary.

In this work we shall consider the stationary heat equation in two or three dimen-
sional domains {2 with radiative heat transfer on & C Q. The typical shapes of Q are
sketched in Figure 1. The main emphasis is in analysis of a closed container, i.e. when
2 is connected but has a hole. However, we will also give some remarks on the other
geometrical configurations.

The structure of the paper is as follows: First we derive the the equations for heat
balance on a radiating surface and formulate them in appropriate function spaces. Some
properties of the non local operator are then proved for later use. In the third chapter
we consider the stationary heat equation with non local radiation boundary condition
and show the existence and uniqueness under reasonable hypotheses.

NOTATIONS: We shall mainly consider geometries that belong to the class C**®. That is,
domains whose boundaries can be locally represented as graphs of functions with Holder
continuous derivatives. By L? we denote the space of measurable functions whose p:th
powers are integrable. We also exploit the well known Sobolev space H! of L? functions
whose derivatives are also in L2.
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L s

Figure 1.
2. RADIATION ON DIFFUSE GRAY SURFACES

We consider the three dimensional equivalent of the situation of Figure 1.b, where 2
is a conducting body. The domain bounded by ¥ is a vacuum (transparent and non
conducting). On I" we assume, for simplicity, that temperature is known.

On ¥ the heat balance reads as

¢g—R+J =0,

where ¢ is the heat brought to the surface by conduction. R denotes the radiation
emitted by the surface ¥ and J is the energy of incoming irridation on X.

For surfaces that are diffuse and gray as emitters and reflectors the intensity of emitted
radiation has the representation (see [2], for example)

R=eoT*+(1—¢)J.

The first part corresponds to the Stefan-Boltzmann radiation law, the second part is
the reflected part of the received irridation. In the geometry of Figure 1.b the irridation
on ¥ depends only on the radiation emitted by different parts of ¥ itself. Infact we can
write for any point s € &

J(s)=[2w(s,z)R(z)dz,

where we call w as the view factor between points s and z of £. For convex three
dimensional enclosures the view factor has the representation w = w* with [2]

(8= 2z) ny(z —s)
Ijz — s[4

w*(s,z) = e

Correspondingly, in two dimensional case (cross section of an infinitely long cylinder)
the view factor reads as
n:(s —2) ny(z — s)

o= sP

w*(s,2) =
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If the enclosure is not convex we have to take into account also the visibility factor =:

0, if3zNQ # ¢,
E(s,2) = .
1, ifszNR = 4.

The view factor can then be written as
w(s,z) = w*(s, 2)E(s, 2)-

Let us introduce the operator K : L®(Z) — L*(Z),
K(f)(s) = / w(s,)f(z)dz Vs€S, VfeL®()
s

We can now write J = K(R) and hence

R=eT*-(1-€K(R) onX
or, equivalently,
R=(I—-(Q1-¢K) 'eaT".
Now the heat balance on ¥ reads as
0=g—R+J=g-G(cT")
with
G(oT*)=(I - K)R= (I - K)I - (I-E)K) ' E)(aT*).
We shall also use for G the expression

G =(I-H)E=(-EK(I-(I-E)K)™")E.

G is the infinite dimensional equivalent to the matrix of so called Gebhart factors, [2].
Let us now present some lemmas about the properties of K and G.

LEMMA 1. Let & be a C*®-surface. Then w* € L°°(Z; LP(Z)) for p < 1/(1 — 6).

PRrOOF: Clearly we only have to treat the situation s — z for any fixed z € £. We can
choose the coordinate system so that z = (0,0,0) and in the neighbourhood of z X is a
graph of a C*® function f.

Let now s = (z, f(z)). Then we have

ni(s=2) _ Ve +f@) VIO +Vila)e oy

ls—2* — L+ [VAO)P)(|=* + f(=)*) ~ |=[?

where t € (0,1) and C is the HSlder constant of V f. In a similar way we can bound also
ns(z — s)/|z — s|2. Hence w*(z,-) can have at z a singularity of type |z|72(!=% which
gives the bound for p.

The above result holds clearly also for w as Z is in L*°. In the two dimensional case
the corresponding bound for p is 1/(1 — 26).
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LEMMA 2. The operator K > 0. If & € C' then K is a compact mapping from L?(Z),
p > 1/6 into itself and p(K) = 1.

PROOF: For convex T the positivity of K is obvious. In the general case we have
to notice that Z(s,z) = 0 whenever w*(s,z) < 0. If ¥ € C%% and v € LP(X) then
|Kv(z)| < |lw*(z, )|l s (gyllvlizs(z). The norm of w*(z,-) is uniformly bounded by a
constant depending on the Holder coefficient. Hence, Kv € L™(Z) C LP(X). As K
belongs to the class of Hille-Tamarkin operators it is compact, [3].

As [ w(s,z)dz = 1Vs € T constant functions are eigenfunctions of K with eigenvalue
1. As K maps L” into L™, the eigenvalues of K are all in L. On the other hand
|K]| = 1 as a mapping from L™ into itself. Hence 1 is the maximal eigenvalue.

In the sequel we shall assume that T is a C® surface with § > 0. Hence K maps
L? into L*® for p > 1/6 in 3D (p > 1/(26) in 2D. We also denote by E the operator
corresponding to multiplication with € € L=(X).

LEMMA 3. The operator I — (I — E)K from LP(Z), p > 1/6, into itself is invertible with
non negative inverse whenever 0 < ¢g < e < 1.

PRrOOF: (I — E)K is non negative and its spectral radius is bounded by 1 — €. Hence
we can write o
(I-(I-BK)™" =I+) (I~ E)K).
i=1
The series converges and its terms are all nonnegative.

LEMMA 4. The symmetric part of operator G, G+G7 from L?(X) into itself is positively
semi definite.

PROOF: Let v € LP(X) be arbitrary. Denote by u the solution of (I —(I— E)K)u = Ev.
Then

(v,(G+ GTWw) =2(E~Y(I — (I — E)K)u,(I — K)u)
=2(u,(I = K)E~'(I - K)u) + 2(u,(K — K*)u) > 0

as p(K) = 1.

LEMMA 5. Let d € L*(X), d > 0 be given and denote by D the operator induced by
d. Then if G maps LP(X) into L*°(X), the operator GD maps L!(¥) into L*(X) for
q 2 sp/(s — p). Moreover, (z,GDz) > 0 Vz € LI(Z).

PROOF: Let us choose a family of finite dimensional subspaces {V;} of LI(X) such
that V; C Vij, for all ¢, LX) = U;V; and elements of V:s are piecewise constant
functions. Let ¢;, j = 1,...,N; be a basis of V; with the property that all ¢;:s have
pairwisely distinct supports. The finite dimensional equivalents to operators G and
D are the matrices with components G;; = fz G(¢:i)¢; and D;; = fE d¢i¢;. Disa
diagonal matrix with non negative entries. Now let A\ be an eigenvalue of GD and
¢ the corresponding eigenvector. Then denoting y = Dz we have Re(A(z” Dz)) =
Re(zTDGDz) = Re(y"Gy) > 0 as G + GT was positively semidefinite. Evidently,
zTDz > 0 and moreover 27 Dz = 0 implies that Dz = 0 and hence GDz = 0. This
means that A = 0. In the case 27Dz > 0 we obtain immediately that ReA > 0. This
means that £TGDz > 0 for all z in the finite dimensional case.
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Let now z € LY(E) be arbitrary. We can find a sequence {z;} such that z; € Vi

and z; — z strongly in L9. Then it follows easily that Dz; — Dz strongly in L? and
consequently also GDz; — GDz in L*°. This implies the non negativity of zTGDz for
all z in LY(X).
REMARK: The above Lemma 5 is one of the main tools in the sequel. It will be applied
for the linearized version of the radiation condition. The above lemmas apply verbatim
for the geometries of Figures 1.b and 1.c. In the situation like in Figure 1.a where part
of the radiation can escape the operator K is, in general, contractive, ||K|| < 1. This
implies, among other things, that G can be strictly positive definite and for d > 0 also
GD is strictly positive definite.

3. CONDUCTION RADIATION PROBLEM

Let us now combine the radiation heat exchange with the normal heat conduction in
Q. In stationary situation the absolute temperature satisfies in  the boundary value
problem:

—kAT=f inQQ,
T=T"onT,
4-i,;—:=—q on X.

where k is the heat conductivity and f the heat source. Combining this with the
radiation law we get on I the nonlinear, non local condition

or 4
k%+G(aT )=0 onX.

To introduce the weak formulation of our system let us define for given p

Vh = {v € B@)NLA(D)] vl =T,

Ve = {ve H(Q)NLI(Z)| vlp =0},

Vot = {veV|v>0}.
Then the problem can be written as

a(T,v) + b(T,v) =< f,v > TeVhk, YweV (1)
with
a(T,v) = /ﬂkVTVv,

BT, ) = L G(o|TP T

and < f,v > is the duality pairing between VJ and (VF)'. Note that the Stefan
Boltzmann law is physical only for temperatures above zero. So in order to make the
mathematical model well posed we modified the law for negative (unphysical) absolute
temperatures.

The space V{ is a reflexive Banach space. In the three dimensional case the condition
v € LP(R) is essential for p > 4 as it can not be deduced from the trace theorems. With
the given definition of the spaces the weak form is well defined for p > maz(5,4/0).
Moreover, we have the following result for the case without the non local term:
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LEMMA 6. [1] The problem
a(T,v) +/ eo|TIP~*Tv =< f,v > Ywe VP, TeVh
s

has a unique solution T € V}, for all f € (V{)'.

THEOREM 1. Let Q be three dimensional. Assume that £ € C*%,6 > 0, T° € H/*(T),
f € (V) and that there exist two functions ¢ < ¢, ¢, € H(Q) N LP(X), p >
maz(5,4/0) such that $ <T° <y onT,

a(¢,v) +b(¢,v) << o>  Wwe Vg,

a(¥,v) + b(x,v) >< f,v > Yv € V;t.

Then there exists a unique solution T for (1). Moreover, ¢ <T < ¢ in Q.
The proof will be divided in two lemmas.
LEMMA 7. Let us denote [u] = maz((u — ¢)*,min(0,—(é — u)*)) and c(u,v) =
v Jg[u}P~v for some v > 0. Then the modified problem
A(T,v) := a(T,v) + b(T,v) + ¢(T,v) =< f,v > TeVh, WYweVd

has a unique solution.

PROOF: Let us first prove that A is monotone. Let T;,T; € V}, be arbitrary. Then
A(Tl,Tl - T2) - A(Tg,Tl - Tz) = a(Tl -1, T — Tg) + / G(O’(Tl‘1k - T;))(Tl - T2)
T

+y /E (T2~ - [LP)T - T)

2 a||Ty - T2”21,-11(9)7

where a is the coercivity constant of a. Note that we write here simply T% even when
we actually mean |T(T3. In the above the estimation of the first and the last term is
clear. In the non local term we can write for some T that T{ — T = 4|T]*(T) ~ Tp).
Then

/ G(o(T! - T)))(Th — T2) =/ Glod(Ty ~T))(Th ~T2) 20
> >

by Lemma 5 as d = 4|T> > 0 on £ and G, d and p are such that the conditions of
Lemma 5 are satisfied.. As A is hemicontinuous and, due to the additional term, also
coercive in V?, there exists at least one solution. Moreover, as A is strictly coercive in
H?', the solution is also unique.

LEMMA 8. The solution of the modified problem is also a solution of the original prob-
lem.

PROOF: We have to show that the solution T of the modified problem satisfies ¢ < T <
¥ in QU X, since then ¢(T,v) = 0 Vv € V¥ and the result follows.
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Let us prove that T < ¢. The other inequality follows with same technique. Sub-
tracting the modified problem from the condition imposed for 1 we get

a(yp — T,v) + b(1p,v) — b(T,v) 2 (T, v) Yo € Vgt

Now, b(3,v) — b(T,v) = [ G(o(¥* — T*))v. As ¢ and T are in LP(X), there exists
a function d € LP/3(Z), d > 0 such that ¢* — T* = d(¢p — T) on . So, writing
b(u,v) = [ G(odu)v we have from above

a( = T,v) + by - T,v) 2 (T, v) Vv € Vot.
Choosing now v = (¢ — T')™ we have

—a((p—T)", @ -T) )= -T)" @ -T))+ (% -T)* (»-T)7) 2
/E A -T)"y 20

Now,
B = T) (-~ T)") = /E doe(tp — T (% - T)™ - /E H(doe( — TY)(% - T)~ <0

as H is non negative. From coercivity of a and semi coercivity of b we conclude that
(v-T)"=0.

In the two dimensional case the non linear boundary term is well defined for all H!
temperature fields because by trace theorem the spaces V? coincide with H'(Q) for all
finite p. Then arguing as in the proof of Lemma 9 we obtain the

THEOREM 2. Assume that £ € C1%, § >0, T® € HY/*(T') and that f € (V{)'. Then
there exists a unique solution T for (1).
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ERROR ANALYSIS FOR MEASUREMENT OF RIGID BODY INERTIA
PROPERTIES
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ABSTRACT

In this paper two methods for measuring rigid body inertia properties, which include rigid body
mass, location of center of mass and components of inertia tensor, are described. Both
methods are based on measured acceleration amplitudes of free rigid body, which are possible
to determine from frequency response functions of flexible mounted rigid body. Methods can
be divided to two stages, first the rigid body fit is used to find the acceleration of the origin and
the angular acceleration of the free rigid body, and then the inertia properties are calculated
from this data. In both of these two stages an overdetermined set of linear equations has to be
solved. Because these equations are formed from measured data, results are random numbers.
A method for estimating expected values and covariance matrix for unknowns is proposed and
verified using Monte-Carlo-simulation. Errors in calculated inertia properties are measured
using the estimated standard deviations.

INTRODUCTION

During the last decade several methods for measuring the rigid body inertia properties have
been presented /1,...,8/. However, error analyses for these methods are lacking. In this paper
error analyses for two methods are proposed. Both methods are based on measured
acceleration amplitudies of free rigid body. These amplitudies are commonly called rigid body
inertia restraints, and can be determined from frequency response functions of flexible mounted
rigid body. There are several ways, as listed in /8/, how to calculate the rigid body inertia
restraint from FRF's, but this is not the subject of this work. In this work it is assumed that
expected values and variances of inertia restraints have been calculated.

Because measured data should always be taken as random, all quantities calculated from it are
random. So, it is natural to measure errors in results using standard deviations or coefficients
of variation /9/. When inertia properties are calculated from inertia restraints, two or three sets
of linear overdeterminate equations has to be solved. For this reason the second moment
analysis, used extensively in stochastic FEM, is expanded to overdeterminate case. The
proposed method is verified using Monte-Carlo-simulation.
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Finally, the error analysis is used to study the effects of increasing the number of response and
excitation points. In all cases one method seems to be more accurate than the other.

In this work the coefficient of variation is used to measure randomness. For random variable it
is the standard deviation divided by the expected value.

SECOND MOMENT ANALYSIS FOR LINEAR STOCHASTIC EQUATIONS
A set of stochastic linear equations can be written in the form
Ax=b, M
where nxm-matrix A (n2m) and n-vector b are random. In second moment analysis /9/ it is

assumed that expected values and covariances between the elements of matrix A and vector b
are known. For a matter of simplicity, the matrix A is written as column vector row-wise as

al a l[a @ - ay]
a= a; ‘ A= 3:2 . [021 ‘122‘ a2m] @)
aZ,‘ a, [anl Qny - anm]

Using the above definition for vector a, the known covariances can be written as

cov(a)= E[(a —E[a))(a-E [a])T] (nm x nm-matrix) 3
cov(b)= E[(b ~ Eb))(b- E[b))" ] (n X n-matrix) )
cov(a,b) = cov(b,a)’ = E[(a ~ E[a])(b- E[b])T] (nm X n-matrix) 5)

When solving equation (1) using the perturbation method, the matrix A and vector b are
written in the form

A=Ag+(A-Ay)=Ag+AA = Ay +EAA (6)
b=bg+(b—by) = by +Ab = by +eAb, )

where Ay and by are the expected values of matrix A and vector b, respectively. The last

forms in equations (6) and (7), where € <<1, are based on the assumption that random
disturbancies near expected values are small. Also the unknown vector X can be written in the
form

X = Xq +€AX. (8)

Substituting expressions (6), (7) and (8) in the equation (1) and equating the equal order terms,
the following equations are obtained:
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Agxy =Dy (from zeroth order terms) ®
ApAx = Ab- AAx, (from first order terms) (10)

When n>m, the solution of equations (9) and (10) is not so straightforward, in this work
these are multiplied by Moore-Penrose-pseudoinverse of the matrix Ay, yielding

x0=A6b0 =Db0 (11)
Ax = Ay (Ab— AAx,) = DAb— DAAX,, (12)

because Ay Ag =1, when the rank of matrix Ay is full (which guarantees the unique solution).
For computational reasons, the last term of the equation (12) is written in the form

DAAx, = DAa, (13)
where m X nm-matrix D is
b=[b, D, - D,), (14)

where m x m-matrices D; are of the form

dixoy dyXex v diXom
B, = d2i:x01 d2i:102 N d2if0m (15)
AmiX) AmiXgy - dmiXom
Finally, vector X is written in the form
x = Dby + DAb~DAa, (16)
from which the expected value of vector X can be computed
E[x]= E[Dbo ]+ E{[DAb]— E[ DAa]= Db, =x, 17)

and covariance-matrix for vector X becomes

. %)
cov(x)=E[(x—xo)(x—xo)r]=[15 D][ cov(a) cov(a,b)][D ] (18)

—cov(a,b)’  cov(b) || pT

In this work, also the covariances between the elements of vector X and matrix A and vector
X and vector b are needed. These can be computed from
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cov(x,a) = E[(DAb—[)Aa)(Aa)T]= Dcov(a,b)T — Dcov(a) (19)
cov(x,b) = E[(DAb - DAa)(Ab)T]= Dcov(b)—Dcov(a,b). (20)
RIGID BODY FIT

When rotations are small, the acceleration vector of point P of a rigid body is
ap=ao +6X7p/0, 21
where @, is acceleration of origin, O is angular acceleration of the rigid body and 7p;q is the

position vector of point P with respect to the origin. At point P the accelerometer measures
acceleration to the direction of unit vector e, so the measured acceleration is

a™ =2p-dp. (22)

Writing this in matrix form yields

[e, e, e, ye,—ze, 16,—Xe, Xe,-— yex] =a (23)

Using at least six accelerometers an overdetermined set of equations can be formed. Because
measured accelerations, coordinates of point P and components of unit vector €p are random
variables, the resulting set of equations is stochastic and can be solved using second moment
analysis. Using equations (17) and (18), the expected values and the covariances for elements
of the acceleration vector of the origin and the angular acceleration vector of the rigid body
can be calculated.

INERTIA RESTRAINT METHODS

The equation of motion for free rigid body is

m 0 0 0 mzy,, —mMy,, | Qo Fx
0 m 0 —mz,, 0 mx, .. aoy Fy
0 0 m my,.. —MX,.. 0 ap, FZ
= (24)
0 Mz, MYy J -Jy —Jx || 0y Mp,
mz,. 0 —MX,.. —ny Jyy —‘,yz (Xy MOy
_—mymk mx,.; 0 sz —.]yz .,zz J L o, | _MOZ_
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where vectors [aOX dgy Qo Oy Q. az]T and [Fx F, F, Mp, My, MOZ]T are
measurable. Based on this measured data, the elements of mass matrix can be solved.
Depending on the organization of unknown values, at least five different methods are possible
to be found for determining the unknown inertia properties. In this work, only two of those
methods are examined.

The first method, which has earlier /8/ been named as Inertia Restraint Method (IRM), starts
by taking the first three equations, considering coordinates of the center of mass and the
inverse of mass as unknowns, and writing them in the form

X
0 o -a, K y’"k g,
~a, 0 a, F| ™|=|ag, (25)
Zmk
&y —Oy 0 F, m—l ap;,

Using at least two different excitation locations/directions an overdetermined set of equations
can be formed. Because the elements of multiplying matrix and RHS vector are measured, and
thereby random variables, the resulting set of equations is stochastic and can be solved using
above presented second moment analysis. Thus the expected values and covariances for
coordinates of c.m. and inverse of mass are obtained.

After the first step, the origin is transformed to c.m. and in last three equations of equation
(24) the components of inertia tensor are considered as unknowns. So these can be written in
the form

=]
0 0 -a, - o1’
o, a, -a, J M
22
06 o, 0 -0, 0O -0, 7, =| My (26)
0 0 a, 0 -a, -a J M4,
- Xz
-J)'Z_

Again, using at least two excitation locations/directions, the set of stochastic equations is
obtained. From the solution of this set, the expected values and covariances for components of
inertia tensor are obtained.

There is no immediate reason for separating six equations of (24) to two sets. In (24),
considering directly the unknown elements of mass matrix as unknowns, it can be written in
form
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m
MX i
(@, 0 -o, a 0 0 0 O 0 0 N\ mym!| [ E
agy O 0 -2, 0 0 0 O 0 0 || mzu /2
G, =0y o O 0 0 0 0 0 0| Jy| |F
0 0 ay -ag 0y 0 0 -0, —&, 0 | J, = My,
0 -ay O a, 0 o, 0 -o, 0 -o,| Jz Mo,
|0 ap, -ap 0 0 0 o 0 - -oy) Jy | |Mo
e
| e ] @D

Using at least two excitation locations/directions the stochastic set of equations can be set up,
which is solved in the same way as earlier. This method is called Direct Inertia Restrained
Method (DIRM). It is worth to note, that calculated components of inertia tensor should be
ransformed to coordinate frame, which has its origin in c.m.

SIMULATION AND RESULTS
For testing the proposed error analysis method, arbitrary values for rigid body mass,

coordinates of c.m. and moments of inertia were chosen. From this data the acceleration
amplitudes of chosen response locations were calculated for chosen excitation locations.

Mass z-coordinate of c.m.
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Figure 1. Analytical vs. simulated results when randomness in amplitudes is incresed.
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3 Mass z-coordinate of c.m.
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Figure 2. Analytical vs. simulated results when number of response locations is incresed.
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Figure 3. Analytical vs. simulated results when number of excitation locations is incresed.
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The excitation was considered as unit force. In analytical error analysis the calculated
amplitudes were taken as expected values and standard deviations, proportional to amplitudes,
were assigned to these. In simulation, random amplitudes with same expected values and
standard deviations as in analytical case, were generated and 1000 simulations were executed.
Results, with increasing randomness in acceleration amplitudes, are shown in figure 1. It is
seen that proposed error analysis works well for mass and coordinates of c.m., when
coefficients of variation of acceleration amplitudes are less than 0.2. This is approximately the
same limit that has been found in stochastic FEM applications. For moments of inertia the
coefficients of variation of these amplitudes should be less than 0.04 for reliable error analysis
results. Results of figure 1 were calculated using twelve response and three excitation
locations.

Next, the effects of increasing the number of response and excitation locations were studied.
The minimum number of response locations is six. The number of response locations was
increased to twelve and the results are shown in figure 2. It is seen that at least 10-11 response
locations are preferable. The minimum number of excitation locations is two. The number of
excitation locations was increased to six, and from figure 3 it is seen that four excitation
locations should be used for accurate results.

Numerous attempts were made to take into account randomness in response and excitation
locations and directions. For some reason analytical error analysis presented in this paper and
Monte-Carlo-simulation didn't give the same results.

CONCLUSIONS

An statistical error analysis for measurement of rigid body inertia properties was proposed and
verified through Monte-Carlo-simulation. For mass and coordinates of c.m. the method works
well when coefficient of variation in measured rigid body inertia restraints are less than 0.2, For
moments of inertia this limiting value is 0.04. Using this error analysis some nearly optimal
lower bounds for number of response and excitation locations were determined.
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