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SUMMARY 
The paper deals with the determination of forces in cable-stayed bridges by the defor-
mation method and the force method. Using methods of linear algebra, it gives an ana-
lytical solution for determination of the internal forces in such structures.  

INTRODUCTION 
It is well known that two basic methods are used to calculate the redundant forces in 
statically indeterminate structures: the force method and the deformation methods. In 
the engineering practice, both of them need to take up a primary system. The unknowns 
are produced in both cases by solving a linear system of equations. Taking up the pri-
mary system, the following points of view are to be considered: the quantity of un-
knowns, the form of the coefficient matrix and the form of the load vector.  
 
In case of a typical arrangement of cable-stayed bridges, both procedures find place. 
This paper shows both methods giving an analytical solution. 
 
The coefficient matrix of the system obtained by the deformation method is a two by 
two block matrix with tridiagonal blocks. After an appropriate rearrangement of the 
rows and columns, the coefficient matrix can be transformed into an n by n block tridi-
agonal matrix consisting of blocks of second order. The blocks of the inverse can be 
calculated by the help of recursive formulae. The method has the advantage that opera-
tions have to be performed using second order matrices only. 
 
Applying the force method, the chosen primary system leads to a system of equations 
having a pentadiagonal coefficient matrix. Because of the complexity of the task, even 
in the case of the regular form of the bridge, the solution is given by a recursion. 
The discussed statical system will be the same in both cases. 
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The application of matrix theory for suspension bridges has a considerable tradition in 
Hungary [2]
 
THE STATICAL SYSTEM 

The cable arrangement, the form of the towers and the stiffening girders are rather vari-
ous [3][5]. For the sake of simplicity, we suppose in the following, that there is a single 
plane of cables and the structure has one bay. Also, it will be supposed, that the tower is 
absolutely rigid, both ends of the girder are constrained, all cables are fixed to the top of 
the tower and they are connected to the stiffening girder at equidistant points at the level 
of its C. G. The flexural stiffness of the girder is constant, the axial and shear deforma-
tions are neglected. The cross section of all cables is the same (Fig. 1). 
The first order theory will be applied 0. 
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Fig. 1 The computational model 

 
APPLICATION OF THE DEFORMATION METHOD 

The primary system 
Using the deformation method means that the primary system is gained from Fig. 1 by 
fixing nodes 1, 2,...,n against rotation and vertical displacement. The corresponding ar-
rangement is shown in Fig. 2. The number of unknowns is twice the number of cables. 

 
Fig. 2 The primary system for the deformation method 
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The basic equation of the deformation method 
According to the assumptions, the basic equation of the deformation method is the fol-
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 formulae (2) h, d, i, n are defined by Fig. 1. In
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For a more detailed explanation, let us give the physical meaning of the blocks. 
i due to 

k G the moments at points i are given due to the unit deflection at point j (Di,n+j). 

re the vertical forces at points i from the flexural resis-

he unknowns and the load vector

Block A contains the unit coefficients Dij which relate to the moments at nodes 
a unit negative rotation at points j on the primary system. (Clockwise rotation is nega-
tive). 
In bloc
Block GT gives the unit coefficients Dn+i,j , i.e. the vertical forces occurring at nodes i 
due to the unit rotation at point j. 
The elements Dn+i,n+j of block L a
tance of the stiffening girder, w and ci represents the vertical component of the cable 
force. 
 
T  

tations iϕ  and the deflections iηIn Eq. (1) the unknowns are the ro  of nodes i (i=1, 2, 

ector gives the moments Mi acting on the nodes i of the 

he solution of the matrix equation

…,n) of the original structure. 
The upper part m of the load v
primary system due to the external load and the vector f gives similarly the forces Fi. 
 
T  
To receive the iϕ , iη  values of Point 3.2 Eq. (1) is to be solved. The solution can be 
written in form 
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Transformation of the coefficient matrix 
are depending on i, the nice block structure of 

he reordering of the system

Since the diagonal elements in block L 
the coefficient matrix does not seem to be expedient for the calculation of the inverse. 
Instead of this, we reorder the equations and the unknowns in such a way, that the coef-
ficient matrix becomes an n–th order block matrix consisting of blocks of second order. 
 
 T  

et us consider the following permutation of the indices 1, 2, …, i, …., n, n+1, n+2, …, 

earranging the rows and columns of the coefficient matrix and the elements of the un-

 
L
n+i, ….2n, i.e. 1, n+1, 2, n+2, …, i, n+i, …, n, 2n. 
 
R
known vector and those of the load vector, the following system can be obtained. The 
system is given here for n=4 (see Fig. 3): 
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Introducing the notations 
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Eq. (4) can be written as 
 

EJ K x + t = 0. 

 
E.g. if the section 2-3 (Fig. 3) is loaded by a uniform load p, the rearranged load vector 
is 
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Fig. 3 A simple case for n=4 
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The system (4) can be transformed as follows: 
( ) ( )( ) ( ) 01 =⊗+⊗⊗⊗ − tEVxEUEUKEV TTEJ . (8) 

 
Here ⊗ denotes the Kronecker product and E is the identity matrix. 
If  and ),,2,1,(],[ mqpa pq K==A ),,2,1,(],[ njibij K==B  are given matrices of order 
m and n respectively, then their Kronecker product BA ⊗  is defined as the block ma-
trix  ][ 1bA [7]. 
 
By the help of Eqs (5), (6) and (7) the coefficient matrix of the transformed system can 
be written as 
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where B and H are given in (5) and (6). 
 
The inverse of the transformed coefficient matrix and the results 
The block matrix (9) is a block tridiagonal matrix, the blocks of its inverse, denoted Rij 
can be written in the form (see [1]): 
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The blocks Pi, Qj, Si and Tj can be obtained from the recursion 
P1 = E 
P2  =  B-1Y1
Pi+1 = B-1(YiPi - HPi-1)  i = 2, 3, …, n-1 
P0  =  YnPn – HPn-1
Qn  =  P0

-1

Qn-1  =  QnYnB-1

Qi  =  (Qi+1Yi+1 - Qi+2H)B-1  i = n-2, n-3, …, 2, 1 
 
Sn  =  E 
Sn-1  =  H-1Yn
Si  =  H-1(Yi+1Si+1 - BSi+2)   i = n-2, n-3,…, 2, 1 
S0  =  Y1S1-BS2
T1  =  S0

-1
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T2  =  T1Y1H-1

Ti+1  =  (TiYi-Ti-1B)H-1   i = 2, 3, …, n-1 
 
Hence the solution of (8) is obtained: 

[ ] tVURx T
ijEJ −=  

where x and t contain the unknowns and the load coefficients respectively as shown in 
Eq. (4). 
 
The internal forces of the bridge 
According to the principle of the deformation method [6], the moments of the stiffening 
girder at a cross section ξ  can be calculated as follows: 
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Here ( )kM ϕξ  and ( )kM ηξ  are the moments at cross section ξ due to the calculated rota-
tion kϕ  and deflection kη  resp. The value  is the moment at section 0ξM ξ  of the pri-
mary system due to external loads. The shear forces are to be calculated similarly. 
The cable forces can be written as 

,...,n,,k,
h

dkhcηAES kkssk 21
222

=
+

=  

where ck is defined in Eq. (2). 
 
THE SOLUTION BY THE FORCE METHOD 

In several cases, the application of the force method is more convenient than the defor-
mation method (e.g. for the case of the adjustment of the stay cables or yielding of 
structural members 0). Nevertheless, to show the difference, in this paper, both methods 
will be applied for the same problem, i.e. for a uniform load between two joining points 
of cables (Fig. 3, Fig. 5). 
 
The primary system 
Let us remind that the axial deformation of the stiffening girder is neglected. This con-
dition enables to take the primary system as shown in Fig. 4. It is formed by applying 
hinges at both constrained ends and at the joining points of cables along the girder. 

 
Fig. 4 The primary system for the force method 
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In this assumption, the number of unknowns is the number of the stays plus two. 
 
The basic equation of the force method 
The system of equations can be written in the form 

0axA = , 

where A is the coefficient matrix, x is the vector of the unknown moments and a0  is the 
load vector. 
 
The coefficient matrix 
The shape of the matrix A is pentadiagonal: 
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The elements of the symmetric coefficient matrix are rotations round the hinges i of the 
primary system due to the unit pair of moments applied at point j: 
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The unknowns and the load vector 
In the basic equation, the elements xi of the unknown vector x are the moments at points 
i. The elements ai0 of the load vector a0 are the rotations due to external loads and ac-
tions at point i. 
 
The inverse of the coefficient matrix 
In order to perform the calculations, it is advisable to partition the coefficient matrix 
into second order blocks. For this purpose, let us assume that n is an even number, i.e.  
n = 2m. 

Introducing 
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the coefficient matrix can be written in the form 
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Fig. 5 Primary system due to the force method with a load and modified indices 

 
This way, performing the addition, the following expressions can be received for the 
second order blocks of the coefficient matrix: 
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with j = 2, 3, …, m-1 and 
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The inverse matrix of  BBj will also be needed, let us write it as follows: 
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The blocks of the inverse matrix will be expressed in the form [7]
. if  jqjqqj ≤= QPR  (10) 

The matrix is symmetric, therefore 
TTPQR jqqj =  if . (11) jq ≥

The blocks Pq and Qj can be calculated by the recursion [1]
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It is to be seen that only Qm needs the inversion of a single second order matrix. 
 
The internal forces of the bridge 
The load vector contains the rotations at the hinges of the primary system due to the 
uniform load between the points 2j and 2j+1 (see Fig. 5): 
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where 
EJ
As

24
Ε

=γ . 

To receive the unknown moments xi (i=1,2,...,n), let us introduce the notation 
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Then the inverse of the coefficient matrix with blocks Rqj (see (10), (11)) has to be mul-
tiplied by the vector a0 shown in (12), and the moments are obtained in the following 
form 
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Finally, having the unknown x values which are the moments due to the external load at 
the intermediate supports, the moments Mc at an arbitrary cross section c can be calcu-
lated on the well known way: 

∑+= 0
i

ii xMMM ξξξ , 

where  means the moment at cross section ξ of the primary system (see 0ξM Fig. 5) due 
to the external load and  due to the unit moment on the primary system above the 
supports. The shear forces, and if needed the normal forces in the stiffening girder can 
be determined using the same principle, furthermore the forces S

iMξ

k acting in the stay 
ended at point k of the stiffening girder. For latter, e.g., if the neighbouring d distances 
to node k are not loaded, the formula 
 

k
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can be used. 
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CONCLUSIONS 

Comparing the system of linear equations, corresponding to the deformation method 
and the force method, respectively, it is interesting to notice certain similarities in the 
applied algorithms. Although the structure of the coefficient matrix for the two methods 
is quite different, after some transformations remarkable equivalence could be observed. 
According to the deformation method, the coefficient matrix consists of four tridiagonal 
boxes of order n, while the coefficient matrix obtained by the force method turned out to 
be a pentadiagonal matrix. (Of course, all these statements belong to the chosen primary 
systems.) It was not difficult to show in the first case that after appropriate rearranging 
of the equations and the unknowns (i.e. after an orthogonal transformation performed by 
a permutation matrix) the coefficient matrix became a block tridiagonal matrix consist-
ing of second order blocks. In the other case, assuming that the order of the pentadiago-
nal matrix is even (this assumption can be made to see that the coefficient matrix can 
easily be partitioned such way), the resulting matrix becomes a block tridiagonal matrix 
consisting of second order blocks. Thus, in both cases, the structure of the inverse is 
similar, namely in each case we obtain a “one-paired” block matrix, and the same recur-
sive algorithm can be applied for getting their blocks. 
 
The study had different scopes. It has been shown that in special cases, it is possible to 
solve the equations both of deformation and force methods analytically. Another result 
is that the two basic methods of theory of structures can be compared. Some applica-
tions indicate that ins case of gravitational loads, the deformation method is generally 
more advantageous. To study the forces caused by loading deformations (e.g. geometric 
inaccuracy of stay cables) the force method is preferable. The analytical solution gives 
an easier way for parametric studies for such structures which correspond to geometric 
and stiffness conditions supposed in this paper. 
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