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ABSTRACT

A description is given of a model for the mechanical behaviour
of reinforced concrete in plane state of stress, including the initial
elastic behaviour, the cracking phenomenon, and plastic yielding of
concrete and reinforcement. This model has been applied in the finite
element analysis of reinforced concrete panels. A comparative study
has been made of the results obtained from two loading cases: 1) a
panel in uniaxial tension, 2) a cantilever panel under a concentrated
load, with the test results available, and fairly close agreement is

observable between the numerical and experimental values.

1. INTRODUCTION

Reinforced concrete displays very complicated mechanical behav-
iour, including cracking, bond slip, plastic yielding and creep. It

is thus intuitively clear, and has also been confirmed by tests,

2568



Rakenteiden Mekaniikka

that analysis based upon the assumption of linear elastic behaviour
cannot give a reliable prediction of the displacements and stress
distribution of reinforced concrete structures. Limit analysis which
is in many cases capable of estimating the carrying capacity of rein-
forced concrete structures, has the drawback that it can not provide
information on the displacements.

As a conseguence of the complicated mechanical behaviour, anal-
ytical solutions for reinforced concrete structures are almost impos-
sible of achievement. However, this difficulty can be overcome in
numerical solution procedures on digital computers. In particular,
the finite element method has been found a very promising means of
deriving more accurate sclutions for reinforced concrete structures
[4] « o n[B] »

Naturally enough, very great difficulties are involved, de-
Spite application of the finite element method and digital computer
for solution of the numerical problem. The main obstacle encountered
is that of finding a model that will give a sufficiently accurate
description of the substantial features of reinforced concrete be-
haviour, and still be simple enough for use in calculations. Such
models have been explained in [1], [3], [4], [5] and [8].

This paper reports on some studies made with the model devel-
oped in [1]. It describes initial elastic behaviour, cracking and
plastic yield, but does not account for bond slip, dowel action or
creep. A finite element programme has been developed for the solution
of problems in a plane state of stress. The continued research pro-
gramme will also include bending action, with applications to rein-

forced slabs and shells.
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2. MODEL OF MATERIAL BEHAVIOUR OF REINFORCED CONCRETE

No more than a brief description is given here of the model
for the mechanical behaviour of reinforced concrete, since a more
detailed representation can be found elsewhere [1]. The model in-
cludes initial elastic behaviour before cracking, the cracking cri-
terion, elastic and plastic behaviour in a cracked state, and plastic

behaviour in biaxial (uncracked) compression.

2.1 Concrete

The two main reesons for choice of the octahedral shearing
stress criterion as the failure criterion of plain concrete are:
1) its simple mathematical form and invariant character,
2] experimental data seem to support this criterion at least as well

as any other simple criterion. The criterion is taken in the form

Toek = & ° bp (1)
where

Toer = (1/3)[(ogq = 055)% + (055 = 0350 + (035 - 040" +

+ 6lo3, + 0%y + 03] ¥

p = (1/3}(011 v O, t 033)
In a biaxial state of stress where G353 = O43 = Ooq = 0

Tonp = BIBILEE; - B8y, * 82, + BGﬁz}lﬁ

p = {1/3)[011 + 022}

To acquire a good match with experimental results available

for a plane state of stress, two expressions of form (1) are needed,
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one valid in biaxial compressicn

Toot * Y208 - 1)/(28 - N)]p - [/28/3(28 - 1)] f, =0 (2a]

[01 < 0 and g, < 0)

and the other in states of compression - tension or biaxial tension

Tooh [vVZ(1 - a)/01 + a)]p - [2/20/3(1 + a)] e = 0 (2b)

[01 < 0 or a5 < 0)

Here, the following constants have been introduced

—FD uniaxial compressive strength.[FC > 0)

Ft = uFD uniaxial tensile strength, o = 0.1

-BFC biaxial compressive strength in stats 04 = 05 B~ 1.16
Expressions (2a) and (2b) can be interpreted in 3-dimensional (61,

5 63) space as coaxial cones intersecting along the plane o, *

O, * 0y = -FC. The intersection along the (01, 62] plane is present-
ed in Fig. 1. In a uniaxial state of stress, the behaviour of concrete
is elastic, perfectly plastic in compression, and elastic - brittle

in tension (Fig. 2).

o
fy=eCfe
“mc - o
[ q
Eq (2b) i
5 5 -¢
é,, arc tanE
vfc
________ —-L_pf, fe
Eq (2a)
Fig. 1. Yield and cracking criterion Fig. 2. Stress-strain
of concrete in biazialstate relationship of
of stress concrete
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2.2 Reinforcement

For steel bars the uniaxial elastic, perfectly plastic ideal-

ization is used

Eqy € le] < op/Est or |e| = Up/Est and odo < O
&= i - =
o, signe, le| cp/ESt and odo 0
2w Reinforced concrete

In the construction of a model for description of the mechan-
ical behaviour of reinforced concrete, the following assumptions are
made
1) the deformation is uniform in an uncracked state, i.e. concrete
and reinforcement have the same strains, and full bond is main-
tained

2) cracking occurs when the cracking criterion (2b) is satisfied;
after cracking, concrete has no tensile strength in the direction
perpendicular to the crack. In the crack direction, concrete
behaves uniaxially. It is assumed that no bond slip occurs, even
over the finite region of the material which corresponds to the
region of cracking

3) yielding of concrete occurs when the yield criterion (2a) is
satisfied. The yielding of concrete is not affected by reinforce-

ment.

2.3.1 1Initial elastic behaviour

Consideration is given to a concrete plate of thickness t.

This plate contains two systems of reinforcing steel denc

262



Rakenteiden Mekaniikka

and R2, with directicns that make angles ¢1 and ¢2 with respect to
the xq-axis. On denoting the steel area per wunit of width
of section as A, the relative amounts of reinforcing steel are U1 =

A1/t and Wy = A./t. The relative amount of concrete is then By = 1 =

2
T My T Mo The stresses in various constituents of the plate are de-
0 1 2 .
noted by OGB' UuB' and S4B’ respectively. Thus the average stress or

pseudostress through the thickness of the plate is
{o} = p lo®) + u,{a’} + uy{c?} (4)

The assumed uniform strain in both concrete and reinforcement gives

a basis for relation of the pseudostress to the strains by formula

{o} = [c]{e} (5)

where the elasticity matrix is
[c] = n (%]« w,[C'] + w,[c?] (6)

and the stress and strain vectors are

T

T _ _
{c} = {0'”022012}. {e} = {611622\(12} (7)

The material property matrices of the individual constituents are

F1 v 0
E
[C] —1—_——\)-5 Vv 1 g [BJ
L O 0 (1-v)/2
Est 0 0
i = =T ;
[c°] = [T]; 0 0 o [T]; 1=1.2 (9)
L0 0 0
[Tji denotes the transformation matrix
cos?g sin?¢ -2cos¢sing
[T} = sin?¢ cos?¢ Z2cosdsing (10)
cospsing -cospsing cosz¢-5in2¢
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evaluated at values ¢ = ¢1 and ¢ = ¢ respectively.

2’
Equations (4)...(10) establish & model for the anisotropic

elastic behaviour of reinforced concrete.

2.3.2 Cracked concrete

Cracking will occur if one or both of the principal stresses
of concrete 03 and Og are positive, and the failure criterion (2b)
is satisfied. The direction of the crack is taken to be perpendicular
to the direction of maximum tensile stress. After cracking, concrete
behaves uniaxially in the crack direction, of which the angle with

respect to the x1—axis is denoted by ¢D. Hence, the elasticity ma-

trix of concrete after cracking is

T
o} -
[c"]. = [T]. |E 0 0 (M1, (11)
0 0 0
0 0 0
where [T]D is the transformation matrix (10) evaluated at ¢ = ¢C.

The elastic behaviour after cracking is determined by equation (8],
in which [CO]C is now substituted for the isctropic properties of
equation (8).

It is possible that concrete could be stressed into a2 second

cracking system. This occurs if the concrete stress in the ¢D-direc-

tion attains the limiting value Ft = uFC i.e.
o _ o] 2 (0] . 9 0 . -
a, = O4q COS®¢_ + 05,5 81N + 2012 CDS¢CSIJ¢C aFC (12)

After the formation of a second crack, only the reinforcement is ef-

fective; in this case, the elasticity matrix is given by equation
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(6), by omitting the part of concrete UD[COJ. In the case of ortho-
gonal reinforcement, it is observable that no shearing resistance is
left in the material.

In regard to the plastic behaviour of cracked concrete, the
followirg possibilities exist:

1) Concrete yields in uniaxial compression, which will occur if

9 _ - 0 2 0 . 2 le] z _
g f {011 cos®¢, * 0,5 sin®g  + 2012 cos¢651n¢c] f

& C c

and (13)
- 2 . g .
[cig;H cos®¢ . + d€22 sin®¢_ + dy12 CDS¢C51H¢DJ = 0
(loading criterion)
2) Reinforcement 1 or 2 yields 'in tension or compression, which will

occur 1if

1 L ; i :
s =~ g = tlog, cosz¢i t o5, 51n2¢i + 207, cosgising.) -

and . (14)

t(de g4 cosa¢i + degy, 5in2¢i + dy,, cos¢.sing.) > 0O

(loading criterion)
The upper sign corresponds to the yield in tension, the lower sign
to the yield in compressiaon.
The contribution of a yielding reinforcement to the state of
stress is determined by equatiaons
{Gi}T = dg Jeas . sin*d, cosd olny.k. {doi} = {0}, i = 1.2
" ' ’ ’ ] ‘ (15)

The corresponding relationship for concrete is formed in an analogous

manner.
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2.3.3 Plastic_behaviour_in _biaxial compression

It is assumed that concrete yields if the yield criterion (2a)

is satisfied, as well as the loading criterion

{%}T {do} = 0 with  =1__, +vZ (8 - 1)p/(28 - 1)

The stress and strain increments are related by the normality
rule of the theory of plasticity. The 3-dimensional relationship can

be presented in the form (cf. [1])

{do} = [A] {de} (16)
where
i
{do} = {d011 d022 d033 dcjz dGZB d031}
5 .
e}’ = {deyq deyy degy dyy, dyyy dyggd
and

] oy Gy [f]
[A] = [e] - T 0] (2
3{o} a{o7

[C] represents Hooke's law for isotropic material. From equation (16),

the form suitable for plane state of stress

{de®} = [A"]{de} (17)

i

is obtainable if it is noticed that in this case d033 = d713 & dY23
= 0. Thus, the elements of the matrix [A'] are
A%, - ., - o133k ik = 1,2,4 (18)
i A33
The loading criterion can be manipulated into the form
> 0 loading

-
yapt ! [0 {ded { (19)

< 0 unloading

Here,
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iy - P05 o2 " P B - 1) iz
{ETET} L1739 { T 28 - 1 T2 2B -1 ToL:

In actual computation, finite increments of stress and strain
are taken into account. Consequently, it is necessary to return the

stress vector on to the yield surface. This is achievable by formula

{c%} = {0}/ [rg. y +2(8 - 11p%/(28 - 1]] (20)

corrected

Z2.3.4 Unloading

Two different cases of unloading can occur:
1) unloading after plastic yielding. In this case, the elastic rela-
tions are applicable.
2) closing of cracks. This will occur if compressive stresses tend to

develop perpendicularly to the crack direction.

Consequently, if cracking occurs in one direction only, the crack will

close if

g, * Vve_ <O (21)

where € denotes the strain perpendicular, and e_ the strain parallel
to the crack. If cracks exist in two (perpendicular) directions, then

one crack will close if

£, <0 (22)
After a crack has closed the behaviour of concrete is similar to that
before the opening of that particular crack. Of course, the tensile

strength perpendicular to a crack is lost; this should be observed

in the case of this crack reopening.

5 THE FINITE ELEMENT SOLUTION

In the elastic range, the finite element procedure follows
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the common pattern [9], so that repetition of the necessary steps
can be omitted. It is adequate to mention that triangular constant
strain elements were used in the solution of a plate in a planar
state of stress, the particular problem studied here.

The problem becomes highly nonlinear when the stresses reach
the cracking or/and yielding stage. The solution is achievable by
employment of the "initial stress” method described in [10]. In this
method, the part of a calculated stress increment that exceeds the
actual stress increment corresponding to the current state of the
material properties is converted into a pseudo-load located at the
pertinent node. Pseudo-loads give rise to new strain and stress in-
crements, and the iteration can be continued until the desired level
of accuracy has been attained.

. In the case of cracking, a pseudo-load vector for a cracked
element

N T s
{APC}E = £ Ae[B]e{GC}E (for CST-element) (23)

is evaluated, in which

T
e

{GC} = ”902 {sin2¢c 0052¢C —cos¢csin¢c} (24)
is the stress released in cracking. G? is the maximum tensile stress
of concrete, and angle ¢C defines the crack direction. For cracked
elements, the elasticity matrix (8) is replaced by that of cracked
concrete (11). In the case of a second crack, the concrete stiffness

is zero.

In plastic yielding, the pseudo-load vector is

=
e 2
{APD}B £ AE[B]E {Aop}B 6257
where
= " 1 2
{Aop}‘3 = uO{AUp}B “1{’5‘%}9 + uz{Aop}e (28)
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is the difference of elastic and actual stress increments
{ac*} ={acl} -{b0"} o= 0,1,
P e E'e e
The elastic stress increments are given trough elastic stress-strain

relations, and the actual stress increments by equation (17)

(concrete).
4, APELICATIONS

Peter [7] has reported on an extensive series of tests on
panels under uniform tension, and with different directions of rein-
forcement. The method described above was applied to analysis of some

of the panels, and by use of the data given in Peter's thesis. The

finite element arrangement is illustrated in Fig. 3. The data given
by Peter, and the cracking and yield loads obtained by finite element
calculation, are listed in Table 1. The calculated cracking loads are
considerably higher than the values observed. This discrepancy is at-
tributable to a number of reasons, including neglect of the bond
slip, nonhomogeneity, the test arrangements, and so on which can not
be accounted for by the idealized model. Agreement 1s better between
the calculated yield loads and the observed failure loads. The excess
of observed over calculated loads probably arises from bond and strain
hardening of steel bars. The load-displacement relationships are in-
dicated in Fig. 4. The abrupt changes of stiffness are visible in the

calculated relationships, while the observed curves are smoother.

The second application is a cantilever panel, in accordance
with Fig. 5. This case was studied by Cervenka [3], both theoretic-

ally by means of the finite element method, and experimentally. The
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Panel 160 x160 x8 cm>

30 25,25 .cm
O s total load P
N s 1= p
- ¥ 160
' ® 40
5 2. 1) 2=%0"
g a 3:=20p
; 160
2 1s
+ = ) o+ Concrete:
1 E =250000 kp/cm?
%=80cwa Y =01
i [ Reinforcement :
- T =, =0 00666
< [ Est:ZOBOOOO kp/cm
- >
-] e Op =4220 kp/cm?
- .
1 —

Fig. 3. Panel in uniform tension.

Table 1. Panel in uniform tension.

Data [7] FEM-calculation
concrete |cracking failure cracking crack yield
sign tensile load load load direction| load
strength
[kp/em2] | [Mp] [Mp] [Mp] [Mp]
S 2r 0 185 19.0 40.0 24 .64 0.0 36.0-36.8
S 2r 10 23.4 19.5 35.1 31.07 89.4 34.4-35.2
S 2r 20 2341 16.6 39.4 30.44 89.1 31.2-32.0
S 2r 30 209 19.6 38.8 27 .31 89.2 28.8-29.6
S 2r 40 27.6 20.0 40.8 35.85 = < 35.8

data were chosen to correspond to Cervenka's test specimen. The load-
displacement relationship has been plotted in Fig. 6, which further
contains re-drawing of the curves obtained by Cervenka. Another panel,

which was considered to correspond more closely to the test arrange-
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Ol JP
from]
30t
o 4
&
w e
20} | th
10t
Peter [7]
& ===— FEM-calculation
~
0
0

T £
40 P [Mp]

Fig. 4. Load-displacement relationships for panels in uniform
tension.

& 4L Panel :76,2x 76,2x508 cm

Concrete :

E =203000 kp/cm?
V=014

fc=280 kp/cm?

762 *=0,075

R S P=12

76,2

Reinforcernent :

B =k, = 001 2
@=0, ®,=90
Et=2100 000 kp/cm?
Cp =2800 kp/cm?

Fig. 5. Cantilever panel.
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ment, was also studied (Fig. 7). The load-displacement relationshipe
for this example, together with Cervenka's experimental curve, are

illustrated in Fig. 8. The agreement is qualitatively good, though
for reasons of convergence, the finite element calculation could not

be continued as far as the test.

5. CONCLUSION

The results obtained above lead to the conclusion that the
model used in calculations is capable of repreduction, at least qual-
itatively, of some features of the behaviour of reinforced cocncrete.
It is to be hoped that improvement of the model, especially with
respect to its shear stiffrness after cracking, can be made. Attempts
are currently being made to use more refined finite elements, and

to analyse more complex structures, such as laterally loaded plates

and shells.

P A[MP] this study
3 5
>33
| =TT C5x6

“—Cervenka [3]

nxn denotes FEM-arrangement

Sl

10 20

Fig. 6. Load-displacement relationships for cantilever panel.
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t,=273cm -t =508cm

h
[
2 )
L7 ~
o
5
I .
EA AE Fﬁéiﬁﬁ
L L/2 L L
102 762 cm 508
Concrete Reinforcement :
E =203000 kp/cm? p, =000785, @, =0°
V=014 p,=0,®,=90"
fc=237 kp/cm?

Et=1673000 kp/cm?
fy=otf, =0,1426°237=338 kp/cm?

Op = 4690 kp/cm?
=12
Fig. 7. Cantilever panel.
P[Mp]
i o
6 -

-

\
\
1
FEM-calculation Vi
nxn denotes FEM-

arrangement “Cervenka's test [3]

2 3

=8l

Load-displacement relationship for cantilever panel.
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